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Symbolic execution has emerged as a powerful technique for scaling exact probabilistic inference to languages
with more expressive features. But, this expressivity comes at a price: probabilistic programming languages
based on symbolic execution are difficult to debug, optimize, and prove correct due to the many intricacies
inherent to high-performance symbolic execution strategies. We aim to make it easier to work with probabilistic
symbolic executors by developing symbolic sets, a new semantic domain that cleanly captures the notion of
computation underlying symbolic execution. Just as a symbolic executor replaces ordinary execution with a
lifted semantics, symbolic set theory replaces ordinary set theory with a lifted mathematics: the category of
symbolic sets is a Grothendieck topos, which allows type theory to be used as a metalanguage for working with
symbolic sets and functions. We prove a metatheorem that shows how a large class of definitional interpreters
written in the internal language of symbolic sets are automatically correct for their ordinary set-theoretic
interpretations. Using this metatheorem, we give the first full correctness argument for a symbolic probabilistic
language with higher-order functions, type-directed state merging, pattern matching, and structural recursion.
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1 Introduction

Symbolic execution [27] has emerged as a powerful platform for implementing probabilistic pro-
gramming languages (PPLs) with exact probabilistic inference [8, 16, 23, 33, 41, 51]. The reason
for this is that symbolic executors and symbolic exact probabilistic inference are at their core
very similar procedures: they both work by executing programs under a nonstandard semantics
that uses logical formulae to abstractly represent many concrete execution traces at once. This
close correspondence between symbolic and probabilistic execution has increasingly enabled a
new PPL implementation strategy: repurposing an existing symbolic executor to perform infer-
ence [17, 33, 51, 58]. For example, recently the Roulette [33] probabilistic programming language
repurposed the Rosette symbolic evaluation platform with minimal modifications; the result is a PPL
as expressive as Rosette, a significant boost in expressivity over prior work [23]. By repurposing an
existing symbolic executor, PPL implementors reuse all of the work done by the symbolic execution
community on building symbolic executors for general-purpose languages. This automatically
does the heavy lifting of “compiling away” a large collection of language features into symbolic
representations—a task that has traditionally taken significant manual effort [8, 9, 23].
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While this repurposing makes it much easier to implement a PPL with exact inference, it signifi-
cantly complicates reasoning about the resulting implementation. First, it is often not obvious if a
repurposing is correct: probabilistic semantics can differ from normal symbolic execution in subtle
ways, and proving a repurposing correct often requires an entirely new semantics and wholesale
reengineering of existing proofs. Second, beyond basic correctness, symbolic executors are often
heavily optimized programs that rely on careful invariants that may or may not generalize to
the probabilistic setting. And finally, once a repurposed symbolic executor is in the hands of a
probabilistic programmer, the programmer needs a cost model to effectively use the language. The
cost model of symbolic executors is tricky to convey to programmers: for instance, the Rosette
performance guide has many helpful hints on how to write performant programs that are quite
unintuitive, and Roulette inherits these performance subtleties [53, Sec. 9].

Typically, the tools needed to understand program behavior, justify optimizations, and conduct
proofs are provided by a programming language’s semantics. However, existing semantics of sym-
bolic execution are not equipped for probabilistic adaptation: they are either missing formalizations
of key features needed for probabilistic applications [18, 39, 58], are too low-level to validate
high-level reasoning principles [2, 14, 15, 57], or are too high-level to capture important aspects of
implementation [59]—a detailed comparison can be found in Section 9. Our main aim in this paper
is to develop a new semantics that captures just the right amount of detail about symbolic execution:
not so low-level that one drowns in irrelevant implementation concerns, and not so high-level that
crucial facts about how symbolic execution works are lost. To do this, we identify a connection
between the semantics of symbolic execution and sheaves. Just as repurposing a symbolic executor
allows reusing the implementation effort of the symbolic execution community, recasting symbolic
semantics into sheaf theory allows reusing decades of mathematics [7, 25, 28, 31]. We leverage this
to build a theory of probabilistic symbolic semantics that can be used to explain behavior, justify
optimizations, and prove correctness.

First, we use presheaves to define a new category SymSet (§3) of symbolic sets, which can be
thought of as a semantic domain for working with values guarded by a path condition, a situation
similar to the symbolic unions used by Rosette [54]. As a category of presheaves, SymSet inherits
rich structure useful for modeling the various objects that arise during symbolic execution (§3.2.3).
This already yields novel results: applying the formula for presheaf exponentials makes SymSet the
first denotational model of symbolic higher-order functions. We extend this basic setup with two
monads Gen and Piecewise that capture essential aspects of probabilistic symbolic execution (§3.3).

Next, using the well-studied internal languages of categories, we package up the categorical
structure of SymSet into a symbolic metalanguage—a type theory that turns constructions in
SymSet into ordinary functional programs (§4). The symbolic metalanguage can be thought of as a
mathematical counterpart to the solver-aided host language concept pioneered by Rosette [54]. As a
demonstration, we use the symbolic metalanguage to build a probabilistic symbolic semantics (§4.1);
this semantics captures enough detail about symbolic execution to be implementable in Haskell,
and comes with equational reasoning principles that validate standard optimizations (§4.3).

Moving from presheaves to sheaves provides us with a rich theory of symbolic execution with state
merging—an essential ingredient for scaling in practice (§5). Using sheaves, we build a category
SymSet,, of mergable symbolic sets; this provides the first denotational account of the highly
nontrivial type-directed state merging strategy of Rosette [10, 39, 55].

Moving onto correctness, we next use gluing — a categorical analog of logical relations - to
prove two lifting theorems (Theorems 6.1 and 6.2) that establish the correctness of a wide class of
constructions in both SymSet and SymSet,, . In particular, our lifting theorems imply the correct-
ness of any symbolic metalanguage construction, and hence also the correctness of all symbolic
semantics presented in this paper (§6). We again obtain novel results simply by making use of
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x ~ flip1/3; {}

generate o with weight 1/3 \

y~flip1/2; a

o
generate f§ with weight 1/2 \
af| ap
’ifxll y then z :=true else z == false‘ — —
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aVvp ~(a Vv p) / \
af| ap
z = true z = false — —
ap af
(a) The symbolic execution tree. (b) The space of weighted models.

Fig. 1. Visualizing probabilistic symbolic execution of NoisyOR.

categorical techniques: the statement of our lifting theorem provides the first compositional account
of correctness for a symbolic executor, including correctness at higher types.

Finally, as a demonstration of all of these techniques working together, we build a denotational
semantics of higher-order probabilistic symbolic execution with type-directed state merging, pattern
matching, and structural recursion (§7)—the first of its kind in each of these aspects. Constructing
the semantics is as simple as building a definitional interpreter, and its correctness follows directly
from our lifting theorem.

2 A Primer on Probabilistic Symbolic Execution

To set the stage for the ensuing development, this section briefly reviews how symbolic execution
can be adapted to perform probabilistic inference. Following traditional accounts of symbolic
execution [27], we will use as a running example a simple imperative probabilistic language Imp:

eu=x€Var|true|false|!e|e &&ey| el || e
cui=skip|x:=e|x~flipp|eci; ca| if e thency elsecy
ImP consists of Boolean expressions e and commands c, including a probabilistic command x ~
flip p whose semantics is to set x to a random Boolean that is true with probability p.

Probabilistic symbolic execution of Imp works by lifting ordinary execution to operate on logical
formulae instead of concrete values. To demonstrate, consider the following IMP program:

NoisYOR := (x ~flip1/3; y~ flip1/2; if x || y thenz:=trueelsez:= false)

Probabilistic symbolic execution of NoisYOR, visualized in Figure 1a, takes the form of a tree
whose nodes are commands and whose paths correspond to paths through the original program.
Symbolic execution operates on symbolic stores, which map variable names to (possibly) symbolic
values. First, executing the two flip commands generates fresh symbolic variables @ and f to
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stand in for the random Booleans x and y. These symbolic variables are associated with weights
that record the distribution of the random Booleans they represent. Then, the if splits execution in
two, corresponding to the two branches of control flow. Execution proceeds in both branches with
each branch guarded by a path condition, which is a logical formula capturing the conditions under
which that branch is reachable during concrete execution. In the case of NoisYOR, the then-branch
is run under path condition @ V f and the else-branch under its complement —(a V f).

The result of executing the whole if is then an amalgamation of the results of both branches.
The details of amalgamation vary depending on the symbolic execution strategy. Here we will stick
to the traditional formulation, where amalgamation enumerates all the symbolic stores reachable
under both branches, with each state guarded by a corresponding path condition; Section 5 will
consider more sophisticated alternatives. This yields the following result for No1syORr, reminiscent
of a symbolic union in Rosette:

([(avﬁ,{xl—>a,yr—>ﬁ,zr—>T}),(—!(avﬁ),{xl—)a,yHﬁ,zHL})],{al—) 1/3,8 > 1/2}) (Res)

St Se w

In addition to the weight map w, REs has two reachable symbolic stores: executing the then-
branch yields §; guarded by a V 5, and executing the else-branch yields $. guarded by —(a Vv f).

From the perspective of probability theory, the procedure just described uses symbolic values
like §¢ and §. to represent random variables out of a sample space Q consisting of models, i.e.,
all concrete assignments to symbolic variables. Figure 1b shows the evolution of Q throughout
execution of NoIsyOR: it grows on each flip and splits when going under ifs. At the start, the
set of symbolic variables is empty, so Q = {0, 1}? has exactly one element {} corresponding to
the empty assignment. The first f1ip introduces @, which expands Q to {0, 1}{}. The probability
measure on Q is given by the weights of @ and @, and is visualized in Figure 1b using area: the
rectangle enclosing a occupies one third of the whole square. The second flip expands Q to
{0,1}{*F} The new probability measure is given as the product of the weights of literals: for
example, af has probability (1 — w(a))w(f) = 1/3. Finally, the if splits Q into two subspaces Q+
and Q, corresponding to the models for the logical formulae & vV f and =(a V ). This splitting
is depicted in Figure 1b, where the models that lie outside of each branch’s subspace have been
grayed out.

With these subprobability spaces made explicit, the two stores §; and $¢ produced by NoisyOr
can be thought of as random variables S; on Q and S, on Q. that map models to concrete stores:

S¢e(m) ={x - m(a),y — m(p),z — true} Se(m) ={x > m(a),y — m(p),z — false}

Now, REs can itself be cast as a random variable S : QO — Store defined piecewise on the whole
space Q by S(m) = S¢(m) if m |= a VvV f and S(m) = Se(m) if m |= —=(a Vv f). In particular, the
final value of program variable z corresponds to the random variable Z : Q — {true, false}
defined piecewise by whether one lands in the left or right subspace depicted in Figure 1b; it returns
true on the union of the three rectangles in which either « or f are true, and false on the single
rectangle where o and f are both false.

This reduces probabilistic inference on NoisyOR to reasoning about the random variables S and
Z. For instance, suppose one is interested in the probability that No1syORr terminates with z = true.
This is equivalent to the probability of the event Z = true, which in turn is equivalent to a
weighted model count, i.e. the weighted sum of models satisfying the formula « vV . Weighted model
counting is a well-studied problem with many solvers tailored specifically for the probabilistic
inference task [11, 12, 16, 36, 42]. In this way, probabilistic symbolic execution reduces the problem
of implementing a PPL with exact inference into two well-studied subproblems: symbolic execution
on the one hand, and weighted model counting on the other.
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3 Symbolic Sets: A New Semantic Domain for Probabilistic Symbolic Execution

Now we begin the process of identifying a semantics that precisely captures the probabilistic
symbolic execution strategy outlined in the previous section. A set-theoretic semantics interprets
types A as sets [A] and programs a; : Ay, ..., an : A, F M : Bas functions [M] : [A;] X - - x [A4,] —
[B]; in category-theoretic terms, this amounts to interpreting types and programs as objects and
morphisms, respectively, in the category Set of sets and functions. However, the usual Set-theoretic
semantics fails to account for a crucial aspect of symbolic execution: the space of weighted models
depicted in Figure 1b and how it evolves over time. Our definition of SymSet will capture this by
following a standard recipe known as presheaf semantics.

In general, presheaf semantics involves moving from Set to a category of functors [C; Set] for a
small category C. The resulting interpretation function [—] sends types A to functors [A] : C — Set
(the so-called presheaves), and terms to natural transformations. The category [C; Set] can be
thought of as a proof-relevant generalization of Kripke semantics: objects of C are Kripke worlds,
and morphisms of C form the Kripke accessibility relation. Each presheaf P : C — Set is then a
proof-relevant analog of a world-indexed proposition. The object part of the functor P sends each
Kripke world ¢ to a set P, of “proofs” or “witnesses” to the truth of P at world c¢. The morphism part
of P captures Kripke monotonicity by ensuring that, for each morphism f : ¢ — ¢’ of C witnessing
the accessibility of ¢’ from ¢, there is a corresponding function Py : P — P that transforms
witnesses for the truth of P at ¢ into witnesses for the truth of P at ¢’ [26].

The world-dependent nature of presheaf semantics makes it ideally suited to modeling com-
putations that vary in time with respect to some ambient environment, with a wide range of
applications: different choices for C can be used to model variation in heap shape [34, 35], typing
environment [21], and the amount of steps left in a computation [6].

3.1 Symbolic subprobability spaces as Kripke worlds

Our definition of SymSet is a particular instance of presheaf semantics where C is set to a category
S of Kripke worlds that models the ambient environment required for probabilistic symbolic
execution. The objects of S are symbolic representations of subprobability spaces:

Definition 3.1. A symbolic subprobability space is a pair (T, ¢) consisting of a weight map I' drawn
from the grammar I' := - | T, « : Ber p, where Ber p is Bernoulli distribution with bias p € [0, 1],
and a path condition ¢, drawn from ¢, € Formulaz=a evars(T) | T | L | —-p | o AY | @ V.

Given a symbolic subprobability space (T, ¢), one can extract a discrete subprobability space
(Q, i) where Q is the set of models Mod (T, ¢) defined by Mod(T,¢) ={m | mE ¢},and p: Q —
[0, 1] is a discrete subprobability measure defined by taking products of weights of literals according
to I'. We will later see how Definition 3.1 generalizes to theories other than Boolean formulae in §8.
In this way, the objects of S form syntactic representations of subprobability spaces on models.

The morphisms of S model the way that symbolic subprobability spaces can evolve over time. In
Section 2 we saw that there are two ways the subprobability space can change: it grows at each
flip through the generation of fresh symbolic variables, and shrinks when executing conditional
branches through additions to the path condition. Morphisms in S are generated by sequences of
these basic transitions. First, the generation of fresh symbolic variables is captured by the notion of
injective renamings, following standard categorical models of name generation [47]:

Definition 3.2. A renaming r from I’ to I/, written r : I' — I”, is an injective function sending
each entry a: Berp inT to an entry r(a) : Ber p in I'V of the same type.

Intuitively, a renaming r : ' — I expands the set of available names from I' to I". Renamings
can be naturally lifted to operate on Boolean formulae: given a path condition I' ¢ and a renaming
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r: T — I”, we will write r(¢) for the formula, well-formed under I/, that is given by renaming all
the variables in ¢ according to r. We will also implicitly apply the weakening renaming to path
conditions: if T + ¢, we will write ¢ for the same formula well-formed under extended context T', A.

The second kind of transition between subprobability spaces—the shrinking of the path condition
¢ that occurs when one goes under a conditional branch—is naturally captured by the standard
notion of entailment for Boolean formulae. Given two path conditions ¢ and ¢ in context I, we
will say that ¢ is stronger than ¢, written I’ F ¢ < ¢ (or just ¢ < ¢ if ' is clear from context), if
¢ entails ¢. Under the interpretation Mod of objects of S as subprobability spaces on models, the
entailment relation < becomes the subspace relation on subprobability spaces. Path conditions will
be considered equivalent up to bientailment: that is, ¢ = ¢ if and only if ¢ < ¢ and ¥ < ¢. We
also make use of some standard terminology for splitting path conditions into pieces. Two path
conditions will be called disjoint, written I' + ¢ # ¢/, if ¢ A = L. For two path conditions ¢ and ¢,
we will write ¢ + ¢ for their disjunction in the special case where ¢ # /. A family of path conditions
@1, - . ., Pn partitions a path condition ¢ if ¢; + - - - + ¢, = ¢. Under the interpretation Mod, disjoint
formulae become disjoint subprobability spaces and partitions of formulae become partitions of
subprobability spaces. Putting renaming and entailment together yields the notion of accessibility
required for our category S of symbolic Kripke worlds:

Definition 3.3. Symbolic subprobability spaces form the objects of a category S whose morphisms
from (T, @) to (I”, ¢”) are renamings r : I' — I'" such that I'” + ¢’ < r(¢). The identity morphism
on (T, ¢) is the identity renaming id : I' — T. Composition of two morphisms r : (I, ¢) — (I7, ¢")
and r’ : (I”,¢") — (I'”, ¢”") is the composition r’ o r of the two renamings, well-formed because
I'to' <r(p)andI” F ¢” <r'(¢’) together imply I’ + ¢” < r'(r(¢p)).

Morphisms in S can be interpreted as functions between subprobability spaces: each morphism
r: (T,¢) — (I, ¢") determines a function Mod(r) : Mod(I”, ¢’) — Mod(T, ¢) that sends each
model m’ of ¢’ to m’|,, a model of ¢ computed by restricting m’ to only the variables that are in
the image of r. The following proposition summarizes the situation:

Proposition 3.1. Mod(—) forms a functor S°* — Set.

In Section 6 we will see how the functor Mod plays a crucial role in correctness. Together, the
category S and the functor Mod are the two pieces of critical data needed for the ensuing technical
development: S models one’s choice of logical theory for representing logical formulae, and Mod
models how formulae are related to their ground-truth interpretations.

3.2 Symbolic sets as presheaves
With the category S in hand we can define the category of symbolic sets:

Definition 3.4. The category of symbolic sets, written SymSet, is the functor category [S; Set].
Objects of SymSet will be called symbolic sets and morphisms will be called symbolic functions.

Defining SymSet as a category of presheaves immediately gives it rich categorical structure.
Every presheaf category is a Grothendieck topos [31], which can be thought of as an “alternative
mathematical universe”’—indeed, any Grothendieck topos provides a model of dependent type
theory [13, 19, 22]. In this paper, we will make use of only a small amount of this structure, which
we record formally below.

Proposition 3.2. SymSet is Cartesian closed and has all limits and colimits.
Definition 3.4 and Proposition 3.2 pack quite a punch: by applying well-established formulae for

exponentials, limits, and colimits in presheaves, we obtain a number of new constructions relevant
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to the semantics of probabilistic symbolic execution. To demonstrate, the rest of this section is
devoted to unpacking the layers of categorical abstraction involved.

3.2.1 Unpacking the definition of symbolic set. Since SymSet is the functor category [S; Set], the
objects of SymSet are functors S — Set. Hence every symbolic set A takes (1) each object (T, ¢) to
a set A(r,,) and (2) each morphism r : (T, ¢) — (I, ¢”) to a function A, : Ar,y) — A7) such
that the functor laws are satisfied. Making all details explicit yields a category-free definition:

Definition 3.5. A symbolic set A consists of:

o (Carrier) For each symbolic subprobability space (T, ¢), a set g(r’¢)
o (Renaming operation) For each renaming r : I' — I”, a function r(-) : A\(r,(p) — X(l"’,r((p))
e (Restriction operation) For each entailment I + ¢’ < ¢, a function (=), : A\(p,q,) - A\(M,/)

such that the following hold for all @ € E(Up% renamings s : I' —» IV and r : Y — I'”, and path
conditions ¢” and ¢” satisfying T'  ¢” < ¢’ < ¢:

id@ =3 (ro)@=r(s@) ap=a dyly =dy  r@y) =r@l

Just as path conditions I' +- ¢ are implicitly weakened to larger contexts I' + A, we will also implicitly
coerce elements g € A(r,p) into elements of A(rya ) along the weakening renaming.

An intuition for this definition is that each set g(r’¢) behaves like a set of functions Mod(T, ¢) —
A for some set A. In fact, functions of this shape provide an archetypical example of a symbolic set:

Example 3.1. Given a set A, the symbolic set of A-valued functions, written Fn A, has carrier
(FnA)ry) = Mod(T,¢) — A. The restriction operation is given by function restriction, and
renaming by r : I' — I” sends f : Mod(T, ¢) — A to f o Mod(r) : Mod(I”, ¢) — A. The laws
follow directly from properties of function restriction and composition.

In the probabilistic context, such functions denote random variables parameterized by the ambient
sample space Mod(T, ¢). For instance, FnZ is a symbolic set of integer-valued random variables.
Of course, the benefit of the abstract definition is that the sets A\(r,q)) do not need to be functions.
For instance, the following symbolic set captures the way that Boolean formulae represent Boolean
functions syntactically:

Example 3.2. The symbolic set of formulae B is defined by mapping each carrier B(r) to the
set Formula of Boolean formulae quotiented by the equivalence relation ¥ ~ ¢’ if and only if
@ N =@ A’ The equivalence class of a formula i will be written [¢/]. The renaming operation
is defined by renaming of variables in formulae and the restriction operation by [¥/]|, = [ A x].

The quotient in this definition makes ¢ and 1/’ equal as elements of B r ) if and only if they
entail each other under the assumption ¢. This abstractly captures the intuitive idea that ¢ and ¢’
denote Boolean functions that are equal on the subspace defined by ¢.

3.2.2  Unpacking the definition of symbolic function. So far we have only been examining the
objects of SymSet. We now turn to its morphisms. As a functor category, morphisms of SymSet
are natural transformations. Unpacking the definition of natural transformation in this context
yields the following definition to accompany Definition 3.5:

Definition 3.6. A symbolchunctlon f A — Bisa family of functions f(p K A(r o) = B(r 0)>

indexed by (T, ¢), such that r(f(p 0 (X)) = f(r r(e)) (r(x)) and f(r o) Xy = f(rq, )(x]4) hold for
all x in A(r,q,), renamings r : I' — I, and path conditions ¢’ stronger than ¢.
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Name Notation Carrier Renaming Restriction
Singleton 1 Tirp) = {*} r(%) =% x|y =%
Product AxB (A% B)(r.p) = Arp) X Birg) r(@b) = (r(@,r(b))  (@b)ly = (@lybly)
[Ties A (Hielgi)(r,tp) = “ielgi,(r,w) r(@i)ier = (r(@i))ier (@)ierly = (@ily)ier
o o ~ N r(inl@) = inl(r(a)) (inl@) |y =inl(@ly)
Coproduct A+ B (4+B)rg) =Awe) + Brg r(ineB) =ine(r(5))  (inrb)ly = inr(Bly)
L er As (Uier A rg) = Uicr Aurgy  r(inj; @) =inj; (r(@))  (inj; @)ly = inj; (@ly)

Exponent ~A=B (A=B)r,) =Nat(x(T,¢) XA B) r(f)(sa) =f(sor.a) fly(sa) =f(sly,a)

Fig. 2. A selection of the symbolic set constructions that follow from unpacking Proposition 3.2.

In keeping with the analogy that each set A(r ) is like a set of functions Model(T, ) — A, a

symbolic function f A — Bis like composition by some function f : A — B, sending functions
g : Mod(T, ¢) — A to functions f o g : Mod(T, ¢) — B. In fact, just as Fn A is an archetypical
example of a symbolic set, function composition is an archetypical example of a symbolic function:

Example 3.3. For each function f : X — Y there is a symbolic function Fn f : FnX — FnY
defined by (Fn f)(r,4)(g9) = f o g for all g : Mod(T, ) — X.

Symbolic functions do not need to look like function composition. The following example
illustrates how the negation connective represents composition by the negation function:

Example 3.4. Symbolic negation is the symbolic function = : B — B defined by =1, [¥/] = [-¢/].

3.2.3 Unpacking universal constructions in symbolic sets. Having fully unpacked Definition 3.4, we
now turn to Proposition 3.2. Figure 2 contains a glossary of the consequences of Proposition 3.2
that we will use in this paper.! From the standard formulae for computing limits in a category of
presheaves [40, Prop. 3.3.9], we obtain singleton, product, and indexed product of symbolic sets. Their
definitions operate “componentwise”: for instance, elements of (A\ X E)(r,q,) are pairs consisting
of an element in A\(r,(p) and an element in ]’3\(1@ , and renaming and restriction of pairs is defined
by renaming and restricting components. As an example of products in action, each of the logical
connectives on Boolean formulae lift to symbolic functions on the symbolic set B:

Example 3.5. The following define symbolic functions on B:
T:1-B I:1-B A:BxB—B V:BxB—B
T (0 = [Tl L) = [1] Awe ([Ya], [¥2]) = W1 Al Vg (Wl [Y2]) = [¥1 V el

Dually, from the formulae for colimits in presheaves we get coproducts and indexed coproducts,
defined as tagged unions in the way one might expect. Finally, SymSet is Cartesian closed, with
exponential objects A= B defined following the standard formula for exponentials; we will examine
exponentials more closely in §7.

The notation “Xx”, used in the definition of exponentials, is the Yoneda embedding.
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3.3 The monads Piecewise and Gen

So far we have discussed only those constructions on symbolic sets that follow directly from it being
a category of presheaves. In this section we now discuss those constructions that are particular to
probabilistic symbolic execution, which take the form of two monads. In the next section these
monads will be used to give definitional interpreters for Imp.

The first monad, Piecewise, models how a list of guarded values can represent a piecewise
function on the space of models—recall the random variable S from Section 2, which represented
REs. Roughly speaking, an element of (Piecewise A\)(r,(p) is a set of pairs {(¢;, a;), . . . }1<i<n Where
the ¢;s partition ¢ and each g; is an element of X(F,wi)~ Intuitively, each such set of pairs represents
the piecewise function that takes value a; on subspace ¢;. These will be called piecewise definitions
of type Aat path condition (T, ¢). The definition of Piecewise is a quotient of the set of piecewise
definitions:

Definition 3.7. Piecewise A is the symbolic set where (Piecewise g)@@ is the set of piecewise
definitions quotiented by the equivalence relation ~ generated by the following rules:

(1) {(J-’ a)} ~0 (2) {(401 + ‘Pz,a)} ~ {(‘Pl’aho]); ((pz’a|(pz)} (3) f ~g = f‘L-'j h ~ g Wh

Intuitively, rule (1) states that a piecewise definition guarded by an unsatisfiable path condition
is equivalent to an empty function, rule (2) states that a branch of a piecewise definition guarded
by a disjunction of disjoint path conditions can be split into two individual branches, and rule
(3) states that two equal piecewise definitions stay equal under the addition of additional cases h.
The equivalence class of {(¢1, a1),. .., (¢n, an)} Will be written [¢1 : a1, ..., ¢n : an]. The renaming
operation is defined by r[¢; : ay, ..., ¢ : ay] = [r(@1) : r(a1),...,r(¢n) : r(a,)] and the restriction
operation by [@1 : a1,...,¢n : anlleyy = [(@1 A Q") 2 alys ..., (@ A Q") : anly].

The definition of Piecewise appears complicated compared to a more straightforward one that
does not use quotients. Section 5 will explain how the quotient is actually quite natural from the
perspective of sheaves, and has many pleasant consequences. We record one consequence here: the
quotient implies the intuitive fact that piecewise Booleans are equivalent to logical formulae.

Proposition 3.3. Piecewise(1 + 1) = B in SymSet.

PrRoOOF. Any element [¢; : by,...,¢p : by] of Piecewise(1 + /1\)(114,) can be brought into a normal
form [ : inl(x), (¢ A=¢)) : inr(x)], where ¢/ is the disjunction over all the ¢;s with b; = inl(x). The
map [¢;1 : by,...,¢n : by] — [Y] defines a bijective symbolic function Piecewise(1+ 1) —» B. O

Piecewise forms a strong monad on SymSet: the unit map sends a € A(r,y) to the singleton
[¢ : a], the multiplication map flattens [¢; : [i; : aij]jeslier into [@; A ¥i; ¢ aij](ijyerxy, and
the strength map pushes the first component of a pair (a, [¢; : bi]ier) into the second to give
(@i : (alg, bi)]ier-

3.3.1 The monad Gen. The second monad that is specific to our setting models the generation
of fresh symbolic variables. Its definition is heavily inspired by traditional presheaf models of
name generation [47]. Roughly speaking, the elements of (Gen A)(r,,) are pairs (A, a) where A
is a context containing newly-generated symbolic variables and a € A(r4a,) is an element of
the symbolic set A at the extended context I' + A. This has the structure of a monad: any pure
computation a € A(r,) can be transformed into the pair (@, a) modeling a computation that
does not generate any variables, and any nested computation (A, (Az, a)) can be flattened into
(A1 + Ay, a), collecting up the variables A; and A, generated by subcomputations.

Just as with Piecewise, going from this basic idea to the definition of Gen requires a quotient
in order to validate additional equational reasoning principles that one would intuitively expect
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to hold of probabilistic symbolic execution. First, we would like the following equations to hold
(where gen p is the effectful operation that generates a fresh symbolic variable with bias b):

(x < genp;e) =e (x ¢ FV(e)) (x «—genp; y « genc; e) = (y « genc; x « genp; e)

These equations state that Gen should be affine commutative, which means that the order that
symbolic variables are generated in does not matter and that unused symbolic variables can be
dropped—properties that should intuitively hold of any generative effect [47]. Second, we would
like Gen to compose nicely with Piecewise, so that both the effects that they model can be used
together. This leads us to a quotient by an equivalence relation that relates two computations (A, a)
and (A’, @’) if they are piecewise equal up to renaming of freshly generated symbolic variables:

Definition 3.8. The symbolic name generation monad, written Gen, is the monad on SymSet that
sends each symbolic set A to the symbolic set Gen A with (Gen A)(r,y) = {(A,a) | a € Arsng)}/~
where (A, a) ~ (A, a’) if and only if there is a partition ¢, . .., ¢, of ¢ such that, for each 1 < i < n,
there is a context A”” and renamings r; : A — A” and r; : A" — A” such that r;(al,,) = r;(al,, ).

The equivalence class of (A, a) will be written v A. a, following the v-calculus [38]. Intuitively,
vA.a is the computation that produces a after generating fresh variables A. The quotient ensures
that the choice of names in A does not matter. The renaming operation is defined by r(v A.a) =
vA.(r + A)(a), where r + A is the renaming given by extending r with the identity renaming
on A, and the restriction operation is defined by (vA.a)|, = vA.(al,). Altogether, this makes
Gen a strong monad on SymSet, with unit map defined by a +— v @. a, multiplication map by
VA1 vAz.a - v (A + A;). a, and strength map by (a,vA.b) — vA.(a,b).

Definition 3.9. For each p € [0,1], let genp : 1 — Gen(Piecewise(1 + 1)) be the symbolic
function defined by (gen p) () (*) = v (a: Berp). [ A a :inl(%),p A —a : inr(x)].

The quotient used to define Gen makes it affine commutative. While monads do not compose in
general, the following establishes that Gen composes nicely with Piecewise (see §D for a proof):

Theorem 3.1. Both Piecewise o Gen and Gen o Piecewise are monads.

4 Symbolic Sets in Action

This section puts the just-defined category of symbolic sets to work. For demonstration, it will
show how to use symbolic sets to derive a symbolic semantics for Imp that formalizes the informal
procedure described in Section 2. Thanks to the rich structure of symbolic sets, this symbolic
semantics is quick to construct (§4.1 and §4.2), and captures enough implementation detail that it
can be converted into Haskell code (§4.3).

4.1 The symbolic metalanguage: symbolic semantics as functional programming

To build a symbolic semantics for Imp, one needs to define a symbolic set for each IMp semantic
domain and a symbolic function for each ImP expression and command. At first this seems quite
involved because symbolic sets and functions have complicated definitions. But, the rich structure
of SymSet allows us to make use of its internal language—a type theory where types denote SymSet
objects and terms denote morphisms—as a domain-specific language for categorical constructions.

With a category as well behaved as SymSet, there are many languages one could use for this
purpose. In this paper, it will suffice to use a simply-typed language extended with infinitary sum
and product types; Proposition 3.2 guarantees that SymSet forms a model. On top of this stock
type theory, we sprinkle in the two monads Piecewise and Gen, which upgrade it with monadic
constructs that are interpreted in the standard way [32].
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Bool=1+1 [c] : Store — Gen(Piecewise Store)
Store = [];cvar Piecewise Bool [skip] (s) = pures
(a) Interpreting types. [x =e] (s) = pures[x  [e] (s)]
[x ~ flipp] (s) =v < genp
[e] : Store — Piecewise Bool pure s[x — o]
[x] (s) = 7 (s) [er; e2] (s) =s1 « [e1] (s)
[true] (s) = pure(inlx) [e2] (s1)
[false] (s) = pure(inrx) ife (s) =b— [e] (s)
[t e] (s) =v « [e] (s); pure(not o) then ¢ if b
[e1 && e2] (s) = v1 « [e1] (s); vz « [ez] (s); pure(ovy && vz) elsec, then [c1] (s)
ler |1 €] (s) =01 « [ed] (5); vz < [e2] (5); pure(or || v2) else [cz] (s)
(b) Interpreting expressions. (c) Interpreting commands.

Fig. 3. Interpreting Imp in the symbolic metalanguage.

Figure 3 depicts this symbolic metalanguage at work. Figure 3a uses the metalanguage type
formers to build the requisite semantic domains. Booleans are defined by the sum 1 + 1, and stores
are defined by an indexed product over piecewise-definable Booleans. Figures Fig. 3b and Fig. 3¢
use the term formers of the metalanguage to interpret expressions and commands. Expressions
denote symbolic functions from stores to piecewise Booleans, using do-notation to work with the
Piecewise monad in the usual way, and commands denote monadic computations from stores to
piecewise stores. Notably, x ~ f1ip p is interpreted using the effectful operation gen p.

4.2 Unpacking the symbolic semantics of Imp

Just as a program written in a DSL can be macro-expanded into its host language, the interpreter in
Figure 3 can be turned into ordinary math by unpacking definitions. This yields a semantics S[—]
for Imp where all symbolic execution details are made explicit. First, unpacking Figure 3a gives
interpretations of IMP semantic types.

e Booleans are interpreted by a symbolic set Bool defined by Bool(r ¢ = {inl(*), inr(x)}, with
trivial renaming and restriction operatlons r(b) =band b|¢, b.
e Stores are 1nterpreted by a symbolic set Store where Store(r ) is the set of mappmgs of the

form {x — [¢; : bi]iel, ... } associating each x € Var to a piecewise element of Bool. In light of
Proposition 3.3, these are equivalent to mappings {x — [¢], ...} from variables x to equivalence
classes of Boolean formulae ¢. The renaming and restriction operations are defined variable-wise:
r{ix—[ol,...} ={x = [r(p)],...}and {x = [o],... }y = {x = [ A Y],
Next, unpacking Figure 3b gives an interpretation of expressions, shown on the left in Figure 4
below. For legibility, we have converted all piecewise Booleans into logical formulae, following
Proposition 3.3. Each expression e denotes a function that sends a store § to the formula given
by replacing each variable x in e with the corresponding entry in § and each Boolean operation
(true,false, !, &8, | |) with an application of the corresponding symbolic function (T, L, =, A, V).
Lastly, unpacking Figure 3c yields an interpretation of commands, shown on right in Figure 4,
as functions that take in a symbolic subprobability space and a store and produce a piecewise
store under some fresh variables. We briefly describe the interesting cases. Sampling x ~ flipp
generates a symbolic variable a of type Ber p and sets x to « in the store §. Sequencing c;; ¢,
first runs c¢; in the input store $ to get new variables I'" and a piecewise store [¢] : §];cs, and
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Slelr,y) :S/t\ore(r,@ — (Piecewise B/(;I)(r,q,) Slelir g :S/t—\ore(r,(p) — (Gen(Piecewise s”tm,))(w)
S[true]r, () =TI Slskip](r,p) (8) =v@. [ : 3]
STfalsel gy (5) = [1] Shx = el pp) () = v@. g $lx = Slel 1) ()]
Slx](r,p) ($) = 3(x) Slx ~ flippl 1) (8) = v(a: Berp). [¢ : $[x > a]]
S[! e](r,p) (8) = [~¢] where Sler; c2rp) (8) = V(I + Zier I)')- L9 = 37; 15 je1xs where

Slel (T,) ¥ =1yl S[[Cl]](r,q;) (8) = vI". [} : $ilier

Sler 8& e2]l 1, (8) = [¥1 A 2] where S[[cz]](“r,,(p;) (8:) = vI. [@f; : 8731 jey foralli e I
S[[ﬁﬂ(r,@ (8) =[¢1] and ife
Slezlr.p) ($) = [¥2] S|thener||(8) = v(Ty + ). [¢; : $;1ier + [¢) : §]iey where

Sler 11 ezl p) () = [1 V ] where e1secrl| p,)  Slelig ) = [¥]
Sﬂel]](r,¢) (8) = [¢y1] and S[[Cl]](r,,,,/\./,) Blony) = vI. L] : $ilier
S[[ez]](r,q,) () = [¥] SIICZ]](r,q,/\ﬂ/,) Blor-y) = vT,. [(0} :3}]ie]

Fig. 4. Symbolic semantics of IMp expressions (left) and commands (right) unfolded from Fig. 3.

data Formula = Var Integer | Top | Bot | And Formula Formula | Or Formula Formula | Not Formula

true _ = Top skip (p,s) = pure [(p,s)]

false _ = Bot set x e (p,s) = pure [(p,insert x (e s) s)]

var x (p,s) = find x s flip x b (p,s) (i,c) = ([(p,insert x (Var i) s)I1,(i+1,insert i b c))

not e = Not . e (c1 >>> c2) (p,s) = concat <$> (mapM c2 =<< c1 (p,s))

(&8&) = 1liftA2 And ite e ¢l c2 (p,s) = (++) <$> try c1 (p /\ q,s) <*> try c2 (p /\ Not q,s)
(1) = 1liftA2 Or where { q = e s; try ¢ (p,s) = if unsat p then pure [] else ¢ (p,s) }

Fig. 5. Probabilistic symbolic executor for IMp expressions (left) and commands (right) derived from Fig. 4.

then runs c, under each new path condition ¢; and store 3. The results of all these runs are then
combined using the multiplication of Gen o Piecewise, which takes the disjoint union of all fresh
names generated by all runs of ¢, and forms a context > ;c; I'/”. Conditionals first run the guard to
a formula ¢, then combine the results of running the branches under new path conditions ¢ A
and ¢ A - that restrict the current path condition ¢ along the guard e.

4.3 Symbolic sets as reasoning tool

In the previous section we saw how S[—] captures quite a bit of detail relevant to implementation,
such as how path conditions should be updated during symbolic execution. In fact, this semantics
contains enough information to be turned into executable code: Figure 5 depicts a Haskell imple-
mentation of S[-]. Figure 5 is heavily condensed, but a full code listing can be found in §A. The
left of Figure 5 interprets expressions as Haskell functions e :: (Formula, Store) -> Formula that
produce a Formula given a pair (p,s) containing a path condition and a store—Store is defined
to be the type of maps from variables to Formulas. The right of Figure 5 interprets commands. In
converting the semantics to code, the symbolic context I becomes a piece of state that contains
(1) an Integer counter for generating fresh symbolic variables and (2) a WeightMap that maps each
variable to its probability. As a result, commands take the form ¢ :: (Formula, Store) -> State
(Integer, WeightMap) [(Formula, Store)l, with the piecewise stores produced by the semantics
represented by lists of pairs. The symbolic semantics of each IMP construct corresponds closely with
this implementation: for instance, the combinator flip x b implements x ~ flip b by associating
the next fresh symbolic variable i with b in the context ¢, incrementing the fresh variable counter,
and then setting x to Var 1i in the store s.
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Crucially, the symbolic semantics only captures essential details of this implementation—low-
level questions, such as the representation of formulae and the maintenance of the fresh variable
counter, are not modeled. This is by design: the abstractness of S[—] makes it a useful tool for
reasoning. To demonstrate, we show how algebraic identities validated by the symbolic semantics
justify two ways in which the code in Figure 5 has been optimized over a simpler implementation
that naively translates the symbolic semantics. Both optimizations concern if statements. The
first optimization is that ite does not restrict the store s to the new path conditions p /\ g and
p /\ Not g before running the branches c1 and c2, even though the semantics does. Intuitively,
this is safe to do because s contains at least as much information as its restrictions, so a function
expecting a restriction can be given s directly without losing information. This intuitive argument
can be justified by equational reasoning in symbolic sets: the quotient used to define B ensures that
[¢ AY] = [¢] as elements of B(r,y). Therefore, the restriction operation on stores can be simplified
as follows: {x — [¢],...}ly = {x = [ A¥],...} = {x = [¢],...}. Since the Formulas in the
implementation encode representatives ¢ of the equivalence classes [¢], this equation implies store
restriction can be implemented as a no-op.

The second optimization of ite is that it uses try to stop execution when the path condition is
unsatisfiable. Intuitively, this is safe because any computation with an unsatisfiable path condition
is unreachable. The following lemma justifies this intuition.

Lemma 4.1. (Gen(Piecewise ST\ore))(r,l) is a singleton for any unsatisfiable path condition (T, L).

Proor. The only partitions of L are of shape L + --- + L, so elements of (Piecewise S’tcmz)(r,”
are of shape [L : §y,..., L :§,] for§y,....,5, € Sio\re(r,l). By the quotient used to define Piecewise,
these elements are all equal to []. This implies all elements of (Gen(Piecewise S/t\ore))(p!l) are of
shape v A. [] for some context A. But now vA.[] = v@. [] by the quotient used to define Gen.
Hence v @. [] is the unique element of (Gen(Piecewise Store))(r 1. o

The quotients used to define Piecewise and Gen play a key role this proof. Note also that the
precise form of the unique element v @. [] of (Gen(Piecewise ﬁ))(r,L) directly justifies returning
pure []in try—it shows that, in case the current path condition is unsatisfiable, it is semantically
valid to return the monadic computation that produces the empty symbolic union [] without
generating any new symbolic variables.

5 State Merging via Sheaves

So far we have considered a symbolic execution strategy known as all-path symbolic execution,
which simply enumerates all of the results produced by conditional branches: recall from Section 2
how symbolic execution of No1sYOR summarized its two execution paths in the form of a symbolic
union [a V f : §,—(a V f) : §] containing the two symbolic stores §; and $.. Under all-paths
symbolic execution, any continuation of NoisyOr will be run twice—once for §; and once for
Se—leading to a duplication of work that can produce an exponential number of execution paths as
one scales to larger programs. This path explosion problem is mitigated in practice by state merging,
which combines the results of two different branches of computation in order to save work down
the line [44, 54].

Take for example the symbolic stores $; and $¢ produced by NoisyORr. Semantically, these
are elements of §t’\cwe(raﬂ,av/;) and S/t_c;e(raﬁﬁ(avﬂ)) respectively, where T4 is the two-element
context «: Ber(1/3), f: Ber(1/2). The information contained in §; and $. can be merged to form
$t Ugvp~(avp) S, an element of Store supported by path condition (¢ V ) V =(a V ) = T, by
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merging the logical formulas stored at each variable:

$t Ugvp-(avp) Se

={xay— pz TiUgpg-(avp) (X a,y—> fz+— 1} definition of 8¢, Se
={xalay ULz ite(aV B, T,L1)} merge stores variable-wise
={x—ay— fz—aVf} merge the logical formulas

In practice, the definitions of merging operations like sy - (avp) depend heavily on the type of
data being merged, and can get quite intricate. For example, if symbolic stores were allowed to
omit entries for undefined variables, then the definition of Liyyg~(avg) Would be complicated by
additional logic to handle the case where a variable exists in one store but not the other.

This section describes how the categorical framework developed thus far naturally accommodates
merging. In particular, we will identify a subcategory SymSet,, of SymSet consisting of mergable
symbolic sets, and leverage the categorical structure of SymSet, to define a variety of symbolic
objects automatically equipped with merge operations.

As foreshadowed in Section 1, defining SymSet,, requires passing from presheaves to sheaves.
Section 3 put forth the intuition that a category of presheaves [C; Set] is like a proof-relevant
Kripke semantics, with objects of C representing possible worlds and morphisms representing
accessibility. Sheaves additionally give each Kripke world ¢ a spatial character, by allowing one to
specify when a given world ¢ can be decomposed into a family of accessible worlds (c;);es. This
ability to decompose a world into subworlds lets us model the way that subprobability spaces are
decomposed into subspaces by conditionals, as depicted in Figure 1b.

Formally, decomposition of Kripke worlds ¢ € C is captured by a coverage on C [25, C2.1.1],
which specifies when a family of morphisms {f; : ¢ — ¢;}ie; “covers” its common domain ¢ in
the sense that the accessible worlds (c;);es jointly contain enough information to recover the
original world c. To capture conditionals, a natural choice of coverage for S is the one where a
finite family of morphisms {f; : (T, ¢) — (I}, ¢;i) }1<i<n covers a symbolic subprobability space
(T, @) if it represents, via Mod, a family of functions {Mod(f;) : Mod(T}, ¢;) = Mod(T, ¢) }1<i<n
whose images partition Mod(T, ¢). (Note the reversal of arrows due to the contravariance of
Mod). For example, consider the space of weighted models depicted at the top of Figure 1b.
This space is represented by the symbolic subprobability space (Tyg, T). Its splitting into two
pieces, corresponding to the two paths through NoisYOR, is captured by the two morphisms
i: (I T) = (Tupa vV ) and j : (Tep T) — (Igp, ~(a Vv f)) that witness the entailments
aV p < Tand ~(aV B) < T.The family {i, j} forms a cover of (I, T): the corresponding
functions

Mod(Tup. @V ) 2 Mod (T, T) and Mod(Tup, ~(ar V £)) oo’y Mod (g, T)
partition the space Mod(T, T) into Mod(T, @ V ) and Mod(T, =(a V f)), just as depicted at the
bottom of Figure 1b.

Given a coverage on a category C, the sheaves for that coverage are those presheaves P : C — Set
that “respect covers” in the sense that any family of elements of P decorating a cover of (T, ¢)
can be uniquely amalgamated into an element of P(T, ¢).? In the case of S, the sheaves for the
finite-partition coverage just defined above are symbolic sets that come with a merging operation.
This motivates the following definition:

Definition 5.1. The category of mergable symbolic sets, written SymSet,_, is the full subcategory
of SymSet consisting of sheaves for the coverage on S generated by finite partitions.

2For more details on abstract sheaf theory, see MacLane and Moerdijk [31, §II-IIT].
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Name Definition Empty element Merge operation
Singleton 1 r(x) =% * L% =%
Product AxB 2 =(2,0) @b)yu(@,b)=(aubaubd)
[Tier As @ = (D)ier (@)ier U (@))ier = (@ U @) jer
Coproduct  Piecewise(] [;e; A7) 2 =] [@i :inj; @ilicr U [@) : inj; @ lier = [(@iVe}) :inj;(a; Ua})lier
Formula B 2 =[1] Y] Upe [V ]=[(A@) V(¥ Ag)]
Exponent A=B (L, )=02 (fl_l 9)(s,a) = f(s, a) ug(s,a)

Fig. 6. A selection of mergable symbolic set constructions that follow from Proposition 5.2.

As with the definition of SymSet, fully appreciating this definition requires some unpacking.
The following proposition describes when a symbolic set is a sheaf in elementary terms:

Proposition 5.1. A symbolic set A lands in the subcategory SymSet, if and only if

(1) A(r 1) contains a single element Ly, which will be called the empty element at T

(2) Foralla e A(r g)andd’ € A(r o) With ¢ and ¢’ disjoint, there exists a unique element d L, o d’
ofA(r,(pw ), called the merge of d and &', such that (d Uy, d')|, = dand (d Uy, @], =@’

The subscripts on @r and L, will be omitted when clear from context.

In other words, a symbolic set is mergable precisely when it comes equipped with a merge operation
U, including for the edge case of a “nullary merge” @. Once again, the symbolic set of functions
provides a canonical example: Fn A is mergable for any set A, with @ given by the empty function
with empty domain and U, , given by the unioning the graphs of functions with disjoint domains
@, ¢’. But there are also more abstract examples; a particularly important one is Piecewise A, with
@ given by the empty piecewise definition [] and LI by the disjoint union of piecewise definitions.

Like SymSet, the category SymSet,, is a Grothendieck topos by definition, which immediately
gives a mergable analog of Proposition 3.2:

Proposition 5.2. SymSet, is Cartesian closed and has all limits and colimits.

The monad Piecewise plays a special role in the interaction between SymSet and SymSet
a

Proposition 5.3. Piecewise is the monad induced by the adjunction SymSet, : SymSet, where

i is the inclusion of sheaves into presheaves and a is sheafification [31, §V.3]. i

This shows how the somewhat-complicated definition of Piecewise arises naturally from a sheaf-
theoretic perspective: Piecewise A is the canonical way of forcing a given symbolic set A to be
mergable. It follows that Piecewise also preserves mergability.

Proposition 5.3 lets us use standard formulae for computing limits and colimits in sheaves to
unpack Proposition 5.2, just as we did for SymSet. The result is shown in Figure 6. First, limits in
sheaves are the same as in presheaves. This implies the singleton, product, and indexed product
in SymSet,, are the same as in SymSet; their empty elements and merge operations all work
componentwise. Next, colimits in sheaves are the sheafification of colimits in presheaves. Hence
indexed coproducts in SymSet, are piecewise indexed coproducts in SymSet. Each element of
the indexed coproduct is a piecewise definition [¢; : d;];er with exactly one case ¢; : d; for each
i in the indexing family I and at most finitely many elements not equal to @. Merging of such
elements operates case by case. The formula for coproducts also shows that B is the coproduct of
1 with itself in SymSet,,, in light of Proposition 3.3; the empty element of B is the unsatisfiable
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Sm[Bool] =B
Sm[Store] = [Txevar B
Sm[if e then ¢, else CZ]](F,w) (3) = v (I + ). (81 Upay,pn-y S2) where
Sm [[e]](r,¢) ) =1yl
Smlleilrpny) (8) = vIi. 5
Smlle2l(rpnay) 3) = vI2. 5
xelel. . by {x- o'l b ={x=[(eAy) V(e'AY)]...}

Bool=1+1
Store = []xevar Bool
[e] : Store — Bool

[c] : Store — Gen Store

Fig. 7. Alternative model of Imp in the symbolic metalanguage (left) and its unfolding into SymSet,, (right).

formula and merging is defined in terms of disjunction. Finally, sheaves form an exponential ideal
in presheaves. This implies that the exponential A=Bin symbolic sets is mergable if B is; we will
return to exponentials in Section 7.

The monad Gen also interacts nicely with mergable symbolic sets: it preserves sheafhood,
justifying the use of Gen in the symbolic metalanguage for building symbolic semantics with state
merging. (A proof can be found in §F.)

Proposition 5.4. If Alis mergable then so is Gen A

5.1 Imp with merging

This section concludes with a demonstration of how SymSet,  can be used in place of SymSet to
obtain a probabilistic symbolic semantics for Imp that performs state merging.

Propositions 5.2, 5.3, and 5.4 together establish that SymSet, is Cartesian closed, has all limits
and colimits, and supports both the monads Gen and Piecewise. This makes for a model of the
symbolic metalanguage where types denote mergable symbolic sets. The left side of Figure 7
sketches how the symbolic metalanguage can be used to build a state-merging semantics for Imp.
Unlike the interpretation in Section 4, the metatype Store of stores is defined to be an indexed
product over Bool rather than Piecewise Bool; similarly, the return type of computations has been
simplified to Gen Store. This is because the semantics being built is designed to be interpreted in
sheaves; Piecewise, being sheafification, has no effect in this context. Given the interpretation of
Imp semantic types, the interpretations of expressions and commands are completely standard. The
full details can be found in §B.1.

Unfolding the metalanguage interpretation into SymSet,, gives a state-merging analog Sy, [—] of
the semantics S[—] derived in Section 4.2. The most interesting part of this new semantics is shown
on the right of Figure 7: the semantics of if combines the stores produced by both branches into a
single store using LI. This merge operation LI is in turn mechanically derived from the definition of
the metatype Store as an indexed product of coproducts; as one might expect, it combines symbolic
stores variable-wise, using the merge operation on B to combine the values bound to each variable.

6 Correctness via Gluing

In the previous sections, we saw how SymSet and SymSet,, can be used to quickly build probabilistic
symbolic semantics via the symbolic metalanguage. In this section we augment this framework for
semantics with a framework for proving correctness.

Intuitively, a symbolic semantics is correct if, for all commands ¢, the symbolic semantics S[c]
simulates the effect of running the concrete semantics C[c] of ¢ on all concrete instantiations for
symbolic variables. This property is formalized by the following commutative square, originally
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I(r,p) curry

(A\(r!q;) X Mod(T, ¢) — A)(F,(p)eS ~ (A\_’_) Fn A)

make relational
~>

(ALRD Fna)

Fig. 8. The steps leading from the traditional notion of instantiation to our relational formulation.

introduced by King [27]:

symbolic execution

(8, m) (S[c](5), m)

instantiate symbolic variables]; linstantiate symbolic variables (KING)
> Cle](8[m])

This commutative square, which has since become the standard correctness criterion for symbolic
executors [2, 14, 15, 59], states that if one symbolically executes a command c under initial store
§ and then instantiates all symbolic variables in the result with m, this gives the same store as
concretely executing ¢ under the instantiation §[m].

While this correctness property is intuitive, proving it takes quite a bit of work. First one needs
to fill in the horizontal arrows of (King), which includes a concrete semantics C[—] to judge the
correctness of S[—] against. Then one needs a notion of instantiation to fill in the vertical arrows
of (King). This is nontrivial to define, as it requires specifying how each symbolic object X can be
instantiated against a given model m to obtain a concrete counterpart x; for Imp, this means defining
instantiation for Booleans, piecewise Booleans, formulas, stores, piecewise stores, and computations
that may generate fresh names. Finally, there remains the matter of actually proving that the square
commutes. This is also nontrivial, as one must systematically check that the symbolic semantics of
each language construct properly simulates its concrete counterpart.

The goal of this section is to validate the following reasoning principle:

§[m] 1 :
concrete execution

The Lifting Principle. Every probabilistic symbolic semantics constructed using the symbolic
metalanguage is automatically correct, no matter whether it is interpreted in SymSet or SymSet ..

The Lifting Principle makes the symbolic metalanguage useful not just for building a probabilistic
symbolic semantics, but also for proving it correct. This saves a significant amount of work—for
instance, it automatically completes all of the steps described above for the symbolic semantics of
Imp from Section 4.2, as well as for the merging semantics from Section 5.

Our justification of the Lifting Principle follows the pattern laid out in Sections 3 and 5: we will
introduce a new category and show that it has enough structure to interpret all metalanguage
constructs. This new category, called Inst (for instantiation span, to be defined below), is in essence
a category of proof-relevant binary logical relations that connects SymSet-based interpretations of
metalanguage constructs to their concrete counterparts. To build Inst, we make use of gluing [52,
§7.7], a categorical analog of logical relations. The theory of gluing lets us quickly prove a Lifting
Theorem (Theorem 6.1) which shows that the symbolic metalanguage always yields a correct
symbolic semantics when interpreted in SymSet. We then similarly use gluing to build a mergable
analog of Inst and to prove an analogous lifting theorem for SymSet,, (Theorem 6.2).

In essence, gluing is a technique for reducing complicated proofs to well-established facts about
comma categories. To make gluing applicable, we translate the key notion of instantiation needed
to specify (King) into the shape of a comma category. This translation process is shown in Figure 8.
On the far left is the naive notion of instantiation—a family of functions i(r,,) that send symbolic
values d and models m to concrete values i(r.,) (4, m). First, we curry this family into a family of

functions A\(r’q,) — (Mod(T, ¢) — A), which now fits the shape of a symbolic function from Ato
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Fn A. Then, we move from functions to proof-relevant relations, replacing the morphism i with a
span (i, j) as shown on the right of Figure 8. These spans form a comma category:

Definition 6.1. The category Inst of instantiation spans is the comma category idsymset | span,
where span : SymSet X Set — SymSet is the functor (A, A) > AX FnA.

Objects of Inst are (isomorphic to) tuples (A AR i, ]) that form spans as shown on the right
of Figure 8. This span “decorates” the pair of objects (A, A) with the tuple (R, i, j), which one can
think of as a binary logical relation between the symbolic set A and its concrete counterpart A:
each element r € I,Q\(r’q,) is a “proof” that i(r 4 (r) is related to j(r,,)(r).

Morphisms of Inst have the form shown immediately to the right. A morphism n f E
(f f, @ from (A, A, R, i, j) to (B, B, S, k, 1) consists of (1) a symbolic functlonf :
A— B, (2) an ordinary function f : A — B, and (3) a symbolic function p : R—>S ! R Tk
such that the diagram commutes. This can be thought of as a pair of morphisms g_2 4§
( f f) that is decorated by a proof p that ( f f) satisfies the fundamental property jl »Ll

of binary logical relations; namely, that two inputs related by R are sent by f En A Fn B
and Fn f respectively to outputs related by S, W

The objects and morphisms of Inst work together to provide a crisp formulation of correctness:
a symbolic semantics S[—] in SymSet is correct with respect to a concrete semantics C[—] in Set
if the pair (S[-], C[-]) can be decorated with enough structure so as to constitute a model of the
language in Inst—a categorical analog of the fundamental theorem of logical relations. This can
be made precise by asking for a lifting of the pair (S[-], C[~]) along the following functor that

forgets all decorations:

Definition 6.2. Inst comes with a canonical projection pj,st : Inst — SymSet X Set defined by
sending each object (A, A, R, i, j) to (A, A) and each morphism (f, f, p) to (f, f).

Validating the Lifting Principle for SymSet requires lifting all symbolic metalanguage constructs.
This reduces to lifting limits, colimits, exponentials, Gen, and Piecewise. Liftings for the first three
of these follow from general facts about comma categories [52, §7.7]:

Proposition 6.1. Exponentials, limits, and colimits lift along pins.

This immediately shows that all the constructions described in Section 3.2.3 are automatically
correct with respect to their concrete counterparts. We note in passing that Proposition 6.1 already
goes beyond existing frameworks for proving correctness of a symbolic semantics: its lifting of
exponentials gives the first account of correctness for a symbolic semantics at higher type.

To obtain the Lifting Principle for SymSet, it only remains to lift the monads Piecewise and Gen.
These liftings take the form of monads on Inst that relate symbolic computations and random
variables. We sketch the definitions of these lifted monads here; details can be found in §E. The
lifting for Piecewise relates symbolic unions to the piecewise functions they represent: an element
[@i : dilier of (Piecewiseg)(r,q,) is related to a function f : Mod(T, ¢) — A if each &; is related to
the corresponding subfunction f|,,. The lifting for Gen relates symbolic computations running
in Gen to concrete computations running in the discrete probability monad Dist*: an element
vA.a of (Gen A\)(r,,p) is related to a function f : Mod(T, ¢) — Dist A if there exists a function
f: Mod(T+A, ¢) — Asuchthat(l) a € A\(FJ,AJP) isrelated to f” and (2) f is the Kleisli composition
of f” with the distribution generated by sampling all the variables in A according to their types.
These definitions, in combination with Proposition 3.2, yield our first lifting theorem:

3Concretely, Dist sends a set A to the set of finitely-supported functions A — [0, 1] that sum to 1.
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Theorem 6.1 (Lifting for SymSet). The following structure in SymSet X Set lifts along pinst:
(1) Exponentials, limits, and colimits
(2) The monads (Piecewise, idset) and (Gen, Dist), as well as all of their composites
(3) The morphism (gen p, Ber p) : (/1\, 1) — (Gen(Piecewise(T + i)), Dist(1 + 1)) for p € [0,1]

We will write Piecewise and Gen for the liftings of Piecewise and Gen respectively. The same
procedure works with SymSet_ in place of SymSet, yielding our second lifting theorem:

Theorem 6.2 (Lifting for SymSet, ). The functor span lands in the subcategory SymSet, X Set
of SymSet X Set, and the same structure listed in Theorem 6.1 lifts along the canonical projection
(idsymset,, | span) — SymSet,, X Set.

Our final theorem shows that our relational formulation of correctness smoothly generalizes the
traditional one: it implies that any symbolic semantics built using only the first-order type formers
of the symbolic metalanguage is automatically correct in the sense of (KING).

Theorem 6.3. The category idsymset | Fn, whose objects are (curried) instantiation operations
and whose morphisms are (curried) squares of shape (KinG), embeds fully and faithfully into Inst.
Moreover, this embedding preserves limits and colimits, and picks out a subcategory of Inst that is
closed under applications of the lifted monads Gen and Piecewise.

To demonstrate the Lifting Principle in action, we briefly unpack what it gives us when applied
to the semantics of Imp given in Figure 3. First, it yields a concrete semantics C[[—] that reinterprets
Figure 3 in Set with Piecewise interpreted by the identity monad and Gen by Dist. This recovers the
standard semantics of IMp where an expression denotes a function Store — {0, 1} and a command
denotes a function Store — Dist Store. Second, the Lifting Principle yields instantiation operations

i‘(“r 0 A\(r,(p) X Mod(T, ¢) — A that connect each symbolic set A used in the symbolic semantics

with its counterpart A in the concrete semantics. Precise definitions for these operations are given
by unpacking Theorems 6.1 and 6.3. This yields:

e An operation i%r 0 B(r,p) X Mod(T, ¢) — 1 + 1 for formulas that sends each pair ([¢/], m) to

the result of evaluating the formula ¢ at a given model m;

Store
(L) -
each pair (§, m) to the concrete store {x 1(} 2 ($(x),m)};

e An operation i : g\ore(r,(p) X Mod(T, ¢) — Store for stores, defined variable-wise by sending

e An operation i?}e;e)“’ise Store . (Piecewise S/ta:)(r’(p) X Mod(T, ¢) — Store for piecewise stores that
is defined by cases, sending ([¢; : §;] je;, m) to the concrete store ifltf’;) (85, m) in case m |= ¢;,
P

forall j € J;

.Gen(Piecewise Store)

e An operation L) : (Gen(Piecewise S/toTe))(r,q,) X Mod(T,¢) — Dist Store for
computations that sends each (vA. [¢; : §;]jes, m) to the distribution over concrete stores given

by sampling a model mp from A and then producing i(P}efZ‘jpi;eST‘; [@j:$jljey, m+ mp).

Finally, the Lifting Principle establishes that (KiNG) commutes for this notion of instantiation. When
applied to the No1syOR program from Section 2, this commutativity property says precisely that
the final symbolic union [a V f§ : §¢, =(a V f) : §.] produced by symbolic execution represents, via
weighted model counting, the expected distribution over concrete stores.

7 From Imp to FuN

So far all of our examples have focused on the toy language Imp. This final section demonstrates
how the framework we have developed scales to a host of realistic language features, by building a
correct-by-construction probabilistic symbolic semantics for a very different language Fun.
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6.7 = Unit [unit] =1 Smlunit] =1
| Bool [Bool] =1+1 Sm[Bool] =B
|o+7 lo+ 7] =[o] + [] Smlo + 7] = Piecewise(Sm[o] + Sm[z])
|loxrt [o x 7] = [o] x [7] Smllo X 7] = Sm[o] X Sm[z]
oo~ [o = 7] =[o] = [7] Smlo — 7] = Smlo] = Smlr]
| Listz [Listz] = Hpen [7]" SmlList ] = Piecewise (][ ery Smlz]™)
| Probz [Prob ] = Gen[r] Sm[Probz] = Gen Sp[7]

Fig. 9. Syntax (left), metalanguage interpretations (middle), and mergable semantics (right) of FuN types.

The syntax of Fun types is shown on left in Figure 9. Fun is a higher-order functional language
with Lists and a Probability monad. The terms and typing rules for Fun are standard. The semantics
of Fun, defined using the symbolic metalanguage, is shown in the middle of Figure 9. Note that
lists are defined as an indexed coproduct of finite approximations. This is an instance of a general
recipe: the symbolic metalanguage readily supports other algebraic data types in a similar manner.

Unfolding these metalanguage definitions into SymSet , gives the semantics of FUN types shown
on right in Figure 9. The Fun function space is interpreted by the exponential = in SymSet ,
defined by the formula in Figure 2. Elements f of (A= 'B?)(pl(p) are functions that take in a “future
world” (I”, ¢’) reachable from the “current” one via a renaming r : (T, ¢) — (I, ¢’), alongside
aninputa € A\(p,q,/), and produce an element fir ) (r, @) of E(rr,q,r). Lists are interpreted by the
formula for mergable indexed coproducts from Figure 6. Using SymSet,, as the semantic domain
gives each semantic type its own merge operation. This makes Figure 9 the first denotational
semantics of type-directed state merging, a merging strategy pioneered by Rosette [54]. The merging
operations derived via SymSet, recover their Rosette implementations. For instance, elements
of Sm[Listz]r, are of shape [g; : inj,, (¥;)]ics for some finite set I, which naturally organizes
symbolic lists 9; by their length n;, with merge defined accordingly; this exactly matches Rosette’s
representation of lists, which turns out to be important for achieving good performance in practice.

Figure 10 shows selected cases of the semantics of FUN terms. The metalanguage definitions are
shown on left, and their unfoldings on right. The semantics of Ax. e is a function that, given an input
v at future world (I”, ¢”) reachable by r, runs e with environment y coerced into the new world via
renaming and restriction and then extended by x + 4. Dually, e; e; immediately invokes e; at the
current world, reachable via id(r,,), with e; as input. List operations are interpreted length-wise:
nil produces a singleton with the empty list, cons inserts e; into every list 3; produced by e, and
rec folds over every list 7; of length n; produced by e; and then merges the results.

This symbolic semantics is correct by construction, via the Lifting Principle.

8 Discussion

From symbolic semantics to implementation. While the symbolic semantics of Imp in Figure 4 and
its implementation in Figure 5 are quite similar, there is still a gap between the two. Going from
semantics to code requires making many representation decisions: for instance, Figure 5 represents
the store § as a finite map data structure, path conditions ¢ as abstract syntax trees, and symbolic
contexts I' as a weight map and an integer counter. More realistic implementations would use
sophisticated data structures, such as binary decision diagrams to represent formulae compactly [16,
23, 33], and may contain additional optimizations for good performance. Consequently, using the
present framework to establish end-to-end correctness of a practical implementation will require
showing that such low-level details faithfully encode the symbolic semantics.
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ST re:z]: Sn] — Smlrl

T're: T —
[Cre:z]:[T] - [7] SmlAx. €],y (¥) = ((r, 0) = Smlel v o) (r(W) g [x = v]))

[Ax. el (y) = Av. [e] (v, ) (')
ler e2] () = [ex] () ([e2] (v)) Smllerexirp) (1) = Smlerlr,) (i) Smlezl ) (1)
[flipp](y) =genp Sml[flipplr,qp (v) = v (a: Berp). [a]
[nil](y) =inj, () Sm[nil] (g (v) = [@ :injo O]
[cons(er, e2)](y) = Smlcons(er, e2)] (1) (¥) = [@i * injp,, 41 (0lg;. B) lier where

case [ez] (y) of {inj, (3) = inj,,; (0.9}, Smled g =20

where [e;](y) = v Smle2lr,pp) = L@i 2 injp, (3) lier
[rec(es, ez, xyz.e3)](y) = Smlrec(er, ez, xyz.e3)[(y) = Lies 80n,,(Tp:) (3;) where

Smlel](y) = [i : inj,, (3;) lier

case [e2] (y) of {inj, (3) = gon(ﬁ)}"EN
80 : Smlo]" — Smlr]

where go, () = [e2] (v)
80,,,1(0,0) =[es](y[x— 0, y— 7, 8%,(r.¢) () = Smle2] . (¥)
z+>80,(39)]) 80n+1,(Ip) (9,9) = Sm [[eaﬂ(r,q;) (ylx =0,y 3,

zZ= gon,(r,(p) (5)])

Fig. 10. Selected cases of the metalanguage intepretation (left) and unfolded semantics (right) of FUN terms.

In future work, we hope to close this gap using realizability, a well-studied technique for relating
program values to the mathematical objects they represent [56]. Recent work has shown how
realizability can be used for modular verification of tricky low-level code [4, 5]; this so-called
realistic realizability forms the basis for modern approaches to specifying language interoperability
at both the source and application-binary level [37, 60]. We hope to similarly use realizability to
relate the mathematical objects appearing in our denotational semantics to the low-level operational
behavior of an implementation.

Generalizations of symbolic sets. While we have restricted attention to finite discrete probability, our
setup readily generalizes to other settings. This is because the three categories SymSet, SymSet,,
and Inst central to our framework were constructed in a generic manner: their definitions depend
only on the category S of symbolic subprobability spaces and the functor Mod reflecting how
symbolic subprobability spaces are related to actual ones. This gives our setup significant flexibility.
For instance, suppose one replaced the objects of S with pairs (T, ¢), where ¢ is a formula of integer
arithmetic and I' maps variables to distributions over integers, and replaced Mod with the functor
that interprets each formula ¢ as a subset of the space of integer-valued assignments over I in the
standard way. This yields a version of symbolic sets that models random variables with potentially-
infinite support (e.g., Poisson), and a version of instantiation spans that validates the corresponding
Lifting Principle. Replacing the objects of S with formulas of real arithmetic, and Mod with the
functor that interprets each real arithmetic formula ¢ as a measurable subset of a measurable space,
yields a version of symbolic sets that supports continuous probability, with a Lifting Principle that
guarantees correctness with respect to a measure-theoretic concrete semantics.

9 Related work

Semantics of symbolic execution. The semantics of symbolic execution has a long history going back
to King [27]. Traditionally, these semantics are operational in flavor and restricted to first-order
imperative languages [14, 15]. Voogd et al. [59] are the first to give a denotational semantics of
symbolic execution, by modeling symbolic values as functions out of the space of models. This
semantics is well suited for high-level reasoning, but less suited to capturing implementation details
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in the same way that symbolic sets do, and does not account for the generation of fresh symbolic
variables or symbolic higher-order functions. Formal models of real-scale symbolic execution
platforms cover these more advanced languages features [18, 39], but they are tailor-made for
proving the correctness of an implementation; as such, they contain many low-level details that
hinder high-level reasoning and probabilistic adaptation. While general frameworks for correct-by-
construction symbolic semantics exist [2, 3, 57], they are restricted to first order, and yield symbolic
semantics given by operational rules that make it difficult to validate reasoning principles.

Semantics of probabilistic symbolic execution. Many probabilistic adaptations of symbolic execution
come with a probabilistic adaptation of symbolic semantics and a manual proof of correctness [33,
51, 58]. Of these, our framework is most related to Roulette [33], which is a probabilistic adaptation
of Rosette [39, 54]. In particular, the semantics of FUN given in Section 7 models the typed and purely
functional fragment of Roulette [33]. Compared to the semantics of Roulette, Section 7 is most
notably missing higher-order mutable references—a feature known to be difficult for denotational
methods. On the other hand, our semantics captures fine-grained details of Rosette’s merging
strategy and is correct by construction, whereas Roulette’s semantics abstracts over merging by
modeling symbolic values as functions and has a highly nontrivial correctness argument. Finally,
there are several other semantic models and implementations of PPLs that strongly resemble
symbolic execution, even if they do not make explicit mention of it [8, 16, 20, 29, 41, 45, 48-50].

Sheaves as a model of branching computation. Using sheaves to capture computational effects of
a branching nature has precedent in both logic and programming language semantics. An early
example is Scott’s Boolean-valued models of non-standard analysis [43], which uses sheaves on
a complete Boolean algebra of events to capture the idea that measure-theoretic concepts are
ambiently parameterized by a measurable space. This setup has since been generalized by Jackson
[24] to give a synthetic account of measure theory relative to an arbitrary locale. A separate but
related application comes from Altenkirch et al. [1], who use sheaves to establish normalization
for simply-typed A-calculus with an 5 rule for coproducts, and from Srinivas [46]’s sheaf-theoretic
formulation of pattern matching. Our mergable symbolic sets are similar in spirit to these uses of
sheaf theory for modelling branching behavior, but tailored to the setting of symbolic execution.

10 Conclusion

Presheaves capture the way that probabilistic symbolic execution manipulates an ambient prob-
ability space (§3), and sheaves capture type-directed state merging (§5). Using presheaves and
sheaves, we introduced two new semantic domains, SymSet and SymSet,, for probabilistic sym-
bolic execution. The rich structure of presheaves and sheaves, along with their close connection to
categorical techniques like gluing, gives rise to a rich symbolic metalanguage that can be leveraged
to quickly build symbolic semantics (§4), justify optimizations (§4.3), and prove correctness (§6). As
a demonstration, we developed and proved correct the first symbolic semantics for a higher-order
probabilistic language with type-directed state merging, pattern matching, and structural recursion.
We hope our framework can unify existing strands of work on probabilistic symbolic semantics and
act as a reusable language-invariant framework for giving semantics and proving their correctness.
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A Haskell implementation of Imp

The full code listing for the Haskell implementation of Imp can be found below. Relative to the
golfed implementation shown in Figure 5, the main difference is that the data type of Boolean
formulas is implemented using the decision-diagrams library? so that it is efficient to check for
unsatisfiability of a formula.

{-# LANGUAGE PatternSynonyms, BlockArguments, LambdaCase #-3}
module Main where

import Prelude hiding (map, lookup, not, flip)
import Data.Map (Map, empty, singleton, insert, lookup, map, unionWith,
fromList, fromListWith, tolList, foldr', foldrWithKey', insertWith)
import Data.Maybe (fromMaybe, isNothing)
import Control.Monad.State (State, state, runState)

import Data.DecisionDiagram.BDD (BDD, AscOrder)
import qualified Data.DecisionDiagram.BDD as BDD

-- Definitions needed for SE

type SymVar = Int

newtype Formula = Formula { toBDD :: BDD BDD.AscOrder } deriving (Eq, Show)
type WeightMap = Map SymVar Rational

unsat :: Formula -> Bool
unsat = isNothing . BDD.anySat . toBDD

(/\) :: Formula -> Formula -> Formula
Formula p /\ Formula g = Formula (p BDD..&&. Q)

(\/) :: Formula -> Formula -> Formula
Formula p \/ Formula g = Formula (p BDD..|]|. q)

symVar :: SymVar -> Formula
symVar = Formula . BDD.var

notB :: Formula -> Formula
notB (Formula p) = Formula (BDD.notB p)

iteB :: Formula -> Formula -> Formula -> Formula
iteB (Formula p) (Formula q) (Formula r) = Formula (BDD.ite p q r)

top :: Formula
top = Formula BDD.true

4https://hackage.haskell.org/package/decision-diagrams-0.2.0.0
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bot :: Formula
bot = Formula BDD.false

-- Signatures for each language construct

true :: Expr
false :: Expr
var :: Var -> Expr

not :: Expr -> Expr
(.&8&) :: Expr —-> Expr -> Expr
C.11) :: Expr -> Expr -> Expr

skip :: Command

set :: Var -> Expr -> Command

flip :: Var -> Rational -> Command

(>>>) :: Command -> Command -> Command

ite :: Expr -> Command -> Command -> Command

-- Interpreting types

type Var = String
type Memory = Map Var Formula
type Expr = (Formula, Memory) -> Formula

John M. Li, Jack Czenszak, and Steven Holtzen

type Command = (Formula, Memory) -> (State (SymVar, WeightMap)) [(Formula, Memory)]

-- Interpreting expressions

true _ = top
false _ = bot

(var x) (p, m) = find x m where find x = fromMaybe top .

(not e) (p, m) = notB (e (p, m))
(.&8) = 1iftA2 (/\)
1D = 1iftA2 (\/)

-- Interpreting commands

skip (p, m) = pure [(p, m)]

(set x €) (p, m) = pure [(p, insert x (e (p, m)) m)]
(c1 >>> c2) (p, m) = concat <$> (mapM c2 =<< c1 (p, m))

lookup x

(flip x b) (p, m) = state \(i, w) -> ([(p, insert x (symVar i) m)], (succ i, insert i b w))
(ite e c1 c2) (p, m) = (++) <$> try c1 (p /\ g, m) <*> try c2 (p /\ notB g, m)
where { g = e (p, m); try c (p, m) = if unsat p then pure [] else ¢ (p, m) }

run :: Command -> ([(Formula, Memory)], (SymVar, WeightMap))

run ¢ = ¢ (top, empty) “runState” (@, empty)

printLongline :: IO ()
printLongline = putStrLn (replicate 80 '-')

main :: I0 ()
main = do
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let noisyOr = flip "x" (1/2) >>> flip "y" (1/3) >>> ite (var "x" .|| var "y") (set "z" true) (set "z" false)
print $ run noisyOr
pure )

B Imp with state merging
B.1 Symbolic semantics

The semantics of expressions is identical to the one given in Figure 4. The semantics of commands
is shown below.

S [skip] (T, ) =vw.s
Smlx =€), ) =va.$[x = Sule]r,) ()]
Smlx ~ flipp](r,) (8) =v(a: Berp).$[x — [a]]
Sifer; cz]](r’(p)(sA) =y (I} + I}). §, where
Sm [[clﬂ(r’(p) ) =vI.§
Sm [[02]](1"+1"1,qa)(§1) =vI. 5
Sn[if e then ¢y else Czﬂ(r,(l,) (8) =v(I1 + ). (81 Upay,pa-y $2) Where
Sm [[e]](r,<p)(§) = [y]
Smleilrpnpy§) =vIi. &
Smlez]rpr-y) () =vI2. 5

The merging operation on stores is defined by:
{x [yl Y ey x> Y]} ={x= [ A VI AP}

C Proof of Proposition 5.4

It suffices to show that the unit map 7 of Piecewise satisfies the following universal 1 property: if
f A—Bisa symbolic function from a symbohc set A to a mergable symbolic set B, then there
exists a unique symbolic function f Piecewise A — B such that f on=f.

The requisite symbolic function f can be defined by f(r,w) @i * dilier = Lies fir,p)(di). This
function is well-defined: it respects the quotient used to define Piecewise by induction on I, using
the uniqueness of amalgamations computed by @, LI in B, and is natural because f is natural and LI
commutes with restriction and renaming.

The equation f o n = f holds b}ithe fclllowing calculation: f'r ) (N(r,) (@) = f(r,4) [(g: al =
fir,p)(@). To show uniqueness of f, let f be an arbitrary symbolic function satisfying f o n =
f. Let [¢; : di]ier be an arbitrary element of Piecewise A\(["(p). Then for all i € I it holds that

(o Lo+ aidict) o, = g (012 didit| ) = Fivgolor @l = Fivgn) Onrg (@) = . This

implies that f(r o) [@i * di]ier computes the unique amalgamation in B of the family (d;);es, which

is equal to f(r#,i) @i : di]ier by definition.

D Proof of Theorem 3.1
We construct two distributive laws

(1) 8; : Gen o Piecewise — Piecewise o Gen
(2) &, : Piecewise o Gen — Gen o Piecewise
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from which it follows that Piecewise o Gen and Gen o Piecewise are both monads.

D.1 The distributive law §;
The distributive law 8; is defined as follows:
O1LA(T,p) * (Gen(PiecewiseE)hnw — (Piecewise(GenE)hnw
S1ame) (VA @i : @ilic) = [@i : VA Gilicr
Next we show the axioms of a distributive law hold. Letting G = Gen and P = Piecewise, we have:
® The canonical maps G — GP — PG and G — PG are equal: tracing the path of a canonical
element v A. @ of (GA)(r,,) through them gives
vA.a—- vA. [p:d]l — [p:vA.d] and
vA.aw— [¢:vA.d] respectively.
e The ca}\nonical maps P — GP — PG and P — PG are equal: given a canonical element [¢; : d;];es
of (PA)(r,y), we have the two routes
(@i : dilier = v@. [@i : dilier — [@:i 1 v©.4;] and
@i : dilier & (@i 1 vD. d;].
e The canonical maps GPP — PGP — PPG — PG and GPP — GP — PG are equal: given
vA. [g; : [@i) : dij]jeslier in (GPPA)(r,), we have
VA i : [gij « Gijljeslier
= (@i 2 vA [@ij « Gijljeglier
= (@i : [@ij 1 vA. Gijljeglier
= [@ij 2 vA. dijlierjes
and vA. [¢; : [@ij : aijljeslier = vA. [@ij « dijlierjey = [@ij 1 v A Gijlierjey-
o The canonical maps GGP — GPG — PGG — PG and GGP — GP — PG are equal: given
VA1V Ay [ : di]ier in (GGPA)(r,p), We have
VALY Ag. (@i ¢ dilier
= VAL (@it v A2 dilier
= (@i 1 vAL VA Gilier
> [@i v (A1 + A2). dilier
and v A1 vAz [@; 2 dilier = V(AL + A2). [@i 2 Gilier = [@i 2 v (AL + Az). Gilier

D.2 The distributive law 6,

The distributive law §, is defined as follows:
02.A,(Tp) (Piecewise(GenA\))(r,q,) - (Gen(PiecewiseA\))(r,w)
O2.4,(p) L@+ VAL Gilier = v (i M) @i = Gilier

Note the implicit weakening of each ¢; and d; from context I' + T to I' + };<; I;. Well-definedness
of §; depends crucially on the quotient used to define Gen: the definition just given respects the
rule {@1 + @2 : a} ~ {@1 : dly,, @2 : dly,} of the quotient used to define Piecewise because elements
of Gen A are quotiented by piecewise agreement. In particular, given any two equal piecewise
definitions [¢; : v A;. 4;]ier = [@}, : v Ay.dy]yer, there exists a common refinement (i;) je; of the
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two partitions (¢;);cr and (¢}, )i cr given by taking pairwise intersections, and the results produced
by &, agree piecewise on this common refinement.
We now establish the distributive law axioms. Letting G = Gen and P = Piecewise,

e The maps P — PG — GP and P — GP are equal: given [¢; : d;];er in (PA\)(FB(/,), we have
(@i : Gilicr = [@i : v 2. 4ilict — v@. @i : 4;] and
(@i : dilier = v @. [¢i : Gilier-
e The maps G — PG — GP and G — GP are equal: given vA. d in (Gg)(r,¢), we have
vA.a— [p:vA.al » vA.[p:d] and
vA.a— vA. [ :al.
e The maps PGG — GPG — GGP — GP and PGG — PG — GP are equal: given an element
[@i : VA v Aiz. dilier of (PGGA)r,,), we have
[pi : v Air. v Ai. Gilier
= v (Xier Ain)- [@i 1 v Ai- Gilier
=V (Zier Din)- v (Zier Diz)- Lgi « dilier
=V (Zier Din + 2ier Diz)- [@i + dilier
and
(@i : v A v A Gilier = [@i v (A + Ai2). dilier > v (Zier(Din + Ai2)). [@i + dilier
which produce equal outputs via the isomorphism };c; Aj1 + Xier iz = Dier(Ain + Aiz).
e The maps PPG — PGP — GPP — PG and PPG — PG — GP are equal: given an element
[oi = [@ij : vAij.4ij]jeslier of (PPGA\)(r,q)), we have
Loi = [@ij = v Ay dijljerlier
= (@i 0 v(Xjey Aij)- [ij ¢ dijljeslier
= v (Dier Zjey Dij)- Loi + [0ij « dijljerlier
= v (Zier Zjey Dij)- [@ij + Gijlierjey
and
[@i : [@ij 2 v A dijljerlicr = [@ij 2 v A dijlierjey = v (Zierjey Aij)- [9i) ¢ dijlierjer

which produce equal outputs via the isomorphism >;e; 2 jey Aij = Xierjey Dij-

E Proof of Theorem 6.1

The lifting of exponentials, limits, and colimits follow from the general theory of gluing; lifting

of limits follows from the key fact that the functor span used to construct Inst preserves limits.

The remainder of the proof is devoted to relating the monads Piecewise and Gen to their concrete

counterparts idset and Dist. The proof has three parts.

(1) Section E.1 lifts (Piecewise, idset) to a monad Piecewise on Inst.

(2) Section E.2 lifts (Gen, Dist) to a monad Gen on Inst.

(3) Section E.3 lifts (gen p, Ber p) to a morphism gen p for all p € [0, 1].

(4) Section E 4 lifts the distributive laws 1, §, from Section D to corresponding distributive laws
51,89, ensuring that all composites of (Piecewise, idset) and (Gen, Dist) lift to composites of
Piecewise and Gen.
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E.1 Lifting (Piecewise, idset)

The monad Piecewise sends each instantiation span (AR L Fn A) to the span

. .~ Piecewise(i) —~ Piecewise(j) . . a
Piecewise A «————— Piecewise R ———— Piecewise(Fn A) — Fn A,
where « is the algebra map witnessing mergability of Fn A. (Concretely, « sends each piecewise
definition [¢; : fi]ier of a function to J;¢; fi, the actual function that it denotes.) The monad
structure on Piecewise is inherited from the monad structure on Piecewise. Letting P = Piecewise,
the unit is given by the commutative diagram

A< R > FnA

| |7 V l

PA <— PR — P(FnA) —— FnA

where all the squares commute by naturality and the right-most triangle commutes because « is an
algebra map. The multiplication is given by

PPA ¢ PPR > PP(FnA) %3 P(FnA) —%3 FnA

| Jma Jpes lid

PA ¢ PR > P(FnA) s FnA

[24

where all the squares commute by naturality and the right- -most rectangle commutes because o

is an algebra map. Finally, given two instantiation spans ALRL FnAandBESS Fa B, the
strength is given by

iXPk JxPl

AxPB <2 RxPS L% FnAxP(FnB) ——> FnAXFnB — Fn(A x B)

[ o5
A:Bl l R, lUFn AFnB l

P(A X B) S P(RxS) 70 P(FnAXFnB) —— P(Fn(Ax B)) — Fn(Ax B)

%))

where the squares commute by naturality and the rectangle commutes because, for any function
f : Mod(T, ¢) — A and piecewise definition [¢; : g;];er consisting of functions (g; : Mod(T, ¢;) —
B)ier, the function given by first collating the g;s into a function g = |J;¢; ¢i and then pairing
it with f to yield (f, g) is the same as the function given by collating the piecewise definition

[@i = {flMod(T,p:)> 9i) lier- B
Because the unit, multiplication, and strength of Piecewise were defined using the corresponding
components of Piecewise and idset, Piecewise is a lifting of (Piecewise, idset) by construction, and
the monad laws follow from the monad laws for Piecewise and idse;.
E.2 Lifting (Gen, Dist)
The monad Gen is defined in terms of the following concretization map:
YA(T,p) * (Gen(Fn A))(F,(ﬂ) — (Fn(DiStA))(r’(P)
Yare) (v(a: Berp,...).f) =Am. (v < Berp; ...; pure(f(m[a  o,...])))

In words, y takes in a path condition I + ¢, some fresh variables A = (a: Berp,...), and a function
f:Mod(T + A, ¢) — A, and produces the probabilistic computation Mod(T, ¢) — Dist A that runs
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f after sampling one random Boolean per entry in A. Our lifting Gen of (Gen, Dist) makes use of
the following lemma about concretization:

Lemma E.1. The pair (Fn, y) forms a strong monad morphism Gen — Dist in the sense that the
following diagrams commute for all A and B:

Fn A

S \”}

Gen(Fn A) — Fn(Dist A)

Gen(Gen(Fn A)) —% Gen(Fn(Dist A)) —'—% Fn(Dist(Dist A))

(2) ul anp

Gen(Fn A) > Fn(Dist A)

Y
FnA x Gen(Fn B) —Z= Gen(Fn A x Fn B) —— Gen(Fn(A x B))

3) Fn Axyl ly

Fn A X Fn(Dist B) ——> Fn(A X Dist B) — Fn(Dist(A X B))

Proor. We establish that each type of diagram commutes by chasing elements through them.

(1) For any f in (Fn A)(r,), the two routes through the diagram are f — v@. f = no f and
f > nof, wheren: A — DistA is the unit of Dist.

(2) Forany v(a: Berp,...).v(B: Berq). f in (Gen(Gen(Fn A)))(r,,), the two routes through
the diagram are

v(a:Berp,...).v(f: Berq).f
G»T)yv(a: Berp,...).Am. (v « Berp; ...; pure(f(m[a — v,...]))

s Am. (w e Berg; ...; v« Berp; ...; pure(pure(f(m[f — w,...][a > v,...]))))

A m. (weBerg; ...; v Berp; ...; pure(f(m[B— w,...][a > 0,...])))

and
v(a:Berp,...).v(B: Berq). f
rin/(a: Berp,...,f: Berg). f
|1>/1m.(0<— Berp; ...; w < Berg; ...; pure(f(m[a —v,....f > w,...]))

which are equal because Dist is a commutative monad (so the sampling commands can be
reordered).

(3) Forany A = (a: Berp,...) and (f,vA.g) in (Fn Ax Gen(Fn B))(r,y), the two routes through
the diagram are

(f,v(a:Berp,...).q)

5 v (a: Berp,...).(f o mr,g)
—v(a: Berp,...).(f onr,g)

s Am. (v « Berp; ...; pure(f(m),g(mla — v,...]))),
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where 71 : Mod(T + A, ¢) — Mod(T, ¢) is the canonical projection, and

(f,v(a:Berp,...).9)
FnAXY (f,Am. (v < Berp; ...; pure(g(m[a —v,...]))))
— Am.(f(m),Am. (v < Berp; ...; pure(g(m[a — v,...]))))

— Am.(v < Berp; ...; pure(f(m),g(mla — v,...]))). o

With Lemma E.1 in hand, the lifted monad Gen is defined by sending each instantiation span

—~ Gen Gen
(A <—R—> FnA) to the span Gen A <e—(1) GenR e—(J)> Gen(Fn A) , Fn(Dist A). The monad

structure on Gen is defined analogously to Section E.1. Letting G = Gen, the unit of Gen is

> Fn A

A
U‘L / an "
GA

<— GR — G(FnA) —— Fn(Dist A)

(T’FU)

where the right-most triangle commutes by point (1) of Lemma E.1. Letting D = Dist, the multipli-
cation of Gen is

GGA +—— GGR —— GG(FnA) —X G(Fn(DA)) —— Fn(DDA)

LT I

GA ¢ GR > G(Fn A) > Fn(DA)

where the right-most rectangle commutes by point (2) of Lemma E.1. Finally, the strength of Gen is

AXGB ¢—— RXGS — FnAxG(FnB) "X Fn A x Fn(DB) —— Fn(A x DB)
U\L lo' lﬂ ano‘
G(AXB) ¢— G(RxS) — G(FnAx FnB) —— G(Fn(A x B)) —— Fn(D(A X B))

where the right-most rectangle commutes by point (3) of Lemma E.1.

E.3 Lifting the effectful operation (gen p, Berp)

We show that the following diagram commutes:

1< 1 > Fn1

genpl lgenp an(Berp)

Gen(Piecewise(1 + 1)) YR, Gen(Piecewise(1 + 1)) — Fn(Dist(1 + 1))
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The square on the left clearly commutes. For commutativity of the square on the right, we have the
following for all (T, ¢):

Y(r.p) ((8en P) (r,p) (%))
=Y (v(a: Berp).[¢p Aa:inl(x),p A —a :inr(%x)])
=Am. (v « Berp; pure(if m |= ¢ A a then inl(%) else inr(x)))
=Am. Berp
= Fn(Berp)

E.4 Lifting the distributive laws
Let G = Gen, P = Piecewise, G= aen, P= ﬁiecewise, D = Dist, and F = Fn.

E.4.1  Lifting §;. We lift the distributive law (3, id) : (GP, D) — (PG, D) to 81 : GP — PG, defined
by the following diagram:

GPA < GPR s GPFA —S%% GFA —Y 3 FDA

bl J

PGA < PGR > PGFA —;— PFDA —;—» FDA

All the squares commute by naturality of §;. The remaining rectangle commutes because, for any
v(a:Berp,...). [¢i: filier in (GPFA)r ), the two routes through the rectangle are

v(a:Berp,...). [¢i: filier
PS5 v (o Berp,...). Am. {fi(m) if m |= s for some i € 1
LAm.U(—Berp; ...;{pure(ﬁ(m[aHv,...])) if m |= ¢; for some i € T
and
v(a:Berp,...). [¢i: filie
2 [@i :v(a:Berp,...). filier
2 s Am. (0 — Berps ... pure(fimla > o, D)lier
s A m. {Z} «— Berp; ...; pure(fi(m[la —v,...])) if m |= ¢; for some i €I

These functions are piecewise equal under the partition (¢;);c; of Mod(T, ¢), hence equal. The
distributive law axioms are inherited from J;.

E4.2 Lifting5,. We lift the distributive law (83, id) : (PG, D) — (GP, D) to 8; : PG — GP, defined
by the following diagram:

—~ —~ P
PGA < PGR s PGFA — 3% PFDA —% FDA

bk J

GPA 4 GPR > GPFA Ca > GFA v > FDA
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All the squares commute by naturality of §,. The remaining rectangle commutes because, for any
[¢i : vA;. filier in (PGFA)r,,), the two routes through the rectangle are

[(Pi : V((Z,’Z Berp,-,...).f,-]ig
ﬂ; [@i : Am. (v; < Berp;; ...; pure(fi(m[a; — vi,...1)))]ier

> Am. {(z)i — Berp;; ...; pure(fi(m[a; — v;,...]))) if m |= ¢; for some i € I
and

[(pi : V((Zii Berp,-,...).fi]l-g
52
= v (Zier(ai: Berpi,...)). [@i : filier
i v (Xier(ai: Berp;,...)). Am. {ﬁ(m) if m |= ¢; for some i € I

s Am. (v; « Berp; ... )ier; {Pure(fi(m[a,- — 0, ... lier)) if m |= @; for some i € T

These functions are piecewise-equal under the partition (¢;);c, hence equivalent. Note that, for
these functions to be equal under each component ¢; of the partition, we use the fact that Dist is
affine—this implies that sampling commands irrelevant to the result of each restriction to ¢; can be
freely discarded. The distributive law axioms are inherited from Js.

F Proof of Proposition 5.4

Because Piecewise is sheafification (§C), a symbolic set is mergable if and only if it can be equipped

with an algebra for Piecewise. The distributive law §, : Piecewise Gen — Gen Piecewise from

§D can be used to show that if A comes with an algebra map « : Piecewise A — A then so does
Gen(a)

—~ —~ 0z — —
Piecewise(Gen A), with algebra map Piecewise(Gen A) =4 Gen(Piecewise A) — Gen A.
G Fun
G.1 Syntax

o,7==Unit |Bool |c+7|oX71|0o— r|Listt|Probr
ex=()
| true | false | if(ey, es, €3)
| inle | inre | case(e, x;.e1, X2.€2)
| (e1,e2) | fste]|snde
| x| Ax.e | ej ez
| nil | cons(ey, ez) | rec(ey, ez, xyz.es)

| flipp | puree | (x « eg;ez)
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G.2 Typing rules

Tk () :Unit I+ true : Bool I' + false : Bool
T+ e :Bool IF'kte:t I'kes:tT T'te:o I'te:7
I'+if(e,eqe3):1 IF'rinle:o+1 F'rinre:oc+1
Tre:op+0y I,xj:o1bFe:7 I,xy:00bey: T I'te:o Tre:7
I+ case(e, x1.e1,%x2.€3) : T T't (e;,e) :0X1T
F'te:oXrt F'te:oXrt (x:7) el Ix:ote:T
Ttrfste:o I'tsnde:t F'tx:7T TrAx.e:o—> 7
'tei:o—>1 T'hte:o I'te 7 I'te:Listr
IF'reey:T Trnil:Listr I+ cons(eg,ep) : Listr
T'hte :Listo T're:t I'x:o,y:Listo,z:TFe3: 7T
T+ rec(ey, ex xyz.e3) : T I'+ flipp : ProbBool
I'te:r I'+e :Probo I'x:0Fey:Probr
I'+puree:Probr 't (x <« e e):Probr

G.3 Interpretation in the symbolic metalanguage

G.3.1 Interpretation of types.

[unit] =1

[Bool] =1+1

[o+ 7] =[o] + [7]

[ox 7] =[o] x [7]
lo — ] =[o] = [r]
[Liste] = [lnew []"
[Probz] = Gen [7]
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G.3.2 Interpretation of terms.

[Tre:7]:[r] —[r]
[0I(y) = *
[true](y) = inl(x)
[false](y) = inr(*)
[if(e1, ez, €5)](y) = if [e] () then [e2](y) else [es](y)
[inl(e)](y) = inl([e](y))
[inr(e)](y) = inr([e](y))
[case(e, x1.e1, x2.€2)](y) = case [e] (y) of {inl(v1) = [e1](y,01); inl(v2) = [e2] (y,02)}
[(er, e2)](y) = ([e] (). [e2] (v))
[fste](y) = m([e](y))
[snde](y) = m([e] (v))
[x](y) = y(x)
[Ax. €] (y) = Av. [e](y.0)
[e1 e2] (y) = [ex] (y) ([e2] ()
[nil](y) =injo()
[cons(es, e2)](y) = case [ez](y) of {inj,(3) = inj,, (v, z_f)}neN where [ei](y) =v
[reciisto(er, ez, xyz.es) : T](y) = case [e:](y) of {inj,(@) = gon(z_f)}nEN where
8o, : [o]" — [7]
80, () = [e2] ()
g0,,,(0,0) = [es] (y[x — v,y = T,z go, ()])
[flipp](y) =genp
[puree](y) = pure([e](y))
[x — eis e2](y) = (0 < [ea] (v)s [e2] (. 0))

G.4 Semantics in SymSet

G.4.1 Semantics of types.

SmUnit] =1
Sn[Bool] =B
Smlo + 1] = Piecewise(Sm[o] + Sm[])
Smlo x ] = Smo] x Sml7]
Smlo = 7] = Sulo] = Sul7]
Sm[List ] = Piecewise([[,en Smlz]™)
Sm[Probz] = Gen Sp[7]
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G.4.2 Merge operations.
* L x =%
[Vl Upy W] =1 A@)V{ Vel
@ 2 inl(o), ¢ rinr(w)] U [@" :inl(0"), ¥ rinr(w')] = [(p V ¢') tinl(o Uo"), (¥ V') :inr(w L w')]
(o,w) U (o', w") = (oo, wlw)
(FU9) = ((0) = firg) (0) Lgirp) () 1)
[gi = inj,, (@)]ier U [@] : inj, (37)] = [(@: V @]) : inj, (7; U T))]
(vLo)u (I o) =v([+T). (v uv’)
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G.4.3 Semantics of terms.

ST Fe:t]: Sull] = Snlr]

Sal 0Ly (1) = *

Smltrue] () =[T]

Smlfalse]r,) (y) = [L]

Sm[[if:(elanse3)]](I‘,(p)(Y) =Sm [[ezﬂ(r,q,m/,) (Ylpay) U Sm ﬂes]](r,w\ﬂlp)(}’hpmw) where Smle](y) = [¢]

Sm[inl eﬂ(r,(p)(}’) =g inl(Sm[[eH(r,(p)(Y))]

Smlinre] o) (V) =@ :inr(Sp [[e]](r,q;)()/))]

Smlcase(e,xi.e1,x2.€2)] (1) (¥) = Smler] 1, (Ylg, [x1 = 01]) U Smlez] ) (Y], [x2 > 02]) Where
Smlel .y (¥) = g1 : inl(v1), @2 : inr(vz)]

Sml(er, ez)ﬂ(r,@(}’) = (Sm [[elﬂ(l",(p)(}/)’ Sm [[32]](1“,<p)()/))

Smlfste]r,) (¥) = m1(Smlel 1) (¥)

Sm[snde] ) (¥) = m2(Smlel 1) (¥)

Sil[x] (r,(p)(}’) =y(x)

Snlx.elrp) (1) = ((1:0) 5 Sl ) F (D)l [x 1 01)

Sm[ex 32]](r,(p) (y) = Sm [[elﬂ(r,(p) (id(r,p) Sm [[ezﬂ(r,(p) )

Sulnil] 1.y () = o+ inig O

Sm[cons(er, e2)] (1) (¥) = [@i = injp,11(v]g;, Ti)]ier Where
Smlell ) =0
Smle2l ., = @i + injp, (@) ]ier

(I.¢")

Sm[rec(e, es, xyz.e3)](y) = I_I 80, (I.p;) (Ui) where
iel
Smlel](y) = [i : inj,, (@i)]ier
g0, : Sm[0]" — Sul7]
890,(T,p) 0 =Sm [[ez]](r,(p) ()
8011,(1p) (0:9) = Smles] ) (v[x = 0,y = 3,2 go,, 1, (9)])
Smlflipp](rp) (v) =v(a: Berp).[a]
Smpure e]](r’(p)(y) =v@. Sm [[e]](r’(p)(y)
Slx « e1; €21, (¥) = v (I + I2). v; where
Smle] ) (¥) =vIi.o
Smlezl(r,p) (v[x = v1]) =vTz.0,
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