Categories for PL

Notes from CS7480 (Fall 2025)

Steven Holtzen and John M. Li

with Shubh Agrawal, Jialu Bao, Bex
Golovanov, Mingtong Lin, Joseph Rotella,
and Michael Zhang

MAY 26, 2026






Contents

10
11
12
13
14
15
16
17
18
19
20
21

22

Why Categories? 9

Categories 15

Universal Constructions I: Products 25
Universal Constructions 1I: Exponents 39
From Categories to Languages 49

Yoneda I: Internal vs. external 63

Yoneda II: indexed set theory 71

Yoneda I1I: Representability 79

Yoneda IV: universal constructions, elements, and properties
Functors and natural transformations 93
Monoidal Categories 103

Limits and colimits 113

Adjunctions 123

Elementary topoi 133

Sheaf semantics 139

Monads 147

Modeling effects with syntax 153
Realizability 157

Categorical Noninterference 167

Type Refinements as Indexed Inductive Types 191
Algebras and automata 231

Bibliography 257

85






Preface

This preface is written by Steven.
These are notes from a course on category theory for program-

ming languages researchers. I would say that these notes, and this
course, are developed in anger: I have been forced to learn and un-
derstand a bit about category theory due to its inevitable usefulness.
I would not describe myself as a category theorist, and this class

is quite unlike any I've ever tried to teach before. My goal in this
class is to tease out what I find inevitable about category theory, and
present it in the way that makes the most sense to me. Of course, this
isn’t possible without John, who is the one who really understands
everything here.

Many programming languages researchers and students have en-
countered category theory at one point or another. Probably most
see it for the first time when they are learning Haskell, when they
see words like “monad” and “functor.” Perhaps others who are
more mathematically inclined see it when they are learning about
the lambda calculus and hear about Scott, Smyth, and Plotkin’s fa-
mous developments of the model theory of the untyped lambda
calculus [34]. You're here because you probably saw category the-
ory somewhere and wondered why it was needed, or perhaps were
skeptical that it was really necessary.

For me, the first time I saw category theory appear in my own
research that forced me to stop and understand it was Heunen et al.’s

quasi-Borel spaces paper." This was during my second year of grad * Chris Heunen, Ohad Kammar, Sam
Staton, and Hongseok Yang. A con-

school, and I have to admit I found it extremely intimidating. This ! ]
venient category for higher-order

paper was a terrifying combination of (1) seeming very important probability theory. In 2017 32nd Annual
to my immediate research, and (2) being utterly and completely ACM/IEEE Symposium on Logic in Com-
puter Science (LICS), pages 1—12. IEEE,

incomprehensible. In a nutshell, this paper introduced a denotational 2017
semantics for a higher-order probabilistic programming language

with continuous probability distributions called quasi-Borel spaces

(OBS). I was — and still am! — a probabilistic programming languages
researcher, so this result seemed pivotal: I like functions! However, at

the time, it wasn’t even obvious to me why this was a hard thing to do

in the first place! If you can’t understand the motivation for a problem,

good luck understanding its solution.
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The core challenge, helpfully provided in the second paragraph of
the paper, is:

“Programs in these languages may combine higher-order functions

and continuous distributions, or even define a probability distribution

on functions. But the standard measure theoretic formalization of

probability theory does not handle higher-order functions well, as the

category of measurable spaces is not cartesian closed.” [14]

This made absolutely no sense to me. The only citation is to a paper
from 1961, called “Borel structures for function spaces” [3], which
was equally (if not even more!) incomprehensible than the current
paper I was trying to understand. I was out of my depth and had to
move on, and I did not understand this paper for many years.

At the time the QBS paper seemed like it came like a bolt from
the blue and really shook my confidence in my own ability to do
research, but over the past 8 years I've come to realize that, in some
sense, this seemingly tour-de-force alien paper was an almost in-
evitable combination of simple ideas. It turns out that the idea for
quasi-Borel spaces was born not in probability but in a seemingly
totally disparate corner of mathematics: differential geometry and
topology. Last year I was having a conversation with Max New about
QBS, who told me that the setup had occurred to him in grad school,
but he wasn’t motivated to fully develop it due to its seemingly
straightforward relationship to diffeological spaces: these results
are so similar, structurally, that to a trained expert the monstrous QBS
paper almost seems too trivial! This is our first answer to the question
of why category theory? — it makes precise the analogies that exist be-
tween disparate areas of mathematics, allowing you to solve different
problems using very similar machinery.

If this was the only time I encountered category theory I would
not have become invested enough in it to attempt to teach a course
on it. But, it continues to appear. My subsequent encounters with
category theory were driven primarily by my PhD. student John, who
is helping me teach this class and write these notes. This story begins
with Lilac [22], a probabilistic separation logic that we developed
during the first two years of John’s PhD. Before we get into that
we need to briefly discuss separation logics — I promise we’ll get
to category theory.

Separation logics are logics that describe resources. They are
widely used within programming languages to model how resources
like memory flow around programs. Concretely, consider the follow-
ing C program:

. void foo(intx x, intx y) {
for(int i = 0; i < 3; i++) {

*X += KY;

4}
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One might look at foo and assume that it is very inefficiently
written: it could be optimized to simply add 3x*y to x. But, what if x
and y point to the same location in memory (i.e., they are aliases)? Then,
this optimization is no longer valid, since y is also mutating on each
iteration of the loop. Since the C compiler must be pessimistic, it
cannot perform this optimization.

Separation logics give us a language for describing memory own-
ership so that we can tell the compiler that these pointers do not
alias. If we want this optimization to be valid, then foo must have a
precondition that asserts that the two arguments must not be aliases of
each other. In separation logic, this precondition can be written as:

x> =]y — -]

The * is called the separating conjunction: it states that the two
propositions [x — —] (read “x points to some location”) and [y — —]
hold of disjoint portions of the heap, and hence x and y cannot be
aliases of one another.

However, memory is not the only kind of resource in a program:
randomness is also a natural kind of resource. In probabilistic pro-
grams, we might like to express propositions like:

[x ~Bern1/2] %[y ~ Bern1/2]

This would express that two variables x and y are independent Bernoulli
random variables. Beyond probability, it’s clear that programs might
have many other notions of resources, like network sockets, mutex
locks, etc. Must we develop from-scratch separation logics for each of
them?

This leads us to the second answer to the why category theory?
question: it makes certain choices that seem ad-hoc forced. We will
see how there is a categorical description of the separating conjunc-
tion that can be calculated using something called the “Day convolu-
tion” [11, 6]. If your interpretation of * arises from this construction,
then you get for free that it satisfies many other well-formedness re-

quirements for separating conjunction. This shows how category We are foreshadowing here, but we will
return to the Day convolution later on

. . . .. , . in the course once we’ve worked up to
lighting which decisions you've made are actually new and which it.

theory can bring clarity to this proliferation of interactions by high-

are consequences: it forces your hand, which is very useful when you
don’t know where your hand is supposed to go.

At this point, I'm convinced some familiarity with category theory
is a worthwhile investment for anyone doing research in program-
ming languages, especially those working with exotic effects like
probability or those working with program logics. I also have some
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hubris: I believe that it is not so hard to understand, especially if one
is sufficiently motivated by some of the applications that we will at-
tempt to highlight as we go. My target audience for this class is past
me from 2017 seeing an important paper in their area that feels terri-
bly out of reach because of its fluent application of categorical ideas.

I hope that we can present some of these ideas clearly enough for you
to see the inevitability, rather than be drowned by the unintelligabil-
ity, of these elegant ideas.



1
Why Categories?

One of the most common places one encounters category theory is
in semantics. To illustrate why categories appear here and what they
are typically used for, we'll consider a concrete example that every
programmer has encountered: we want to establish which operations
change the behavior of our programs and which are irrelevant.

Consider a tiny programming language CALC consisting of let-
bindings, pairs, and Booleans:

M,N :=let x be M in N | x| true | false | if Mthen NelseO | (M, N) | fst M | snd M
A,B::= A x B | Bool
(CaLc)

CaALc has a simple type system:

T F true : Bool T + false : Bool

I'H M : Bool IT'EN:A THFO:A TEM:A I'-N:B

'k if Mthen NelseO : A '-(M,N): AxB
x:AeTl 'M:AXxB '-M:AxB
TFx: A THfstM: A I'sndM: B

TEM:A I'x:AFN:B
I'HletxbeMinN:B

Here’s a simple transformation one might want to justify: two let-
bindings can be interchanged if their definitions do not mention each
other.

let x be M in (Iet y be N in (x,y>>

?

let y be N in (Iet x be M in <x,y>>
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Intuitively, this equation holds because CALC programs have no side
effects. We can justify this intuition by proving that these two pro-
grams have the same meaning. For this, we need to give a semantics
to CALC programs.

1.1 A Denotational Semantics for CALC

The first step in designing a semantics is to choose a metalanguage
for stating it. The metalanguage should be a formal language that is
unambiguous to describe and use, because its meaning will be taken
for granted when we interpret programs. For a simple language like
CALC, a natural choice is the language of sets and functions.
Using this metalanguage we can give a denotational semantics

to CaLc programs that describes the meaning of syntactic programs
using our choice of metalanguage. Types will be interpreted as sets:

[Bool] = {0,1} (1.1)
[A x B] = [A] x [B] (1.2)

The Boolean type denotes the two-element set {0, 1}, and the product
type A x B denotes the Cartesian product of the denotations of A and
B. Using this interpretation of types, we can give an interpretation to

typing contexts:

[o] = {}, [T, x: Al =[] x [A]

The empty context « is interpreted as the singleton set {*}, and con-
text extension by Cartesian product. Taken together, this interpre-
tation defines [I'] to be the set of substitutions of shape I', whose ele-
ments are functions that map variables x in I to elements of [I'(x)].
Using this interpretation of types and contexts, we can interpret

CarctermsI' H M : A as functions [[F FM: A]] : [[FH — [[Aﬂ: Notational note: we use “y +— v”
to mean the function that takes each
[[true]] =7+ 1 substitution -y to value v, and 711
and 71, for the two projections out
[[falseﬂ =y—=0 of a Cartesian product. As usual, we
IN] [M] 1 also use 77, to magically pick out the
. Y, Y= component of an environment v that
[[lf Mthen N else OH =7 corrfsponds to a given variable x.
[0, M]y=0

[(M,N)[ = v = (IM v, [N] 7)
[fst M] = v — m ([M] y)
[snd M] =y — ma([M] 7)
[x] = v = 7 ()
[let x be M in N] = ¢ — [N] v[x — [M] 7]
We can use this semantics to validate the reordering from earlier, as
both side of the equation denote the same function.
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[[|et x be M in (Iet y be N in <x,y>)]] = ([M]v,[N]7) = [[let y be N in (Iet x be M in <x,y>)]]

But, notice that there are subtleties! We are relying on our metalan-
guage’s notion of equality of functions here to determine equality.
Two functions f,g : A — B are considered equal if they are extension-
ally equal, meaning that for all a € A, it is the case that f(a) = g(a).
If we carefully unpacked these two semantics, we would see that the
functions [M] and [N] are composed in different orders. Under the
semantics of sets, this order of composition does not matter since it
does not change the input-output behavior.

1.2 The Need for Generality

To sum up what just happened: in order to prove a natural program
equivalence involving reorder of let-bindings, we gave a denotational
semantics to CALC in terms of sets and functions. Then, a property
of the metalanguage — extensional equality of functions — directly
implied that the rewriting was semantics-preserving.

This style of denotational reasoning worked quite well for validat-
ing program equivalences, which begs the question: how well does it
generalize to other kinds of programming languages and analyses?
There are several interesting dimensions along which we may want
to generalize this kind of argument:

1. To languages with more interesting kinds of effects, such as ran-
domness, nondeterminism, or mutable state;

2. To languages with more interesting features, such as higher-order
functions or more interesting type systems.

We will see that it is actually quite inconvenient to use sets and
functions as a metalangauge, which will be a central motivation our
development of category theory as an alternative and more flexible
metalangauge for giving semantics to programs (and other things,
like program logics). But before we can see this, let us first see an
example of each of these kinds of generalization.

1.3 Generalization 1: Probabilistic Effects

Let’s see an example of generalizing to languages with an interesting
probabilistic effect. Consider the following little probabilistic program-
ming language called TINYPPL that extends CaLc with a primitive flip
that generates random Booleans:

M,N = - | flip (TinYPPL)

11
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Probabilistic programming languages denote probability distribu-
tions. For instance, here is the denotation of flip:

[flip] = [Bool] — [0,1]
1/2 if b = true
[flipl =b—~ < 1/2 if b = false

0 otherwise.

We are again interested in proving natural equivalences such as the
one we saw earlier where let-bindings can be reordered (recall that N
does not refer to x):

let x be M in (Iet y be N in (x,y))

?

let y be N in (let x be M in (x,y)>

Intuitively, it seems like this ought to be a semantics-preserving
rewrite for a very similar reason to the fact that an identical rewrite is
true for Carc. But, TINYPPL does not have an identical denotation,
and so it seems like it requires a from-scratch proof to establish that
this rewriting is sound.

Clearly this reordering is a general phenomenon we would like to
study across many languages with different semantic interpretations.
Category theory gives us a name for property of a semantic domain:
it is called commutativity. Moreover, category theory gives us lan-
guage for describing properties of a wide array of effects: probability
is an example of a monad, and this monad is commutative and hence

such rewritings are valid for all commutative monads. * This commutativity property was
studied first by [35]; it follows essen-
tially the order of summation can be

1.4 Generalization 2: Higher-order functions interchanged. In the continuous case,
this fact is true by Fubini’s theorem.

Functional languages have more than let-bindings and pairs. For

instance, OCaml has higher-order functions, sum-types, and pattern-

matching. These features can be difficult to specify, and category

theory gives us a canonical way of designing these specifications.? 2Indeed, the C in OCaml stands for

“categorical” [8].

We will illustrate this principle by higher-order functions:

A,B:=Unit|AxB|A—B

(sTLC)
M,N:={() | (M,N)|fstM|sndM |Ax. M| MN | x

The function type A— B denotes functions from A to B. Functions
are introduced using lambda abstraction rule A x. M, defines a func-
tion with free variable x. Functions are eliminated with the lambda
application rule M N, which calls the function M with argument N.
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Following our original setup with CALc, we can give a denota-
tional semantics to sTLC by associating each type with a set and each
term with a function between sets. For functions and function appli-
cations, this looks like:

[Ax.M] =7 = (v [M](7[x = 0]))
[MN] == ([M]7)(IN]~)

You should notice that it is not obvious that this interpretation
is valid: it remains to be argued that (v — [M] (y[x — v])) is
itself representable as an element of a set. This is true because it is
possible to represent the set of all functions between two sets as a set:
a function can be represented as its graph (i.e., a set of input-output
pairs), which is itself a set.

Again, following our previous development from Carc to TINYPPL,
we wonder: is it similarly possible to represent first-class functions in
the denotation of a probabilistic programming language? It’s not at
all obvious, at first, what shape a first-class function in a probabilistic
programming language should have and whether it’s possible to rep-
resent such an object. In discrete probability it is possible to represent
first-class functions, but in continuous probability it is not at all so
straightforward: this was the problem being studied by [14].

The crucial idea is that category theory will give us a general char-
acterization of what it means for a semantic domain to support a
first-class function: these will be called exponential objects, and cate-
gories that have exponential objects are called Cartesian closed and are
capable of giving denotations to simply-typed lambda calculi.

1.5 Conclusion

This invites a question: what sort of structure must a mathematical object
have in order to be used to interpret a programming language? Among
many other things, category theory gives us very satisfying an-
swers to this question: we will see that certain kinds of mathematical
structure admit properties like “higher order functions”, a meaning
of “natural numbers”, “logical truth,” and the “existence of fixed
points”. Category theory gives us a formal language for describing
what kind of structure a mathematical setting has. But before we get
there, we’ll see more examples of interpreting programs.

13






2
Categories

As a metalanguage, sets and functions work best as a model of
purely functional programming, where a program is thought of as
a black box that produces a uniquely determined output value for
each input. But real programs are rarely purely functional: programs
in the wild regularly manipulate resources (pointers, files, locks),
interact with their environment (input and output), and use complex
control flow constructs (exceptions, coroutines).

Category theory provides a framework for swapping out the ambient
metalanguage: it provides techniques for systematically replacing sets
and functions with constructs that are more naturally equipped to
model realistic programming features. Each category embodies a
choice of metalanguage. Sets and functions live in a category of sets
Set, which we will encounter later on. By swapping out Set with
other categories, we gain access to other metalanguages that are
better adapted to modelling programming language features:
¢ Traditional domain theory, of untyped lambda calculus and recur-

sive functional programming such as Haskell, lives in a category of

domains. As a metalanguage, it supports arbitrary recursive defini-
tions, and recursive types.

* A lot of modern semantics takes place in a category of step-indexed

sets which as a metalanguage supports very recursive types.! We * For instance, the type A = » p(A) that
will meet this category later, when we discuss presheaves. is isomorphic to its own power set (up
to the so-called “later modality” »).
e Programs that manipulate resources live in categories of resourceful
sets, which are used to define modern separation logics. We will

meet these categories when we discuss the Day convolution.

¢ Ordinary continuous probability lives in a category of measurable
spaces, and its higher-order generalization lives in quasi-Borel spaces.
We may get to these categories if time permits.

The concept of “category” abstracts over all of these examples. First,
a category is defined on a set of objects: these interpret types and
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typing contexts. Objects are related to each other by morphisms
A L) B, or sometimes just f for short; these interpret terms. Each

morphism A i) B is associated to a domain A and a codomain B.
Here is a picture of a category> with some objects and morphisms in
it:

Morphisms can be combined via composition, which pastes together
morphisms that are incident to each other to form new ones. Com-
posing g after f is denoted g o f, or sometimes more tersely as gf.
The ordering is a bit confusing; I like to read o as “after”. Pictorially,
we can paste together edges f and g to get an edge h:

Categories satisfy several requirements that force them to behave
nicely:
¢ Every object has a self-loop called the identity morphism, for
an object A, we will denote its identity morphism as ids. This
morphism must behave like an identity: for any morphism A i) B,

it must be the case thatidg of =f = f oida.

¢ Composition is associative, meaning that for any three morphisms

ALy B B c,clyD,itis the case that (fog) ol = fo (goh).

Summing up,3

Definition 1: Category

A category is a tuple (O, M, dom, cod, id, comp) where

* O is a set whose elements are called “objects”
* M is a set whose elements are called “morphisms”

> A picture of a category shows objects
as dots and morphisms as arrows,
typically drawn with a box.

3 This definition of a category is one

of many possible definitions. You may
have seen different ones. This definition
is used by [9]; different ones are used
by [26].



e dom: M — O

e cod: M — O

e id:0—- M

e comp: {(f,g) € M x M |dom(f) =cod(g)} - M

such that

e Forall f and g in M such that dom(f) = cod(g) it holds that

dom(comp(f,g)) = dom(g) and cod(comp(f,g)) = cod(f)

e For all X in O it holds that dom(idx) = cod(idx) = X
e Forall f,g,hin M such that dom(f) = cod(g) and
dom(g) = cod(h), it holds that

comp(f,comp(g,h)) = comp(comp(f,g),h)

¢ For all f in M it holds that

comp(f, idgom(r)) = f = comp(idcoq(f), f)

This official definition is a bit unwieldy, so in practice we will use
a lot of shorthand. We say two morphisms f, g are composable if
dom(f) = cod(g). The composition comp(f, g) of two composable
morphisms will be written f o g. If we ever write f o g, it will be

tacitly assumed that f and g are composable. Finally, we sometimes
omit the subscript from idx when X is clear from context. With these
abbreviations in mind, the final two laws in the above definition read

more comfortably as:

* fo(goh)=(fog)oh

e foid=f=idof.

2.1 Our first metalanguage

With a precise definition of category in hand, we are now ready to
meet our first “metalanguage”.

Definition 2: the category FinSet of finite sets

Let FinSet be the category (O, M, dom, cod, o, id) where

* O is the set of finite sets.

e M is the set of tuples (A, f, B) where A and B are finite sets
and f is a function from A to B.

 dom is the function dom(4, f, B) = A.

CATEGORIES FOR PL 17

Sticklers may raise an eyebrow at the
phrase “set of finite sets” in this defini-
tion. Strictly speaking, the set of finite
sets does not form a set. But it’s not
that big of a deal: many workarounds
are available. For instance, one could
consider just finite subsets of IN, or the
set of hereditarily finite sets (defined to be
the union U,cn 9" (9)).
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* cod is the function dom(A, f, B) = B.

* o is the function (B, f,C) o (A,¢,B) = (A, f o g,C) where
f o g is the ordinary function composition of f and g, well de-
fined because the domain of f matches the codomain of g.

e idy is (A,i, A) where i is the identity function on A.

The category laws are satisfied because function composition is
associative and composing a function with the identity function
does nothing.

Again, shorthand helps to make this definition palatable: we often
conflate the tuple (A4, f, B) the underlying function f when working
with morphisms of FinSet.

Mathematically, FinSet provides a categorical home for finite
set theory. As a metalanguage, FinSet embodies finite purely func-
tional programming. For instance, the following is a graph of the
negation function f : {T,F} — {T,F} in the category FinSet,
which could serve as a denotation of a program like x : Bool

— |
f @

2.2 Gaining intuition for categories

if x then false else true : Bool.

The definition of category is highly abstract, and categories in the
wild can look quite different from FinSet. In time, we will see how
this level of abstraction allows for clean axiomatizations of the var-
ious kinds of “features” that a metalanguage may support, in the
form of so-called “universal constructions.” But in order to work at
this level of abstraction, it will help to have in mind a few concrete
examples. Broadly speaking, there are three different classes of exam-
ple that are handy to have in the back of one’s mind when thinking
about categories.

2.2.1 Categories as graphs

The first perspective, perhaps most comfortable to computer scien-
tists, is that a category is a kind of graph. Objects are vertices and
morphisms are edges. On top of this, categories come with a com-
position operation that pastes two incident edges together to form

a third, and identity morphisms id 4 that form self-loops centered at
each vertex A. The category laws then say that pasting of edges is an
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associative operation, and that pasting with an identity morphism
does nothing. This provides nice visual intuition, and a large stock of
examples. In fact,

Construction 2.2.1. Every directed multigraph can be turned into a
category.

Proof. Let G be a directed multigraph, encoded as a tuple (V, E, src, trg)
where V is the set of vertices, E is the set of edges, and src, trg are
functions E — V that send each edge to its source and target vertices
respectively. The graph G can be used to define a category

paths(G) = (O, M, dom, cod, o, id)
where
o O = V

e M is the set of paths in G, which are tuples (vs, [e1, ..., en], v¢)
where v;, vy are vertices and e, ..., e, is a list of edges satisfying
src(ep) = vs and trg(ey) = ©v¢ and trg(e;) = src(e;yq) for all
1<i<n.

e dom: M — O is the function dom(v;, [ey, ..., ex], vt) = vs
® cod: M — O is the function cod(vs, [e1, ..., eu],v¢) = v¢

* o concatenates paths: (v, [f1,..., ful,vu) 0 (vs, [e1, ..., €m], v¢) =
(vs,[e1,---,em, f1,---, fu],vu). Note that this is well-defined be-
cause the two paths f and ¢ line up tip-to-tail. Note also that &
comes before f in the concatenated path, due to the reversal of
order of arguments to o.

* idy is the empty path (v, [], v) starting and ending at v.

The category laws are satisfied because concatenation of paths is
associative and concatenating a path with the empty path does noth-
ing. O

Note 2.2.2. It is essential that morphisms are paths in this construc-
tion, and not edges! Otherwise, it would be unclear how to define
composition and identity.

A key difference between categories and graphs is that two mor-
phisms in a category that come from different “paths” may nonethe-
less be equal. For example, the following two “paths” through FinSet
are actually the same, because negating a Boolean twice is the same
as doing nothing:

{T F} e {T F}

id{h not

{T,F}

19
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This relationship between the paths not o not and id(r ry is often con-
veyed by saying that the triangle above is “filled in”, or “commutes”.
The intuition being that one can then “continuously deform” not o not
into id7 py, by “dragging” it through the filled in triangle.

This idea is a handy visual tool for organizing categorical informa-
tion and for conducting proofs.

2.2.2  Categories as orders

A special case of a multigraph is a graph, where there is at most one
arrow between any given pair of vertices. This leads us to the second
class of important examples of a category:

Definition 3: preorder

A preorder is a pair (X, <) where X is a set and < is a binary
relation on X that is reflexive (x < x for all x in X) and transitive
(if x Xyand y < z then x < 2).

Preorders are often fruitfully drawn as Hasse diagrams. A simple
example is the set N of natural numbers, ordered by m < n if m is
less than or equal to n. We can draw this preorder as follows:

O — P — N — -

Hasse diagrams are read bottom-up, with the least elements on the
bottom and the greatest elements on the top. An undirected edge is
drawn between elements with no elements between them (this is why
we have no edge from o to 2 in the above figure). A more visually
interesting preorder on IN is to define m =< n if m is a divisor of n.
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This preorder looks less like a straight line and more like a lattice:

i><10
AN

Preorders don’t have to be discrete either: the real numbers IR, for

>< 155
e

3
1

instance, form a preorder with x < y if x is less than or equal to y.
This is a little harder to draw.

A preorder that arises frequently in PL is the preorder of run-time
environments. It is common to model these environments as partial
functions p : Var — Val, assigning to each program variable x € Var a
concrete value p(x). These substitutions form a preorder, with p < p’
if p is a subset of o/, in the sense that all the variables in p are in p’
and mapped to the same values.

Preorders form a category:

Construction 2.2.3. Every preorder can be turned into a category.
Proof. For any preorder (X, <), there is a category
order(X, <) = (O, M, dom, cod, o, id)
where
e O=X.

* M = (<) (recall that a binary relation like < can be thought of as a
set of pairs, with (x,y) € (=) if and only if x < y).

e dom is the function dom(x,y) = x.
* cod is the function cod(x,y) = y.

e o is the function defined by (y,z) o (x,y) = (x,z). Note that we
may assume that the two arguments to o share a component y in
this definition because of the assumption that (y,z) and (x,y) are
composable. Note also that the composite (x, z) is indeed well-
defined this is well defined by the transitivity of <.

* idy is the pair (x, x), which forms a valid morphpism by reflexivity
of <.

The category laws are satisfied automatically, as there can only be at
most one morphism between any two objects.* O 4Pause: why is this the case?

21
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The intuitive import of Proposition 2.2.3 is that every category can be
thought of as a kind of preorder.> where the existence of a morphism

A i> B expresses that A is in some sense “less than or equal to” B.
Thinking of categories in this way leads to interesting questions like:

¢ Does a category have a “smallest” or “largest” object? For instance,
the smallest runtime environment is the empty environment @
with no variables in it.

* Does a category have “ascending sequences”? For example,
OQC{x— A} C{x— Ay—B}C... (2.1)
is an ascending sequence in the preorder of runtime environments.

* Does a category have “limit” objects, like suprema or infima? For
instance, you probably know from calculus that there limits in R:
for example, the sequence %, %, %, % -+ approaches o in the limit.
A very interesting question is: which categories “have limits”, in
the sense that such sequences always converge to some object in

the category?

An example of a situation where there is no limit is the sequence
in Eq. (2.1). The set of environments grows and grows, and since
there is no notion of a “greatest environment”, there is no limit to
this sequence.

* Given two categories, is there a notion of “monotone map” be-
tween them?

Each of the above observations is foreshadowing a notion of a
“universal construction” in a category, which we will explore in the
following lectures.

2.2.3 Categories as algebras

Whereas preorders are like multigraphs where there is at most one
edge between any two vertices, the opposite extreme is a multigraph
with exactly one vertex, so that all edges are self-loops:

@ (2.2)

*

Categories of this shape form our final class of important example: a
special kind of algebraic structure called a monoid.

5 Reminder: not all categories directly
correspond to some preorder con-
struction, since there can be multiple
morphisms between objects in a gen-
eral category. A category with at most
1 morphism between any 2 objects

is called a thin category, and it does
correspond to some preorder.



Definition 4: monoid

A monoid is a tuple (X, e, ¢) where e is a binary operation on X (a
function X x X — X) that is associative (x e (yez) = (xey) e z)
and has e as a unit (ree = x and e ® x = x).

A simple example of a monoid is (N, +,0), the monoid of natural
numbers under addition. This forms a monoid because addition of
natural numbers is associative and has zero as a unit.

An example that is closer to PL comes from the semantics of im-
perative programs. It is common to interpret an imperative program
as a function S — S, where S is a set of memory states. For example,
the program

x:=x4+1;

can be interpreted as a function that sends a memory state s to a new
memory state s’ in which the value of x has been incremented by 1.
The functions S — S form a monoid (S — S, e,id), where the monoid
operation is given by f ® ¢ = g o f (note the reversal!), corresponding
to the sequencing of the programs f and g, and the identity element
is the identity function on S, corresponding to the empty program
that does nothing.

Algebraic identities capture program rewrites for this imperative
language. For example, if f is the interpretation of x := 0 and g is the
interpretation of ¥ := 1, and x and y are distinct program variables,
then the program equation

x:=0\ [y:=1
o)=L

can be expressed as the algebraic identity go f = fog.
Construction 2.2.4. Every monoid can be turned into a category.
Proof. For any monoid (X, e, e) there is a category

mon(X,e,¢) = (O, M,dom, cod, o, id)
where

e O = {x}, a singleton set with a single dedicated element x.

o M: X
e dom(M) = %
e cod(M) = %

Composition is defined by xoy = x ey

CATEGORIES FOR PL
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L4 |d*:e

The category laws follow from the associativity of (e) and that it has
e as a unit. O

Note 2.2.5. It is very important that the set of objects O is a singleton
set {x}. A natural thought one might have is that the set of objects
should be the set X of elements of the monoid. But this in fact does
not work: what would be the morphisms?

There is actually a good reason why the set of objects is the
seemingly-arbitrary singleton set {x} in this construction. It comes
from the fact that a monoid is what is called a single-sorted algebraic
structure; hence {x} is a set with a single element.

The intuitive import of Proposition 2.2.4 is that every category can
be thought of as a kind of algebraic structure, where composition is
like “multiplication” and identity morphisms are like “multiplicative
units”.

The algebraic perspective leads to questions like: given an equa-
tion between morphisms containing some unknowns, are there zero,
one, or infinitely many solutions? When can I “cancel” a morphism
from both sides of an equation (e.g., from fg = fh deduce g = I,
or from fh = gh deduce f = g)? When does a morphism have an
“inverse”? When can a morphism f be “factored” into two pieces,

f=2gh?



3
Universal Constructions I: Products

We’ve been hinting at the utility of knowing that categories have
certain special objects in them. For example, if we want to give a
category that lets us validate equations of programming languages,
that category will need to be able to represent the many features
that programs might have: products, sums, functions, etc. Here we
will introduce the essential idea of a universal construction that
characterizes when categories contain these special objects.

3.1 Terminal objects & the unit type

Recall that when designing categorical semantics for programming
languages we associate types and typing contexts with objects in the
category and terms with morphisms. Concretely, if we have a well-
typed term I' | e : A, its interpretation [I' - e : A] is a morphism

Ir M> [A]. Previously, we showed how FinSet can be used to give
an interpretation to CALC programs by associating types like the unit
type Unit with special sets, like a set containing only a single element
{x}. But, what if we want to see if categories other than FinSet can
give a reasonable interpretation for Unit?

To proceed, let’s pick a particular object [Unit] in a category C and
explore what properties it needs to have in order to be “Unit-like”:

¢ Fact 1, Introduction rules: It must be possible in any typing con-
text to produce a value of type Unit. This tells us that for any con-
text I', there must exist a C-morphism [I'] — [Unit]. For example,

it must be the case that [I'] M [Unit].

e Fact 2, Equational laws: Since CALc has no effects, it is the case
thatif ' = e : Unit, then it is indistinguishable from the term
(). This is called eta equality, and we write this as e = ()." Eta ' The symbol “=" means “is equation-
equality is an equational law that characterizes how a Unit term ally equal to”"

must behave. Now for an insight: these equational laws are translated
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into morphism equalities. It must be that, for any morphism [I'] M>

[Unit], it is the case that [e] = [()]. In other words, the morphism

Ty M Unit must be unique.

These two properties can be packaged up into a nice concise defi-
nition:

Definition 5: Terminal object

Let T be an object in a category C. An object T in C is called a ter-
minal object if

* for every object I in C there is a morphism I ﬁ> T;

e for every morphism I’ L, T it holds that f=9.

Let’s pause to remark on the three categorical interpretations of
terminal objects T

® Graphically, an object is terminal if (1) there is an arrow from ev-
ery other object to it, and (2) it “thins all parallel arrows”, meaning
that if we have a situation like the following for and morphisms

xLrxsT
fT
()
X

then we know that f = g. In other words, there is a unique mor-
phism I' — T for every I':

AT

¢ The order-theoretic perspective is that the terminal object is the
“greatest object” in the category.

e The algebraic perspective says that, for every object I, the equation

f = f has a unique solution in the unknown I L) T.

We say a category has terminal objects if there is an object in
the category that is a terminal object. This is our first example of a
universal construction, which are special objects in categories char-
acterized by their morphisms into them. We will see how universal
constructions can be used to give interpretations to all the type form-
ers we have seen so far. But, we can already see their utility: whether
or not a particular category admits certain universal constructions
will immediately inform us of that category’s suitability for modeling
certain language properties.
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3.1.1 FinSet has terminal objects, isomorphisms

We saw in previous lectures that we could use the singleton set {x}
to give an interpretation to Unit in FinSet. We can easily prove that
{*} is a terminal object:

Theorem 3.1.1. The singleton set {x} is terminal in FinSet.

Proof. * Existence: The map _ — {*} has the required type.

¢ Uniqueness: Suppose we have two morphisms A /, {x}and A EN
{*}. Then by function extensionality we immediately have that
f = g as set-functions, and so they are equal as FinSet morphisms.
O

Now you can observe the above proof and see that it immediately
works for any choice of singleton set: does this mean that FinSet has
many terminal objects? Yes, and no. Yes, in the sense that there are
indeed many valid choices of terminal object; but no, in the sense that
the choice itself does not (should not!) actually matter. We capture this
by the notion of isomorphism:

Definition 6: Isomorphism of objects

Two objects A and B in a category C are isomorphic if there exist
morphisms A i> Band B % A such that (1) gof =idy and (2)
fog=idp.

We can immediately see that any two singleton sets in FinSet are
isomorphic: this proof is straightforward. What might be surprising
is that this fact is true for all terminal objects:

Theorem 3.1.2. Terminal objects are unique up to isomorphism.

Proof. Let X and Y be terminal objects in some category C. Then
there exists a pair of unique morphisms between them:

'

By the fact that X and Y are terminal, they must also have unique
identity morphisms idy and idy. Then by the uniqueness of identity
we have that go f =idx and f o g =idy. O

This provides some evidence that the choice of terminal object
does not matter. But are we done? Suppose we had two terminal
objects T and T'. By the above argument, we have that these two
objects are isomorphic. But now another potential choice arises: what

27
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if there are multiple different isomorphisms between T and T'? Then
it could be that the choice to use T instead of T" may implicitly come
with a choice of specific isomorphism as well.

Luckily, terminal objects satisfy a stronger property which ensures
that one’s choice is terminal object is truly irrelevant.

Proposition 3.1.3. Terminal objects are unique up to unique isomor-
phism. That is, if T and T’ are both terminal, then there is exactly one
isomorphism (f: T — T’,g: T' — T) between T and T’.

Proof. Both f and g, as constructed in the proof of Theorem 3.1.2, are
the only possible morphisms T — T and T’ — T respectively. Thus
they together form the only isomorphism between T and T'. O

Later on, when we have the language for it, we will show that all
universal constructions are unique up to unique isomorphism in this
sense, and hence free of non-canonical choices.

3.2 Products

Next we want to interpret product types A x B. As before with the
unit type, the typing rules for products forces the existence of certain
morphisms, and the equational theory of products forces equalities
of certain morphisms. The introduction rule that describes how to
create new products is:

'EM: A IT'HEN:B
'-(M,N): AxB

(T-PAIR)

The elimination rules that break apart products are:

I'-M:AxB I'-M:AxB
——— (T-Fs1) ———— (T-S~D)
F'EfstM: A I'sndM:B
These rules imply the existence of several morphisms that charac-
terize what it means for for a special object [A x B] to be a product.
Reading off from the rules:

M
¢ The T-PAIR rules says that if there are two morphisms [I'] u>

[A] and [T] 14, [B], then there is a morphism [I] oA,

[A x BJ.
¢ The T-FsT rule says that if there is a morphism [I'] M) [A x B],

then there is a morphism [I] m [A].2

® The T-SND rule says that if there is a morphism [I'] M [A x B],
d-]
[B]-

then there is a morphism [I] [[5n—>

> Note: We are naming these morphisms
suggestively. The typing rules only en-
force the existence of certain morphisms:
they don’t tell us anything about how
they behave.
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We can package these morphisms up into the following diagram:

I

— H U<\
M]

MN)T g

[A x BJ (3.1)
— ~
[fst—] [snd —]

A Bl

Next, the equational theory of products will assert certain equali-
ties of morphisms. We begin with the S-rules that give the equational
behavior of elimination after introduction:

TEM: A I'-N:B rEM: A IT'HEN:B

r'-fst(M,N)=M:A (B1) I'-snd(M,N)=N:B (h2)

Translating these equations into morphism equalities:
* B enforces that [M] = [fst —] o [(M, N)] in (3.1)
* B, enforces that [N] = [snd —] o [(M, N)] in (3.1)

Hence, the B-rules together enforce that the diagram in 3.1 com-
mutes. Next, we consider the second part of the equational theory of
products that describes the behavior of introduction after elimination,
sometimes called the y-rules:

r-mM:AxB
I'M= {fstM,snd M) : AxB

(™)

This law says asserts the extensional equality of any two pair-
formation operations. Translated into morphisms, it says that any

morphism of the form [I'] M [A x B] is is equal to a canonical

fst M,snd i
[FstMsnd M) 1 4 B]. Put another way: there is

a unique morphism [I'] — [A x B] making the above diagram

morphism [I']

commute.3 3 Formally, a diagram commutes if

29

every face of the diagram is “filled in”,

) ) o o meaning that all paths beginning and
3.2.1  Packaging up intuition into a definition ending in the same place are equal as

morphisms.
Now, as in the case of terminal objects, we can give a more generic

description of products that isn’t so specific to the case of equational
theories of programs:

Definition 7: Product

Let A and B be two objects of a category C. A product of A and B is
a tuple (P, t4, tg) where
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* Pis an object of C.

* 74 is a morphism from P to A, called the projection onto A.
* 7rp is a morphism from P to B, called the projection onto B.
such that

* For any object I' and any two morphisms f : I — Aand g :
I' — B, there exists a morphism (f,g) : I — P such that the
following equations hold:

mao(f,8)=f (3-2)
ngo(f,g) =g (3-3)

¢ The following equation holds for any morphism # : I' — P.

h=(maoh,tgoh) (3-4)

Proposition 3.2.1. Let A and B be finite sets. The tuple (A X B, w4, 7tp)
is a product in FinSet, where 7,4 is the morphism (A x B, 4, A) and
g is the morphism (A X B, 7tg, B).

Proposition 3.2.2. Let A and B be two objects of a category C. A
tuple (P, w4, ) is a product of A and B if and only if the following
universal property holds: for any object I and any two morphisms
f:T = Aand g : I — B, there exists a unique morphism h : I' — P
such that m4oh = fand mpoh = g.

Proof. Suppose (P, 4, g) is a product of A and B. By definition of
product, we have for any I' and morphisms f : I' -+ Aand g: ' — B
that the morphism (f,g) : I' — P satisfies 14 o (f,¢) = f and
a0 (f,g) = g This morphism is the unique such, because if any
morphism h : I' — P satisfies 4 o h = f and 7rg o h = g then it must
be that

h={(msoh mgoh)=(fg). (3:5)

Conversely, if (P, 7t4, 7tg) is any tuple satisfying the above universal
property, then one can define (—, —) as the function that sends each
pair of morphisms f : I' =+ A and g : I' — B to the unique & such that
maoh=fand mgoh=g. O

Algebraically, the universal property can be formulated as saying
the following system of equations has exactly one solution in the
unknown h: I’ — P.

maoh=f (3.6)
nmpoh=g (3.7)
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Diagramatically, it can be formulated as saying there exists a unique
dashed arrow that fills in all the triangles in the following picture.

r--",p (3-8)

Order-theoretically, a product of A and B is the “greatest diagram”
of the following shape, where the question marks are filled in with
concrete objects and morphisms of C:

A/?\‘B

We will make this perspective more precise in Section 3.6.

Finally, as is the case with terminal objects, we say a category has
products if for any two objects A and B in a category there exists an
object A x B satisfying the universal property of objects.

3.3 Products in a category that is a preorder

Universal properties serve as a powerful tool for identifying analo-
gies between mathematical objects. The essence of a product is made
clear by (3.1): it is a means for placing two pieces of data “side by
side,” along with ways of extracting those two pieces of data after
they’ve been packaged up without losing any information about
those pieces of data. When viewed through the lens of universal
properties, we start to see how general this idea of taking a product
of two pieces of data can be.

Let’s see an example of a category that has an interesting and
somewhat surprising example of products: the category of natural
numbers ordered by divisibility. Natural numbers ordered by divisi-
bility forms a preorder visualized by the following Hasse diagram:

31
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The set (N, <) forms a preorder. So, what do products look like in
(N, <) considered as a category? Let’s consider the concrete instance
of the product of 12 and 16. Let’s consider the three possible inter-
pretations of the product of 12 and 16 — let’s call it X — to understand
what it means here:

¢ The graph-theoretic picture places the product in a diagram. Sup-

pose there is some natural number Y such that Y <12 and Y < 16.

Then, the graphical depiction of the product X asserts the exis-
tence of a unique morphism Y — X:

Y

X

7N

12 16

* The order theoretic interpretation tells us that X is the greatest
element that is less than both 12 and 16 in the partial order - i.e.,
it is the greatest lower bound. In the case of this particular partial
order, this object has a special name: it is the greatest common
divisor.

Finally, similar to terminal objects, we say that a category C has
products if for any two objects A and B in C there exists an object
A x B satistfying the universal property of products.

3.4 Getting comfortable working with products

Though we arrived at the definition of product through the g and 7
laws for product types, the universal property is taken as primary
as it is the one the generalizes to other type formers. This property
has three crucial parts. Let I', A, B be objectsand f : I' — A and

g : ' = B. Then the following three facts hold:

1. There exists a morphism i : I' — P.
2. The morphism F satisfies 711 oh = f and mp o h = g.

3. The morphism / is the unigue morphism satisfying property (2).
This is made precise as follows: if any morphism 4’ : T — P
satisfies 71 0h = f and p o h = ¢, then i/ = h.

Taken together, these three bullet points say that the special mor-
phism h is defined by the property that 1 oh = fand mpoh = g.
A lot of proofs involving this universal property perform equational
reasoning on the special morphisms /. Here is an example:

In what way is this behaving like an
intersection?



Proposition 3.4.1. The following holds forallp: X = Yand f: Y —
Zand g:Y — W and products (P, 7r1, 712) of Z and W.

(the unique & such that 1y oh = f and myoh =g)op
= (the unique & such that 1y oh = fopand mpoh = gop)

Another example:

Proposition 3.4.2. Let (P, 711, 712) be a product of A and B in a cate-
gory C. Then

(the unique & such that 711 oh = 71 and mpy o h = 11p) = idp

It gets a little tiresome to write “the unique & such that 1y oh = f
and 7, o h = g” everywhere. So category theorists use a conve-
nient notational abbreviation for this: the angle-bracketed expression
(f, g)-4 With this notation, the above propositions read as the follow-
ing algebraic identities:

(rry, 2) = id (3.9
(f,g)op={(fop,gop) (3.10)

These algebraic identities can then be used to prove more elaborate
facts about products.

Proposition 3.4.3. Let C be a category with products. Then A x B =
B x A for any objects A, B of C.

Proof. Since this is our first interesting proof we will give a fully
diagrammatic argument. To show an isomorphism of objects we
must find two morphisms:

f
PR

AXxXB Bx A
~_

g
such that go f = idaxp, f 0 g = idpxa. We only have two ways of
showing that two morphisms are equal to one another: by reading
equations off commuting diagrams, or by showing that two mor-
phisms satisfy the same universal property. Let’s first show that
id 4« p satisfies the same universal property as two morphisms g o f.
We will do this very slowly. Let’s start with the universal property of
the product A x B:

A X B

A B
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4 Note that this notational convention
hides some data: in particular, it hides
the codomain of (f, g). In practice this
notational convention is quite useful
because, as we will show later (in The-
orem 3.6.1), products are unique up to
unique isomorphism, so hiding which
particular choice of product object is
utilized is prudent. Throughout cate-
gory theory this sort of careful notation
can be used (and confused!) to simplify
arguments, but it’s always important to
know why a notational choice is valid.
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The universal property for products says that, for any object X of the
category, if it has morphisms X — A and X — B, then there is a

unique morphism X 2 A x B such that the diagram commutes. Our
proof will proceed by carefully picking different objects for X. First,
we pick X = A x B:

A X B
7-[]!7-[2

A><B

A

But, there is another morphism that satisfies this same universal
property: the identity morphism!

AXB
'dAxB
1 U
A B (3.11)

/ 7T2

Note how id 4« p also makes this diagram commute. This establishes

B

that idaxp = (71, 712) (i-e., it is a graphical proof of Eq. (3.9))

Now, let’s find morphisms g o f that satisfy the same universal
property as id 4 x 5. Now we can do this by constructing a chain of
products:

A><B

ﬂ27ﬁ
B >< A 7
71'2,7'[1 7T (3~12)
AXB
/ 2

B

Look closely: in the above diagram, (71, 711) o (711, 712) satisfies the
same universal property as id 4« g in Eq. (3.11). So, by the universal
property of products, we have that (7, 711) o (711, 12) = ida«p. So,
we’ve found our f and g. The other half of the isomorphism can be
shown by picking the other ordering of products in the sequence of
diagrams. O

Next, here is a theorem with a familiar shape, if one thinks of
products like the familiar notion of product of integers and terminal
objects as behaving like the product unit:
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Proposition 3.4.4. Let C be a category with products and a terminal
object. Then 1 x A = A for any object A of C.

Definition 8: Ternary product

Let A, B, C be objects of a category C. A ternary product of A, B, C is
a tuple (P, 7t4, 7tp, tc) where 4 : P — Aand 7ig : P — B and
e+ P — C and the following universal property holds: for any
object I' and morphisms f : I' = Aand g: ' = Band h: T — C,
there exists a unique morphism k : I' — P suchthat mq ok = f

and mpok =g and mc ok = h.

Proposition 3.4.5. Let A, B, C be objects in a category C with prod-
ucts. The tuple (A x (B x C), 7y, 7t © 7w, 7ic © Mpxc) is a ternary
product of A, B,C.

Definition 9: Finite products

A category has finite products if it has products (Def 7) and a ter-
minal object (Def 5).

3.5 Initial objects & duality

The categorical perspective can push you towards new ideas you may
not have thought of. Here’s an example of this: given a category C,
thought of as a graph, one can do a natural thing: flip the direction of
all arrows in the opposite direction. This new category is called the op-
posite category, and is written C°P. Relationships between properties
of C and properties of its opposite category C°P are broadly referred
to as dualities.

Dualities can be a source of free ideas. For instance, let’s consider
the dual notion of a terminal object where we flip the direction of the
arrows:

Definition 1o: Initial object

Let I be an object in a category C. An object I in C is called
an initial object if, for every other object A in C there exists a
unique morphism I — C. Graphically,

12 A

Note that an object that is terminal in C must be initial in C°P and
vice versa: this is what characterizes the terminal object as dual to the
initial object.

35
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Now that we have a “free” universal construction, it might be
natural to ask: is there an interesting type that this special initial object
corresponds to? Indeed there is: the initial object corresponds to the
Void type that has no inhabitants. It has the following typing rules:

M : Void
I'Fabsurd M: A

Intuitively, the Void type represents logical absurdity or “invalid
program state”. Some programming languages have a construct for
working with void types and absurdity: Haskell has the void, which
is eliminated with absurd.

3.6 Products as Terminal Objects (x)

Sections marked with x are optional
The diagrammatic form suggests an order-based intuition for prod- and won't be covered in class.

ucts: the product (P, p,q) is in some sense the “largest” tuple of that
shape, with its universal property showing that any other tuple of the
same shape is “less than or equal” to it by virtue of the existence of
the dashed morphism.

Definition 11: Category of rooted spans

Let A and B be objects of a category C. The category of spans in
C rooted at A and B, written Span¢ (A, B), is the category whose

* Objects are tuples (X, f,g) where X is an object of C, f : X —
A, and g : X — B. Pictorially:

e A morphism is a tuple ((X, f,g),a, (X', f', ")) where (X, f, )
and (X', f/,¢’) are objects and « : X — X' is a morphism of C




such that f' oa = f and g’ o « = . Pictorially:
A

f/

N

X = X

#

* Composition is defined by

(X f,8), 0, (X", f7,8")) o (X, £.8) 0, (X, f,8"))  (3.13)

=((X.f.8), 0 oa, (X", f",8")). (3.14)
Pictorially:
/ A
ﬁ ,,T
X! X! & X (3.15)

N

* The identity morphism at (X, f, g) is ((X, f,g),idx, (X, f,g)).

The associativity and identity laws in Span¢ (A, B) are inherited
from the corresponding laws for in C.

This perhaps tortured-looking category serves a valuable purpose:
it makes precise the sense in which a product (P, p, ) is the “largest”
among such tuples.

Proposition 3.6.1. Let A and B be objects of a category C. A tuple
(P, p,q) is a product of A and B if and only if it is a terminal object of
Spang(A, B).

To unpack what this is saying, from the perspective of categories
as metalanguages: a product for A and B in the metalanguage
embodied by C is a unit type for the metalanguage embodied by
Span¢ (A, B). Some of the power of category theory can be seen here:

¢ Constructions on categories can be used to quickly build nontrivial
“metalanguages” from old. (What would Span¢ (A, B) even look
like as a traditional language?)

¢ Category theory “eats itself”: the categorical notion of terminal ob-
ject sheds light on the categorical notion of product, if one knows
to look at the right category.
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To illustrate the benefits of this perspective, we get a proof that prod-
ucts are suitably unique just like terminal objects are, simply because
they are terminal objects:

Proposition 3.6.2. Products are unique up to unique isomorphism.

Proof. Products are terminal objects, and terminal objects are unique
up to unique isomorphism.> O 5 Phew! What a nice short proof!



4
Universal Constructions 1I: Exponents

Now, let’s move on to the next major addition to our library of
language features: first-class functions and function types. Let’s recall
the rules for a language with function types. First, we have the rule
for making terms of function type:

Ix:A-M:B
'FAxM:A—B

(T-Lam)

Next, we have the elimination rule for using terms of function type:

I'-M:A—B TEN:A
I'EMN:B

(T-Arp)

Finally, we have the B and # laws, which state that applying a func-
tion corresponds to substitution and that every term of function type
is equivalent to a A-expression.

I'x:AFM:B TEN:A
' (Ax.M)N=M|[N/x]:B

(B7)

I'-M:A—B
IT-M=AxMx:A—B

()

Our development here will mirror the development so far of
product types and unit types: we will identify a special object in
a category, characterized by some morphism equalities and a uni-
versal property, such that it validates the equational theory of A-
expressions.

Let’s designate a special object in the category to denote the inter-
pretation of function types. This object will be called the exponential
object:

[A — B] = [B]!] (4.1)
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Intuitively, this exponential object must summarize all the morphisms
from A to B. Like product and unit types, this special object will

be uniquely characterized by a universal property. Let’s work up to
what that universal property is. We can start by filling in our seman-
tics for A-formation, which we know must look like:

[THAx:A.M:A—B]:[T] — [B] (4.2)

We are gathering clues: the above tells us that there must exist some
morphism from [I'] into the special object [[B]][[Aﬂ. Let’s suggestively

call this morphism [I] M) [B] [AD,

2M, gyl (4-3)

The purpose of the the morphism A [M] is to compute the clo-
sure of M: it must package up the body of the lambda M into some

[CHAx:AM:B] =[] =

representation for which it can later be called. Now, to interpret ap-
plication, we need another special morphism called app that denotes
applying a closure to its argument:

[B]IA) x [A] 2% [B] (4.4)

With this special morphism we can give an interpretation to appli-
cation:

/\[[M]] id) (1, [N]or2)

HFFM:A%B TI-N:A

T-MN:B ﬂ [ —— [BIT < [A] 25 [B]  (4.5)

[BIMT ]

Now, the closure morphism A [M] and the application morphism
app need to satisfy the equational laws. We can package up these
laws into a diagram that must commute:

[T] x [A]
()\[[Mﬂ‘ml,ﬂz)l [M]
[B]1A1 % [A] 2 [B]

Let’s unpack this diagram. First, the morphism [I'] x [[Aﬂ [[B]]
is the morphism that gives the semantics of the open term I', x : A -
M : B. The diagram says that [M] should commute with first form-
ing a closure and then applying the closure to the same argument.
Finally, the # laws assert the uniqueness of the closure-formation
morphism A [M]. Now we can package up all this intuition into a
definition of a universal property:



Definition 12: Universal property of exponential object

Let A and B be objects of a category C with products. An exponen-
tial of B by A is a pair (B4, app) consisting of an object B4 of C and
a morphism app from B4 x A to B such that the following holds:
for any object I' and any morphism f : I' Xx A — B, there exists a
unique morphism Af : T — B4 such that app o (Af o 711, 712) = f.

A category has exponents if for any two objects A and B there
is an exponential of A by B. Categories that have exponents get a
special name: they are called Cartesian-closed categories.

4.1 Examples of exponential objects

4.1.1  Exponents in FinSet

Let’s begin as usual by seeing examples of universal properties in
categories that we’re familiar with. We’ll begin with the category
of finite sets FinSet. For two finite sets A and B, the exponential B#
is an object that represents the set of all functions from A to B. For

instance, suppose A = {a,b}, B = {c,d}, and let I' = {x}. Then, there

are 4 possible functions between these two sets:

filr,x)=c
ifx=a

,X) =
fa(7,x) P
d ifx=a

,X) =
f() c ifx="0

f4(’)’,X):d

The crucial idea is that this collection of 4 morphisms can itself be
represented as a finite set. Recall that the graph of a function f : A —
B is the set of pairs (4,b) where a is the input and b is the output
of f. Then, the exponential object B/ is the finite set of all graphs of
functions from A to B. So, for instance, the set {c,d}{} is:

{{@o), 00} (@), (b)),
{(a,), (0,)}, {(a,d), (b,0)} |

Using this, we can define the closure Af as mapping a function to
its graph. For example:
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Note that in this example, since I' =
{*}, the argument  is ignored in this
definition. If I' were more interesting,
it may be the case that different graphs
are returned for different contexts.
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Afi(r) = {(a,¢), (b,c)}
Af2(7) = {(a,¢), (b,d)}
Afs(r) = {(a,d), (b,c)}
Afs(y) = {(a,d), (b,d)}

Next, an exponential object is paired with a morphism app that
calls the closure on an argument. We can implement the function app
by picking the entry of the graph that corresponds to the argument.
For example, appo (Afy,a) = c.

The exponential object must satisfy the property that appo (Af, A) =
f. This is surely true, because applying the graph of a function to an
argument a2 must agree with calling f on 4. Finally, uniqueness fol-
lows by function extensionality: any Af that satisfies this property
must behave identically to the graph of f. Summing up:

Proposition 4.1.1. FinSet is Cartesian-closed.

Proof. We have already shown that FinSet has products (the Cartesian
product of finite sets). Let A, B be finite sets. Then, we need to show

that for any finite set I' with morphism I' x A N B, there is a unique
morphism Af such that the following diagram commutes:

I'x A

(Afonl,idonz)l f
BAx A 2225 B

To satisfy this, we will define B/ to be set of all graphs of func-
tions A — B. Then, we define app(f,a) to pick the component of the
graph f that corresponds to a € A.

Now let’s show this choice validates the universal property. Let
I' be any set and f be a functionI' x A — B. Then, there exists a
function Af : T — B such that the diagram commutes: it’s the
function that sends each v € T to the graph {(a,b) | f(v,a) =
b} representing the “partial application” of f to . Observe that,
by function extensionality, Af is the unique function making the
diagram commute, completing the proof. O

4.1.2  Exponents in Formula

Recall from Assignment 1 the category Formula whose objects are
logical formulae whose morphisms denote formula entailment. For-
mulae are described by the following grammar:

ppu=x|oNPp oV | (4.6)
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Fix a global finite set of variable names (), and assume x € (). Then,
we can give a semantics to Boolean formulae in terms of substitu-
tions. A substitution vy is a function QO — {T, L} that maps each
variable to a truth value. Then, we can define the semantics of formu-
lae inductively:

[x] (v) = v(x)

[T s =T =T
Lp A1 () = {J_ otherwise
)L i el =Lyl(n =1L
Lo 91 (m) = {T otherwise
)T if el (v) =1L
[~¢] (7) {L i [ (1) = T

The set of models, written Mods(¢), is the set of all substitutions
that evaluate to T, i.e. Mods(¢) = {7 | [¢] (y) = T}. We say
a formula ¢ semantically entails a formula ¢, written ¢ = 1, if
Mods(¢) C Mods(¢). The category Formula is the category whose
objects are Boolean formula and whose morphisms denote formula
entailment:

® Let the set of objects O be the set of all syntactic Boolean formulae
generated by the above grammar.

* The set of morphisms M consists of pairs (¢, ) where ¢ = 9.

¢ Define dom(¢@, ) = ¢,cod(@, ¢) = ¢

e Identity is defined by id(¢) = (¢, ¢)

e Composition is defined by comp((¢, &), (¢, ¢)) = (¢, &)

In the assignment you showed that this category has products,
and that products denoted logical conjunction of formulae. Now, let’s
investigate what exponential objects mean in this category.

Suppose « and S are logical formulae, and let y be some other
logical formula such that v A « |= B. Pictorially, we can draw this
relationship using a Venn diagram:
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<4

/

Let [«] denote the set of all models of a. To show that a A 7y |= B,
it must be the case that the [a] N [y] € [B]. This relationship clearly
holds in the above figure.

Viewed from an order-theoretic perspective, the exponential object
B is the greatest subset of () such that [«] N [B*] € [B]. We can draw
this subset in green:

Now the question: can this set of models be represented as a log-
ical formula? Indeed it can: it corresponds with the logical formula
—a V B, also known as the (classical) logical implication « = B.

So, we have a candidate exponential object. Now, let’s check that it
satisfies the universal property: we must show that for any formulae
« and B, for any formula y with morphism & X v — B, there exists an
object -« V B such that:

1. There is a morphism v — —a V . This morphism represents logical
weakening of «y.

2. There is a morphism (—a V ) x & — B. This morphism represents
modus ponens.

First we prove (1):
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Proof. We need to show that if &« A ¢y |= B, then ¢ = —a V B. Suppose
by contradiction that [y] € [—a V B]. Then, there exists an x € Q)
such that x € [y] and x ¢ [-a V B]. By De Morgan’s law we have
that x € [a A —B]. This shows thatx € [yAa]and x ¢ [B], a
contradiction. O

Point (2) is a well-known fact about propositional logic called
modus ponens, which we won’t prove here. Since this is a thin cat-
egory it is not necessary to check uniqueness. This establishes that
Formula has exponential objects and hence is a Cartesian-closed cate-

gory.

4.1.3 An example from topology

Category theory is a bridge between many branches of mathematics,
and we can gain significant insight into categorical definitions by
viewing them through the lens of different mathematical subfields.
Many important developments in category theory stemmed from
topology, so we explore some of the basics of topology here.

In the previous section we drew a picture of the exponential as a
Venn diagram. The exponential was then the largest shaded region
C satisfying the constraint A N C C B. This spatial intuition can be

made formal. An equivalent way to define an open
set is a subset U of the reals satisfying
that, for any x € U, an e-ball around x
is also contained in U. ILe., there exists
an € > 0 such that (x —e, x+¢€) C U.

Definition 13: Open set

A subset U of of the real numbers R is open if it is a (possibly
infinite) union of open intervals, where an open interval (a, b) is
the collection of real numbers between a and b excluding a and
bie {r|a<r<b}.

The set of all open subsets of R, written O(IR), forms a partial
order under subset inclusion, and hence also a thin category (Con-
struction 2.2.3). As a category, O(R) has finite products: the terminal
object is the largest open subset of IR, namely the whole space R, and
the product of two opens subsets U and V is their intersection UN V.

Proposition 4.1.2. O(R) is Cartesian closed.

Proof. Following the intuition that the exponential of two objects U
and V is the largest object W such that UNW C V, we define

VU = the largest open subset W of R such that UNW C V'  (4.7)

= the largest open subset W of R contained in (R\ U) U V.
(4-8)
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This largest open subset has a name: it is called the interior of

(R\ U) UV, written int((R \ U) U V). Intuitively, taking the inte-
rior of a set is a way of “forcing” it to be open, by deleting all of its
boundary points. For example, the interior of a closed interval is the
corresponding open interval: int[0,1] = (0,1). From this perspec-
tive, the subset int((R \ U) U V) defining the exponential V! is the
largest open contained in (R \ U) UV, which corresponds to the Venn
diagram (4.1.2). of (R\ W)U V. O

As an example, let us compute the exponential where U = (—c0,0)
and V = @. In this case,

VY = int([0,00) U @) = int[0,00) = (0,00). (4.9)

Note how, in the last step, the use of the interior operator “rounds
out” the closed interval [0, o] into the open interval (0, o).

Thinking of the exponential &Y as a “complement” or “negation”
of U, this says that the complement of (—c0,0) in O(R) is (0, c0).
Note that R is not the union of U and its complement:

UUoY = (—0,0) U (0,00) =R\ {0} # R

What this demonstrates is that the law of excluded middle fails in
O(R): the open subsets of R form a model of intuitionistic proposi-
tional logic that refutes AV ~A = T. This is a somewhat surprising
bridge between geometry and logic, which we will explore later if we
have time.

4.1.4 A non-example: natural numbers and divisibility

It’s worth exploring examples of categories that do not have expo-
nential objects. A good example of this is the category (IN, <), the
category of natural numbers with divisibility relations as morphisms.
Let’s see why this is the case. Concretely, we will show that 2 and
3 do not have an exponential.
Suppose that there was an exponential k. Then we would have two
things.

1. A morphism k x 2 2PP, 3,

2. For any k" and any morphism k" x 2 — 3, there exists a unique
morphism k' — k such that a triangle commutes.

Unpacking point (1), we have that ged(k,2) divides 3 (because prod-
uct in this category is greatest common divisor and morphisms are
divisibility relations). Unpacking point (2), we have that for any &’
such that ged(k’,2) divides 3, it holds that k” divides k. The fact that
the morphism k' — k is the unique one making a given triangle



commute does not mean much here because our category is thin: the
moment we know a morphism k' — k exists, we also know it must be
the unique such morphism.

What do these two conditions tell us about the supposed exponen-
tial object k? Intuitively, they say that k is the “largest number k such
that ged(k,2) divides 3”. It is suspicious that there would be a largest
such number: ged(k,2) = ged(3k,2) for any k, so if ged(k,2) divides 3
then so does ged(3k,2). In short, we can always keep increasing k by
multiplying it by 3, so there cannot be a largest such.

We can turn this intuitive argument into a rigorous one as follows.
We will exhibit an counterexample to point (2) above. Set kK = 3k. We
have that ged(3k,2) = ged(k,2), and ged(k, 2) divides 3, so ged(3k,2)
divides 3 too. This fulfills the precondition of point (2). The conclu-
sion of point (2) then tells us that 3k divides k. But this is impossible.

Since we derived a contradiction starting from an arbitrary choice
of k satisfying (1) and (2), this argument shows there can be no k
satisfying the universal property of the exponential 32, and hence that
(N, <) is not Cartesian closed.
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5
From Categories to Languages

Consider a variant of CaLc from Chapter 1, with a unit type and
parameterized by an collection of base types b and constants c.

M,N:=letxbe MinN|x|{)|(M,N)|fstM|snd M

(Carco)
A,Bu=AxB|Unit|b

The only goal of this chapter is to prove the following.
Theorem 5.0.1. CALC can be interpreted in any category with finite
products (Definition 9), provided suitable interpretations of each base
type b as an object and each constant ¢ as a morphism.

Proof. Let C be a category with products and a terminal object. We
will build an interpretation function [—] that maps each of the judg-
ments of CALC into C:

* Types A will become objects [A] of C.

Contexts I' will become objects [I'] of C.

¢ Derivations of I' - M : A will become morphisms [I'] @/I—ﬂ) [A].

® Derivations of ' - M = N : A will become equalities:

Each of these will be defined by induction.”

First, let us interpret CALC types. We assume given the interpreta-
tion of base types, with each base type b denoting some chosen object
[b] of C. This interpretation is bootstrapped into one for all types by
induction:

[Unit] =1 (5.1)
[Ax B] = [A] x [B] (5.2)

* Warning: this is going to take a while.



50 CATEGORIES FOR PL

These equations look just like (1.1), the interpretation of types given
in Section 1.1. But their meaning is very different. Whereas before the
operator x was used to denote the Cartesian product of finite sets,
here it denotes the categorical product of the objects [A] and [B] of
an arbitrary category C. Similarly, 1 denotes the terminal object in C,
not the singleton set {*}.

The interpretation of CALC contexts is similarly straightforward.
The empty context is interpreted as the terminal object and context
extension is interpreted via product—again, we are using the same
symbols for the abstract categorical definitions rather than the set-
theoretic ones.

[¢] =1 (5.3)
[T, x: A] = [I] x [A] (5-4)

Next up we have the interpretation of typing derivations. This is
where things start getting interesting. We have one case per typing
rule. As a warm-up, here is the interpretation of the typing rule for

(-

LFOUMH = Om (5.5)

In words: the interpretation of () with respect to typing context I
is the unique morphism ()[r from [I to [()], guaranteed to exist
because [()] is a terminal object of C.

The interpretation of () is special because its typing rule has no
premises. More generally, the interpretations of the other typing rules
will rely inductively on interpretations of premises. For instance, here
is the interpretation of the typing rule for fst M.

IFM:AXB

TFfeM:A || 1°

TFM:AxB (5:6)

2 In words: to interpret a typing derivation for fst M as shown, first
interpret the subderivation establishing I' = M : A x B to obtain a

morphism [I'] M [A x B], and then compose this morphism with
the projection [A X B] 4, [A], guaranteed to exist because [A x B] is
a product of [A] and [B].

The typing rule for snd M is interpreted analogously.

'-M:AXxB

TFsndM:B || 2°

TFM:AxB (5:7)

> todo: Really wish I knew how to fix
the spacing here.
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The pair formation rule is interpreted using the universal property
of product.

~

TFM:A TEN:B| _ : :
TF(MN):AxB TFM:A|'|[TFN:B

(5-8)

Finally we have the typing rules for variables and let-bindings. We
have saved these rules for last because they highlight some interest-
ing points regarding the categorical interpretation of operations on
the typing context I'.

First let us see how to interpret variables. Because typing contexts
I' are interpreted as iterated products, variables are interpreted as
projections:

[zmer] -

In words: 7ty is the canonical projection [I'] — [A] that extracts the
“xth component” out of the iterated product used to define [I'].

You may find this intepretation of variables unsatisfying: what
exactly is this “canonical” projection, and what does it mean to take
the “xth component”? Here is one way to make this precise. The trick
is to reformulate the typing rule for variables in terms of two more
elementary rules:

T'Fx: A
— Hir ——— Miss
Ix:AFx: A lLy:BFx: A

Together these rules can be thought of as defining a procedure for
checking whether a given binding (x : A) lives in a given typing
context T'. The rule HrT covers the case where (x : A) matches the
variable right at the end of the typing context. The rule Mi1ss covers
the case where it doesn’t and one has to keep looking further into I'.

This reformulation of the variable rule allows for a precise defini-
tion of the handwavy 7y.

(HIT)- =T (5.10)

|[F,x:A|—x:A

F'Ex:A _ :
ly:BFx:A (Miss) ﬁfl—x:Am °7m (5.11)
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Using these two rules, we can see that 7ty is actually a composite
consisting of a string of 71ys followed by a 715, with the length of this
string depending on where x appears in I'. For instance,

x:A,y:B,z:CFx: A (5.12)
- x:A,y:BFx: A °m (5:13)
= |xarzalcmem (5:14)
= 7Tp 0 711 O TT7. (5.15)

Note that there are two 7115 in this composite. This corresponds to
the fact that the de Bruijn index of x in the context x: A,y:B,z:C is
two.3

With variables out of the way, let us now turn to let-bindings.
These also illustrate an interesting interaction between operations on
the typing context and categorical products.

TEFM:A I''x:AFN:B
I'letxbeMinN:B

: y :
[x:AFN:B O<' I | TFM: A >

Let’s break this down a bit. By induction, we have that M denotes
a morphism [IT] — [A] and N denotes a morphism [I', x: A] =
[T] x [A] — [B]. The interpretation of let x be M in N composes
these together. The twist is that, because the variables in I" are shared
between M and N, the object [I'] must be plumbed around as well.
This is accomplished by the morphism <idm, [THM: A]]> guaran-
teed to exist by the universal property of products.

In practice, it’s fairly laborious to write down the interpretation
function explicitly as a function on derivations as we have done

above. So people tend to shorten the more verbose TEM A

to just [M]. Written this way, the foregoing discussion can be sum-

3 You are now a third of the way
through the proof of Theorem 5.0.1.



marized in terms of the following equations.

[O1=10
[fst M] = 1y o [M]
[snd M]) = 713 o [M]
[(M,N)] = (IM], [N])
[x] = 7y
[let x be M in N] = [N] o (idgry, [M])

This kind of equational definition is what you will typically en-
counter in a paper that uses categorical semantics.4

We have now seen how to interpret the types, typing contexts,
and typing derivations of CALc. Only one task remains: interpret
derivations of I' = M = N : A. There are five groups of rules to
interpret.

1. First there are the rules stating that = is an equivalence relation on

well-typed terms.

TEM:A
TEFM=M:A

TFM=N:A
REFL ——  Sym
IEN=M:A
TFM=N:A TEFN=0O:A
TFM=0:A

TrRANS

2. Next there are the congruence rules, so called because they state that

= is a congruence for each of the CALc term formers.>

r-M=M:A I''-N=N':B

CoNG-PAIR
T+ <M,N> = <M/,N’> :AXB
T-M=M':AxB
CoNG-FsT
THfstM=fstM : A
IT-M=M:AxB
CONG-S5ND

TFsndM=sndM : A

r-M=M:A [Lx:AFN=N":B

CoNG-LET
T+ (let x be Min N) = (let x be M" in N) : B

3. Then there are the B laws that describe what happens when one
applies an introduction form for a given type former followed by

an elimination form.
TFM: A FI—N:B‘B
THfst(M,NY=M:A

TrEM: A I'FN:B
-fst(M,N)=N:B
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4In some cases it is desirable to have an
interpretation function that operates
directly on terms, rather than on
derivations, as derivations can contain
extraneous information not present

in a term. In these cases a tricky issue
comes up: for [—] to be a function

on terms, it must be the case that

the denotation of a term does not
depend on the precise way in which it
is proved to be well-typed. Checking
this coherence condition involves showing
that, for any term M, the denotations
of all typing derivations for M are
equal [33]. In our case CALcC satisfies
the property that every term has at
most one typing derivation when each
bound variable is annotated with its
type, so we won’t worry too much
about this.

5In general, an equivalence relation ~
on a set X is a congruence with respect
toafunction f : X — Xifx ~ x

implies f(x) ~ f(x').
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4. Then there are the # laws that describe what happens when one
applies an elimination form followed by an introduction form.

''rM:AXxB
I“I—<fstM,sndM>EM:A><B’7

I' M : Unit

UUnit
'k () =M:Unit

5. Last but not least, there is the law that let-binding is equivalent to
substitution.

r- mMm:A I''x:AFN:B
I' (letxbeMinN)=N[M/x|:B

LET-SuB

Let us tackle each of these groups one by one.

The rules in group (1) are easy to interpret: they correspond di-
rectly to the reflexivity, symmetry, and transitivity of equality of
morphisms. For instance, the Sym rule holds because, if [M] = [N]
for some well-typed terms M and N, then also [N] = [M].°

The rules in group (2) are also relatively easy. In each case the
proof boils down to showing that a given operation on morphisms
respects equality. For instance, the rule CoNG-PAIR boils down to
the following true statement: if [M] = [M'] and [N] = [N’] then
(IM], [N]) = ([M'],[N']). The other cases are similarly straightfor-
ward.

The rules in group (3) follow from the definition of categorical
product. The law B;° boils down to showing that 71y o ([M], [N]) =
[M]. The law B is analogous.

The rules in group (4) follow from the definitions of categorical
product and terminal object. First, the law 7"t follows from the
fact that any two morphisms into a terminal object are equal. The
law 7 boils down to showing that, for any morphism [M] : [I'] —
[A] x [B], it is the case that [M] = (7ry o [M], 7tz o [M]). This follows
from a uniqueness argument. By definition, (71y o [M], 712 o [M]) is
the unique morphism f satisfying 711 o f = 71y o [M] and mp o f =
1y o [N]. But [M] satisfies this same property. Hence [M] = f =
(1 0 [M], 712 0 [M]).

All that’s left is LET-SuB—the rule stating that let-binding is
equivalent to substitution. Validating this rule boils down to showing
the following:

Lemma 5.0.2 (“Let is substitution”). For all contexts I, types A, B and
terms M and N suchthat'F M: Aand I,x: A+ N : B, it holds that
[N[M/x]] = [NT e (idpry, [M])-

This lemma essentially relates the syntactic operation of substi-
tuting of M into N with the semantic operation of composing the
morphism [N] with (idyry, [M]).

¢ The stickler may wonder how we
know that M and N are well-typed
here, since all we have in the premise
of Sywm is that M = N. It turns out that
= satisfies the following property: if
TFM=N:AthenTHFM: A
and T = N : A. This fact can be es-
tablished by induction on derivations
of T M = N : A, and we won't
belabor it. A slicker way of maintaining
this well-typedness invariant through-
out the definition of = is to make
well-typedness a presupposition of the
judgmentI' - M = N : A [27].
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A natural proof strategy to try here is to proceed by induction on
(a typing derivation for) N, as the substitution operation N[M/x] is
defined recursively on it. But this approach runs into a problem: the
induction hypothesis one gets is not strong enough. The problematic
case is when N = (let x’ be Nj in Nj). In this case, we have that

1. T,x:AF Np: A for some type A’
2. Ix:A,x':A'FN>:B
and the goal is to show that

[(let x’ be Ny in N»)[M/x]] = [let x’ be Ny in N] o (idry, [M]).

(5.16)
By the definition of substitution, we have that

(let x' be Ny in No)[M/x] = (let x" be Ny[M/x] in No[M/x]).

At first glance, this equation looks awfully provable from the above

assumptions,” by applying the induction hypothesis to the terms 7 You are now two thirds of the way
N;[M/x] and Np[M/x] and then performing some algebraic manip- through the proof of Theorem 5.0.1.
ulations. But a closer look will reveal that Np[M/x] actually does not

fit the shape required for the induction hypothesis to apply. This is

because our induction hypothesis only applies to substitutions of M

into terms well-typed in context I, x : A. On the other hand, N;[M/ x|

is a substitutionof T F M : Ainto,x:A,x': A’ = N, : B. This

extra red entry in the typing context does not match the shape of our

induction hypothesis.

What has happened here is that the statement of Lemma 5.0.2 ap-
plies only to terms of the form N[M/x| where x is the right-most
variable in the typing context used to type N. But while perform-
ing the substitution N[M /x|, we will recursively substitute M into
subterms where x is not the right-most variable anymore, due to the
presence of let-bindings. Thus there is a mismatch between the re-
cursive structure of the substitution function and the shape of our
inductive argument.

We can remedy this by strengthening Lemma 5.0.2 to the follow-
ing statement, which applies to terms N[M /x| where x may occur
anywhere in the context.

Lemma 5.0.3 (Strengthening 5.0.2). For all contexts I' and A, types A,
and terms M and N suchthatI' F M : AandT,x:A,AF N : B, it
holds that [[N[M/XH] = [[Nﬂ @) <7T[[F]]/ [[M]] o ﬂurﬂ, n[[AH>'

The statement of Lemma 5.0.3 requires some clarification.
First, it involves morphisms [I', A] T, [T] and [T, A] Tl [A].
These morphisms are defined by the following fact, which can be
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proved by induction on A: for all T and A it holds that [I', A] is a
product of [I'] and [A]. The morphisms 7} and 7] are the projec-
tions out of this product.

Second, we have used a ternary angle-bracket operator to form
the morphism (7tjry, [M] o 7[ry, 7tja)- This notation is justified by
the following fact, which also can be proved by induction on A: for
allT and A and A it holds that [I', x: A, A] is a ternary product of
[T, [A], and [A]. The ternary angle-bracket then denotes the unique
morphism given by the universal property of this ternary product.

We are now ready to prove Lemma 5.0.3.

Proof of Lemma 5.0.3. By induction on the derivation of I', x : A, A
N : A. We start with the trickiest case:

e Suppose N = (let x’ be Ny in N) for some I',x: A,A+ N; : A’ and
some T, x:A,A,x": A’ F Ny : B. Then both the left- and right-hand
sides of the desired equation simplify to the same expression. On
the one hand we have

[(let x" be Ny in Np)[M/x]]
= [let x" be Ny [M/x] in No[M/x]]
= [No[M/x]] o {7t [r 1. a,ap [N1[M/x]])

= (N2l o (gey, IMI © 7pe, 7 - ) © (idgr e 4,7, [N2[M/2]])
[N2] o {rryry, [M] o 7epry, T ap)) © P
where p = (id[r ». a,a], [N1] © (7rpry, [M] © 7pry, 7Tga))
(IN2] o (rrpry o p, [M] o 7tpry © p, 7Tpa xr - Avp © P))
(IN2] o (e, [M] o 7pry, 7opaxr A © P))
= ([N2] o (7rqry, [M] o rrpry, (7ega, [IN2] o (regry, [MI o ey, epap)))

2

and on the other hand we have
[[Iet x’ be Nj in Nz]] ¢} <7T[[l"]]/ [[Mﬂ ¢} 7'[[[1-]], 7T[[A]]>
= [Na] o (id[rx. a,a, [N1]) o (7rpry, [M] © pry, 7Tpa])
= [Na] o ({(rrqrp, [M] o 7ryry, 7epap), [N1] o (repry, [M] o 7egry, pag))-
The equality of these two morphisms boils down to the equality of
(e IM] o ey, (regag, [N © (rrprp, [M o 7eprp, 7egap)))
and
((rrgry, IM] © 7eqry, 7egag), IND © (7eqry, [MT o 7y, 7pap))-

This equality follows from a uniqueness argument: both of these
morphisms are the unique f : [[,A] — [I,x: A, A, x": A’] satisfy-
ing the following four properties:



1. ﬂ[[r]] Of = 7T[[F]]

2. NHA]] Of = [[Mﬂ o 7T|Ir]]

3. mpap o f = [M] oy

4. mtpang o f = [Ni] o (mryry, [M] © ey, 7oap)

This completes the proof of the case N = (let x’ be Ny in Ny).

The other cases are much easier.

* Suppose N = (). Then

[ M/ ]

[O1 =) = () o (mpry, [M] o ey, 7ap)
=[O o (mryry, [M] o ey, 7pap)-

e Suppose N = fst N’ for some I', x: A, A I fst N'. Then

[(fst N')[M/x]] = [fst (N'[M/x])] = 11 o [N'[M/x]]

Iél 711 © [[N/]] o <7T[[l"]}l [[MH o 7T[[F]]/”[[Aﬂ>

= [[fst N/] o <7T[[l"]]/ [[M]] o ”[[T]]’n[[A]]>'

Case N = snd N’ is similar.

Suppose N = (Nj, N;) for some B, Nj, N, such that B = By X By
and I, x:A,AFN;:Byand I',x: A,AF N, : By. Then

[(N1, N2)[M/x]]
= [(N1[M/x], N2[M/ x])]
([N [M/x]], [N2[M/x]])

IIZ

([N1] o p, [N2] o p) where p = (mryr), [T = M : A] o myry, 7ap)
(IN1], [N2]) o p
[(N1,Np)]op

* Suppose N = x. For this case, it will be helpful to disambiguate
the ambient typing context under which a term is interpreted:

[T,AFx[M/x]: A]
=[ILAFM:A]
(*:)[[FFMZA]]OT[[[FH

= 7lx © <7T[[F]}' [[M]] o ”[[F]]'”[[A]]>

The step marked () can be proved as a separate lemma, by induc-
tion on typing derivations.
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* Suppose N = x’ for some x’ # xsuchthatT,x: A, A F x' : A'.
Then

[T, A+ x'[M/x]: A]

WYY

= Ty

= [[,x: A A" A'] o (g, [M] o ey, 7pap)-

This closes the induction, completing the proof of Lemma 5.0.3. O

Lemma 5.0.2 now follows as a corollary, by setting A = .. This in
turn establishes the validity of the equational rule LET-SuB, which
completes the interpretation of all of the equational axioms of CALC
and hence concludes the proof of Theorem 5.0.1.8 O

5.1 Working in internal languages

Whew! That was quite a long proof. You may be wondering: what
have we gained by spending so much energy on proving Theo-
rem 5.0.1? From the PL perspective, Theorem 5.0.1 is not super
exciting—CALC is a toy programming language. But Theorem 5.0.1
is extremely helpful for doing category theory. This is because it pro-
vides a convenient language for working with an arbitrary category
that has finite products.

Let’s see an example of this. Recall the divisor lattice of natural
numbers (IN, <) extended with a terminal object (the number 0).
We showed previously that this category has products, and that
these products can be interpreted as greatest common divisors. So,
Theorem 5.0.1 applies to this category, and we can use it to prove the
following seemingly non-trivial fact about greatest common divisors:

Proposition 5.1.1. Let X, Y, Z be natural numbers. Then, gcd(ged(X,Y), Z)

divides ged(Y, Z).

Proof. Recall that in this category, the ged(X, Y) is the categorical
product X x Y, and divisibility corresponds to the existence of a
morphism. So, the proof strategy is to use Theorem 5.0.1 to prove the
existence of a morphism of the correct type.

First, we need a way in CaLc of discussing arbitrary objects in a
category. We do this by extending our grammar of CALC types with
type formers for three arbitrary objects in the category:

Au=---|X|Y|Z

Then, we define the denotation of these three new types to be
[X] = X,[Y] =Y, [Z] = Z. Now, the proof amounts to showing that

8 You heard that right—Theorem 5.0.1 is
proved. You are free! Well done if you
made it this far.
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there exists a morphism (X x Y) x Z — (Y, Z) using Theorem 5.0.1,
which means we have to give a term of type (X X Y) X Z — Y x Z.
Such a term is quite easy to find if you've ever programmed in a
functional programming language:

p:(XxY)xZFE (fst(sndp),sndp):Y xZ
This completes the proof. O

Intuitively, Theorem 5.0.1 gives us license to reason about cate-
gorical products like how we are familiar reasoning about them in
functional programs: we can project out of them, compose them with
other projects, etc. A more elaborate application of this theorem is to
establish equalities of certain morphisms using the equational theory
of CaLrc:

Proposition 5.1.2. Let C be a category with products. Then X x Y =
Y x X for any objects X, Y of C.

Proof. The following argument will hold for any choice of objects X
and Y in the category C. For each such pair, extend the grammar of
CALc types with new base types:

Az=---|X]Y.
Interpret these new types as the objects X and Y of the category C:
X]=X
[YI=Y

Now define p: X x Y F M :Y x Xby M := (snd p, fst p) and similarly
define g:Y x X = N : X x Y by N := (sndg, fstq). By Theorem 5.0.1,
we have morphisms [M] : X XY =+ Y x Xand [N] : ¥ x X = X x Y.
Simple equational reasoning then shows that

p:XxYEN[M/ql=p: XxY (5.17)
g:Y X XEM[N/pl=g:Y xX (5.18)
which by Theorem 5.0.1 implies [N] o [M] = idxxy and [M] o [N] =
idy x as needed to show X x Y =Y x X.9 O 9 Those that are familiar with the
Curry-Howard correspondence may
This style of proof is broadly referred to was working in the internal notice something here: equalities

in the internal language are proofs
of equalities in the model category,
for categories; perhaps the most well-known are string diagrams, so proving equalities in the model

language of a category. You may have heard of other internal languages

which we may return to later. rorms
In the proof of Proposition 5.1.2, we extended CALc with new base '
types X and Y to model the objects X and Y of the category C. We

could give CALC access to other objects in C by extending it further.

59

category feels like manipulating proof
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Taking this idea to its extreme, we could extend CaLrc with all objects
in C, and also all morphisms. This extension to CaLc is known as the
internal language of C, and programming in it is known as “working
internal to C”.

Definition 14: Internal language for finite products

Let C be a category with finite products. The internal language of
C is the syntactic extension to CaLc that adds the following:

* One primitive type X for each object X of C.

* One term former f(M) for each morphism X EN Y, with typing
rule:

I'-M:X
r=f(M):Y
¢ For each object X of C, an equational law:

TEM: X
I'id(M)=M:X

Here id denotes the term former corresponding to idx.

e For all morphisms f:Y = Zandg: X - Yand h: X — Zin
C such that f o g = h, an equational law:

r-mM:X
I'f(g(M))=h(M):Z

Proposition 5.1.3. Any category C with finite products is a model of
its own internal language in the evident way.

Internal languages are what formally make categories behave
like “metalanguages” for PL. Metalanguage features correspond
to additional structure: as we progress through the course, we will
encounter universal constructions that model richer languages with
features such as records, pattern matching and structural recursion,
higher-order functions, and refinement types.

5.2 CCCs are models of the simply-typed lambda calculus

Cartesian closed categories give us all the structure that we need to
interpret simply-typed lambda calculus programs. Recall the lan-



guage STLC:

A,B:=Unit|AxB|A—B

(sTLC)
M,N:={() | (M,N)|fstM|sndM |Ax. M| MN | x

We give the following interpretation of sTLC in a Cartesian closed
category C. First we interpret types:

[Unit] =1
[A x B] = [A] x [B]
[A— B] = [B]!1]

Then we interpret terms as morphisms:

[O1=20
[fst M] = 71 o [M]
[snd M] = 713 o [M]
[(M,N)] = (IM], [N])
[x] = 7
[Ax.M] = A [M]
[M N] = app o ([M], [N])

These morphisms satisfy the equational theory of the simply-typed
lambda calculus:

Theorem 5.2.1. Every Cartesian closed category is a model of the
simply-typed lambda calculus.

We'll spare you the details; if curious, check out some of the stan-
dard references [20, 9].
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6
Yoneda I: Internal vs. external

This section marks the start of a long journey that ends in the
statement and proof of the Yoneda lemma. As with any important
concept in category theory, the Yoneda lemma can be understood
through a variety of perspectives. In these notes we will explore
a particular perspective that feels most relevant to PL: the Yoneda
lemma is a means of connecting the “internal” to the “external”.

Consider, for example, the case of product. In the preceding sec-
tions, we have given you the definition of product that is most com-
monly found in standard textbooks on category theory. This defi-
nition has an “internal” character, because it defines product in a
category C purely in terms of other objects and morphisms inside of
C.

But there is another way to define product. Think back to The-
orem 5.0.1, which showed how to interpret a simple programming
language in an arbitrary category C with finite products. The proof of
Theorem 5.0.1 gave a recipe for interpreting each of the judgments of
programming language in C. Following this recipe, each of the typing
rules became functions on morphisms. For example, the typing rule

T'HfstM: A

for projecting out the first component of a pair was interpreted as a
function

{morphisms [I'] to [A x B]} — {morphisms [I] to [A]},

namely the function that sends interpretations of [M] to interpreta-
tions of [fst M].

It turns out that we can promote this recipe into a definition for
product. In contrast to the textbook definition in terms of objects and
morphisms of C, this definition characterizes the product in terms
of functions between sets of morphisms. This gives it an “external”
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character, because it defines the product in terms of set-theoretic
objects (sets and functions) that live outside of C.

First, we must make precise what we mean by this “external”
definition of product that defines product in terms of functions on
morphisms. To formalize this idea of “maps between morphisms”,
it’s useful to have the following definition that we’ve put off for a
long time.

Definition 15: Hom-set

Let X and Y be objects of a category C. The hom-set of C at X and
Y, written C(X,Y), is the set of morphisms from X to Y:

C(X,Y):={f|dom(f) = X,cod(f) =Y}

The word “hom” is an abbreviation
of “homomorphism”, and the name
hom-set comes from the fact many of

For example,

¢ In the category of finite sets and set functions FinSet, the hom- the original motivating examples of
set FinSet({a, b}, {1,2,3}) is the set of all functions from {a,b} to categories had morphisms that were
homomorphisms between algebraic

{1, 2, 3}. structures.

e Hom-sets can be empty. In the divisibility category (IN, <), the
hom-set IN(3,4) = @, while N(3,6) = {T }.

This definition lets us state formally what it means for an inference
rule like T-FsT to denote a function from morphisms to morphisms.
We shall say that the interpretation of T-FsT is a family of functions
(Fstr)rec, indexed by the ambient context I, of the following type:

Fstr : C(T, A x B) = C(T, A)

We can visualize this family of functions as follows:

F2 —8—> A
T~ (6.1)

As an example of working with this function, we have that Fstr, (f) =
!

In addition to the basic type shown above, we will also require
that Fst be natural in I'. Intuitively, what this means is that Fst is in a
sense “polymorphic in I'”. Just as polymorphic functions in System F
respect “change of representation” for the type variables that they are
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polymorphic over [32], we will require that the family of functions
(Fstr)reob(c) respect “change of I"”. Concretely, this means that

if any input f as shown in the picture above is changed into f o s
via some morphism s : I’ — T, it must be the case that Fstp(f) is
changed into Fstr/(f o s) via s too. Formally, the following naturality

condition must hold for any such f and s: We will save a formal abstract definition
of naturality for later on.

Fstr(f) os = Fstp(f os)

Another intution for this condition comes from the requirement that
the interpretation of a programming language be stable under substitu-
tion. For instance, we know that fst M is invariant under substitution
for some (possibly multi-way) substitution s:

(fst M) [s] = fst (M([s))

This program equation corresponds directly to the naturality condi-
tion given above.

Applying the above analysis to the typing rule T-SND gives an
analogous function for extracting the second component of a pair:

T-M:AXB
I'sndM: B
such that Vs : I’ — T, Sndr(f) os = Sndr(f os)

~ Sndr : C(T, A x B) = C(T, B)

The rule T-PAIR for forming pairs becomes a function that takes in
two morphisms and bundles them together into a morphism into the
product:
'-M:A THEN:B
I'-(MN):AxB
such that Vs : I’ — T, Pairp(f,g) os = Pairp(f os,g0s)

~+ Pairp : C(T, A) x C(T,B) — C(T', A x B)

Finally, the B and 7 laws become equations between nested applica-
tions of the functions Fst, Snd, and Pair.
'M:A THN:B
I'-fst(M,N) =M
I'M:A THN:B
I'snd (M,N) =N
I'EFM:AxB
I'M= (fst M,snd M) =N

~ Fstr(Pairr(f,g)) :f

~>  Sndr(Pairr(f,8)) = g

~ Pairr(Fstr(f)/Sndr(f)) :f

Packaging up all of these constraints into a definition,” *We have chosen to name this concept
“PL-product” as it was derived from
the typing rules for product types in a
programming language.
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Definition 16: PL-product

Let A and B be objects of a category C. A PL-product of A and B
consists of:

* An object A x B
* (C-indexed functions:
Fstr: C(I,Ax B) = C(T,A)
Sndr: C(I', A x B) — C(T,B)
Pairr : C(T, A) x C(T,B) — C(T', A x B)
satisfying the necessary properties to be C-indexed, i.e.:
* Fst, Snd, and Pair “respect substitution”: for all I” 3T,

Fstr(f) os = Fstp(f os) forallT £+ A x B

Sndr(f) o5 = Sndp(f o s) forallT £+ A x B

Pairr(f,g) os = Pairp/(fos,gos) forallT L AandT % B
* Analogs of the § and 7 laws hold:

Fstr(Pairr(f,g¢)) = f forallT Ly AandT % B
Sndr(Pairr(f,g)) =g forallT L, AandT % B

Pairr (Fstr (), Sndr () = f forallT £5 A x B

Now we can state an important theorem.

Theorem 6.0.1. PL-products are equivalent to ordinary products.
This theorem breaks down into multiple components.

1. Every PL-product can be turned into a categorical product.

2. Every categorical product can be turned into a PL product.

3. Constructions (1) and (2) round-trip to the identity.

The proof tackles each piece separately.

Construction 6.0.2. Every PL product of A and B can be turned into

a categorical product.? *In general, we will use the word
“construction” to signal a lemma whose
Proof. Suppose you have (A x B, Fstr, Sndr, Pairr). Remember, Fstr proof details are going to be relevant

later. In this case, we will need the
precise definition of how PL products
and we need to find a diagram like: are turned into categorical ones later
on, to prove that the two constructions
we have done round-trip to the identity.

(and all these other functions) behave like polymorphic functions,
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AXB
fst snd

A B

How do we get a morphism fst? The key is that Fst is polymorphic
inI', so we can plug in A x B there to get something of the required

type:

Fstaxp:C(Ax B,AxB)— C(AxB,A)

Now we need to get a morphism of the required type of fst. From
here, we can play “type tetris”: we call Fst 4 p with a morphism that
meets the type constraint, the identity!

Fstaxp(idaxp) =: fst
We can do the same thing to get the morphism snd.
SndAxB(idAxB) =:snd

Now the question: does this satisfy the universal property for

products?
First, let’s show that there exists an & such that the diagram com-
C
f lh g
mutes: AxB
fst snd
A B

Where can we find h? We can let h = Pairc(f, g).
We need to show that the diagram commutes. The left triangle
commutes by the following equational argument:

fstoh = Fstaxp(idaxp) o Pairc(f,g)  expanding definitions

= Fstc(id ax g oPairc(f, Q) naturality of Fst
= Fstc(Pairc(f, 8)) identity law
=f p

The right triangle commutes similarly.

Finally, we need to show that Pairc(f, g) is the unique & making
the above diagram commute. For this we use the 1 law. Suppose 1’
satisfies fstoh = f and snd o h = g. Then the following calculation

67
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uses the 1 law to establish that ' = h.

= Pairp(Fstr (1), Sndr (1)) i
= Pairr(Fstaxp(idaxp) o h',Sndaxp(idaxp) o k')  substitution
= Pairp(fsto h',snd o 1)

= Pairr(f, Q) assumption
= Pairp(fsto h,snd o h) shown above
= Pairr(Fstaxp(idaxp) o h,Sndaxp(idaxp) o h)

= Pairp(Fstr(h), Sndr (h)) substitution
=h 1

O

We can also go in the other direction: every product in the ordi-
nary categorical sense can be turned into a PL-product.

Construction 6.0.3. Any product can be turned into a PL-product.

Proof. The previous construction provides a strong hint as to how to
do this one. Given a product (A x B, fst,snd), define

FStr(f) = fst Of
Sndr(f) =sndo f

for all morphisms I L) A x B, and
Pairr(f,g) = (f, &)

for all morphisms I L> AandT £ B. The fact that Fst and Snd
respect substitution boil down to the following equations:

(fsto f)os =fsto (fos)
(sndo f)os=sndo (fos)

The fact that Pair respects substitution boils down to Proposition 3.4.1.
The B law follows from the equations fst o (f,g) = f and snd o
(f,g) = g, and the 5 law from the uniqueness property of (f,g). [

Finally, we show that the two constructions just described roundtrip
to the identity.

Proposition 6.0.4. Constructions 6.0.2 and 6.0.3 are mutually inverse.

Proof. We show both roundtrips are the identity. First, suppose one
has a categorical product of A and B, hence a tuple (A x B, fst, snd)
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satisfying the universal property of product. Applying Theorem 6.0.3
yields a PL-product (A x B, Fst,Snd, Pair) where

Fstr(f) = fst Of
Sndr(f) =sndo f
Pairr(f,8) = (f.8)

Next, applying Theorem 6.0.2 to this PL-product yields a tuple (A x
B, fst’,snd’) where

fst' = FStAXE(idAxg)

snd’ = SndAxB(idAxB)

The goal is now to show that fst = fst’ and snd = snd’. This follows
from a straightforward calculation. We show only the proof of fst =
fst’; the case of snd is analogous.

fst' = FStAxB(idAxB)
=fstaxpoidaxp
= fstaxs
Now for the other roundtrip. Suppose one has a PL-product (A x

B, Fst,Snd, Pair). Applying Theorem 6.0.2 to this PL-product yields
the tuple product (A x B, fst,snd) where

fst = FStAxg(idAxg)
snd = SndAxB(idAxB)

Then, applying Theorem 6.0.3 to this product yields (A x B, Fst’, Snd’, Pair’)
where

Fstr(f) = fsto f
Sndr(f) =sndo f
Pairr (f,8) = (f.8)

Note that in the final equation, (f, g) is guaranteed to exist by the
universal property of (A x B, fst,snd) established in Theorem 6.0.2.
The goal is now to show that Fst = Fst’ and Snd = Snd’ and
Pair = Pair’. By function extensionality, it's enough to show these
functions are equal for any object I' and morphisms out of I'. First,

we have

Fstp(f) = fsto f = Fstyp(idaxp) © f = Fstr(f).

The case of Snd is analogous. Then, we have

Pairl(f,8) = (f,8) 2 Pairr(f,3).

69
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Note that the equation marked (!) follows from the fact that, in the
proof of Theorem 6.0.2, the unique mediating map # making the
relevant product diagram involving f and ¢ commute was built using

Pair.3 O 31t is also possible to establish (!)
without rifling through the proof of
Theorem 6.0.2, by appealing to the
uniqueness property of the morphism

(f, &)
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Yoneda 1I: indexed set theory

In the last chapter we saw an important example of functions

indexed by objects in a category, which formed the components of

the PL-pair. This idea of sets and functions indexed by objects in a

category is pervasive in programming languages and in category

theory, and in this chapter we will spend some time exploring these

constructions in their own right.

Many of the notions that you are familiar with from set theory will

have C-indexed analogues:

Ordinary C-Indexed Intuition
Sets C-indexed sets A copy of C inside of sets
Functions C-indexed functions Polymorphic functions

Cartesian products  C-indexed product

Cartesian product that respects C-indexing

We will make use of these analogies extensively. But before we do,

here is the formal definition of a C-indexed set:

Definition 17: C-indexed set

For a category C, a C-indexed set F is:

— preserves composition: F(g o f)
Y4z

e A family of sets F(X) for each object X in C

¢ For each morphism X L Yin C, a function F(f) : F(Y) — F(X)
satisfying the following two functoriality properties:

— preserves identity: F(idx) = idp(x)

— F(f) o F(g) forall X %

A C-indexed set is also known as a presheaf. Let’s see some exam-

ples of C-indexed sets:

* Consider a category with 1 object ® and an identity morphism id:

Use your typechecker! Some of these
compositions o are composition of
morphisms, and some are composition
of functions.

We will see soon that a C-indexed set is
an instance of a general phenomenon
called a functor, which can be thought
of as a structure-preserving map
between categories.
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gigj7

o (7.1)

Every C-indexed set F for this category is a set: for instance, we
might have that F(e) = {a,b}. By identity preservation, we must
have that F(id) = idy, ;). Since there’s only one morphism, compo-
sition preservation is trivial.

* Next, let’s explore what C-indexed sets look like on a more inter-
esting indexing category, a category with two objects each with an
identity morphism:

idy idy
X Y (7.2)

In this case, a C-indexed set corresponds with a pair of sets. For

example, F(X) = {a,b} and F(Y) = {c,d}. Identity preservation

means F maps identities to identities, as before.

* Now let’s see an example with a less trivial example of an index-
ing category with a non-identity morphism:

idy idy
), O
X ———Y (7.3)

In this category, a C-indexed set F again maps each object to 2 sets,
for example F(X) = {a,b} and F(Y) = {c,d}. But now, F must
have an action on the morphism f: we can choose any function
F(f) : F(Y) — F(X). Note that the direction of the function here
is opposite the direction of the morphism in the indexing category.
For example, we may choose F(f) = x — a. So, the C-indexed sets
on this category correspond to functions between sets.

It can be convenient to visualize C-indexed sets F as “balloon”
diagrams: (1) above each object X in C there is a visualization of

the set F(X), and (2) for each morphism X L Yin C there is an
internal picture of the function f : Y — X. For example, we can
draw F above as the following balloon diagram:
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At this point it might be a good exercise to consider a few more
cases of C-indexed sets. In particular, try to draw a balloon diagram
that shows an example of a C-indexed set for the following 3-object

category:
id
B
f 2N 4 (74)
s pY
A h—— C
id id

7.1 C-indexed functions

Next, let’s define the notion of a C-indexed function, which should

behave like a “polymorphic function”:"  We will see soon that a C-indexed

function is an instance of a general phe-
nomenon called a natural transformation

Definition 18: C-indexed function between functors F and G.

Given a category C and two C-indexed sets F and G, a C-indexed
function « : F = G is a family of functions ax : F(X) — G(X)
for objects X of C satisfying the following naturality condition:

ax o F(f) = G(f) o ay for any C morphism X L.y, This
naturality condition can be visualized as a commutative square:

F(Y) 25 G(Y)

|7 [E6

F(X) =5 G(X)

Once again let’s work through some examples of C-indexed func-
tions to get a sense for how they behave.

Returning to the one-object category in (7.1), C-indexed functions
are simply functions between sets. Concretely, suppose F(e) = {a,b}
and G(e) = {c,d}. Then, there is a C-indexed function & where
aq : F(o) — G(e) is a function. The naturality constraint is somewhat
trivially satisfied, but is worth checking as an exercise. Note that
there are 4 possible choices of a here, one for each possible function
between the sets F(e) and G(e).

A much more interesting case is the 2-object category with a mor-
phism between them in (7.3). We can visualize the data of a partic-
ular C-indexed function « in this category by drawing a “stacked
balloon diagram”:
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(7.5)

In this picture, we have G(X) = {w,z}, G(Y) = {m,n,0}, F(X) =
{b,a}, and F(Y) = {c,d}. Then, a particular C-indexed function
« : G = Fis a family of functions ax : G(X) — F(X) and ay :
G(Y) — F(Y); an example of one such choice of « is shown in red. To
check that this is a valid choice of &, we need to check that it satisfies
the naturality condition, i.e. that F(f) oa, = ax o G(F). To check
this, we can play the “two finger game”: put your finger on each
particular element of G(Y) and follow the two possible paths that
it can take, and make sure your fingers end up in the same spot in
F(X). For instance, following the element m, we have ay(m) = ¢,
then F(f)(c) = a; in the other path, we have G(f)(m) = w, and
ax(w) = a. So, these two paths agree on what to do with m, and so
do all the other choices of starting element in G(Y).

At this point, it’s a good exercise to try to find all possible « : G =
F for the C-indexed sets F and G shown in (7.5).

7.2 The category of C-indexed sets (presheaf categories)

At this point, you might be smelling something categorical: might it
be the case that, for any category C, one can form a category whose
objects are all possible C-indexed sets and whose morphisms are all
possible C-indexed functions? Indeed one can, but one requires the

following to show this:

* Just as there is an identity function in set theory, there is an
identity C-indexed function in C-indexed set theory. For each C-
indexed set P, there is a C-indexed function idp : P = P defined by

id
idpx = (P(X) RGN P(X)) The naturality condition amounts to



commutativity of the following diagram.

idpy
F(Y) 2 B(Y)

R |F)

F(X) — F(X)
idp(x)
¢ (C-indexed functions can also be composed: the composition of
x:Q = Randp : P = Q, writtenaop : P = R, is defined
by (x 0 B)x = ax o Bx. The naturality condition amounts to the
commutativity of the following diagram.

F(Y) 25 G(y) =% H(Y)

|F) [E6 |10

F(X) —— G(X) — H(X)

From this we can conclude the following definition is well-formed:*

Definition 19: Category of C-indexed sets

Let C be a category. Then, the category of C-indexed sets is the cat-
egory whose objects are C-indexed sets and whose morphisms
are C-indexed functions, where identities and composition of
morphisms are defined as above.

This category is also called the category of presheaves on C. In
general, C-indexed set theory looks kind of like set theory “with
shape C”. The category of C-indexed sets has fantastically rich struc-
ture: in fact, it is something called a topos, an idea that we will return
to later. For now, the most exciting thing we can say about this cate-
gory is that it is Cartesian-closed, meaning that it has products. Let’s
show this fact:

Theorem 7.2.1. Let C be a category. Then, the category of presheaves
on C has products.

Proof. We prove this using the familiar internal argument involving
the universal property of products. We begin by identifying a candi-
date C-indexed set, and then we prove that it satisfies the universal
property of products in the category of presheaves on C:

Definition 20: C-indexed product

Given a category C and two C-indexed sets F and G, the C-
indexed product of F and G is the C-indexed set F x G defined
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> This definition technically runs afoul
of some cardinality limitations in our
original definition of a category (Def-
inition 1). Do not worry; the original
definition of category can be adjusted
to account for this fact without in-
validating anything we have done so
far.
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by:
* Onobjects X € C, (F x G)(X) = F(X) x G(X)
* On morphisms X N Y, (F x G)(f) is the function F(Y)

X
G(Y) — F(X) x G(X) defined by (F x G)(f) = (x,y)
(F(f)(x),G(f)())

Alongside F x G there are C-indexed functions 711 : F x G = F
and 7, : F X G = G defined:

ix : (Fx G)(X) — F(X)

=(x,y)—x
and

T X * (F X G)(X) — G(X)
=(xy)—y

First we need to show F x G is a C-indexed set:

e Preserves identity:

(F x G)(idx) = (a,b) — (idp(x)(a),idgx) (b))
= (a,b) = idp(x)xc(x)(a, )

= idp(x)xG(x) -

® Preserves composition: For morphisms X i> Y 3 z:

We also need to show that 711 and 71, are C-indexed functions. Let

f

X = Y be a morphism in C. Then, we must show the naturality
diagram commutes:
(Fx G)(Y) 2255 F(Y)
lExe) |7
(Fx G)(X) =25 F(X)

We can show this by simple calculation. Let (a,b) € (F x G)(Y).
Then, [F(f) o my,y]|(a,b) = F(f)(a). For the other path, we have

Def
Functoriality of F and G
Def
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that [(F x G)(f)] applied to (a,b) is the pair (F(f)(a), F(f)(b)), so
my,x o [(F x G)(f)] applied to (a,b) is the first component F(f)(a).
An identical argument holds for 71, x.

Next, we need to show that (F x G, 7y, 715) satisfies the universal
property for products. Suppose there is a C-indexed set I' with C-
indexed functions f : I' = F and g : I' = G. Then, we must show
there exists a unique C-indexed function (f,g) : I' = F x G such that
the relevant diagram commutes. Let’s define (f,g) : T = F x G as:

(f,8)x : T(X) = (F x G)(X)
= (fx(a),gx(a))

The naturality of this definition follows from the naturality of f and
g: for any morphism Y =+ X of C, we have that

(FxG)(s)o(f,g)x = (f,8)yoT(s)

because, for any input a4 € I'(X), it holds that

LHS(a) = [(F x G)(s)] (fx(a), gx(a)) Def. of (f,g)x
— (F(s)(fx(0)), G(s)(gx(a)))  Det. of (F x G)(s)
(fr(T(s)(a)),gx(T(s)())  Naturality of f and g
— (£, g0 (I(5)(a)) Def. of (f, )y

— RHS(a).

Next we have the following for any indexing object X, establishing
that the relevant product diagram commutes.

mxo(f,8)x=fx, mxo(f,&x=_8x-

Finally, all that remains is to show uniqueness of (f, g). This follows
immediately from function extensionality: if (f,g) is to satisfy 711 x o
(f,9)x = fx and mp x o (f, §)x = gx for all X, then it must be defined
as above. O
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Yoneda I1II: Representability

The crucial idea of the Yoneda lemma is that a copy of C lives
inside of its corresponding presheaf category. This lets ideas, defini-
tions, and intuitions from the C-indexed category — which, as we’ve
already described, has fantastically rich structure — including prod-
ucts, exponentials, etc. — be reflected back into the indexing category
C

8.1 Representables

Our first step towards understanding this picture is to come up with
a way of injecting a category C into its presheaf category. Here is an
inscrutable definition that explains how to do this:

Definition 21: The representable C-indexed set at X

The representable C-indexed set at X is written %X (pronounced “yo
X") and defined by

(£X)(A4) =C(A X)
(xX)(s: A" = A): (xA) — (xA)
=(f:A=>X)—= (fos: Al = X)

This definition, on first glance, is very hard to unpack. So we
will spend some time with it. The intuition you should have for
%£X is that it is “the external view of the object X in the category
C”. Let’s start by drawing a balloon diagram to picture one of these
representables. Consider the following example category:

XlLXZLX:g

\fl‘ ?A (8.1)

Let’s draw a balloon diagram that visualizes kZ:
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X, 2. x, 2. x,

g

To build intuition, you should think of %Z as describing “the per-

spective every other object in C has on Z.” Unpacking this more:

Let’s look at the action of £Z on Z first. Unfolding the definition,
we have:

(£2)(2) = C(Z,2) = {idz}

So, somewhat vacuously, we might say: “the perspective Z has on
itself is the identity morphism”. And, for X;, we have:

(£2)(X1) =C(X1,2) ={f1, 2081, 3082081}

This is slightly more interesting: we would say, “X; has 3 perspec-
tives on Z: (1) via the f; morphism, (2) by following f> o g1; (3) by
following fz 0 g2 0g1”.

Now let’s look at the action on morphisms. These will correspond
to “changes in perspective”. Let’s examine the action of xZ on the
morphism fi:
(J:Z)(fl X1 — Z) k7 = XXy
=idy — id, Of1 = f1
One can understand this as: “to move from “X;’s perspective on Z
to Z’s perspective on Z, follow the f; morphism”. Somewhat more

interestingly, we can also shift perspectives between X; and X, by
precomposing with the g; morphism:

(J:Z)(gl : Xl — Xz) : (J:Z)(Xz) — (J:Z)(Xl)

_Jfam o
f3og2— fiogaog
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8.1.1 Representables in the divisibility category

Let’s consider what representables look like in a familiar category to
get a better sense of their properties. Consider the following subset of
the natural numbers ordered by divisibility:

Let’s consider the representables of each element in this category.
First let’s inspect x12. We can compute its action on objects:

(£12)(12) = {idi2} (£12)(6)
(£12)(2) = {fod} (x12)(1)

f} (£12)(3) = {f oe}
fodoc} (¥12)(5) = {}

{
{

Note that in this category there is at most 1 morphism between
any 2 objects (i.e., we have that the morphisms fodoc = foeob, so
we only include 1 of them in (£12)(1)). So, each representable xX is
either a singleton (meaning X =< 12), or it is an empty set (meaning
X A 12). The action of x12 on morphisms is not complicated; let’s see
what it is by unfolding definitions:

(£12)(c) : (£12)(2) — (x12)(1)
= (fod)— (fod)oc

In this case we see that to shift perspective from 1 to 2, we should
precompose by the ¢ morphism. From this, we can observe that there
is a single morphism Y — kX if and only if there is a morphism
X—=YinC.

Now, let’s closely examine the structure of a representable k12 and
try to gain a more global picture of what data it contains. We can
summarize J12 by the following balloon, where we’ve replaced each
object by its balloon:

81
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{x}

e

{x}

{x}
We see that the collection of objects with a x in them are exactly
those objects that are at or below 12 in the order. This collection of

objects has a name in order theory: it is called the principal ideal of
12. Formally:

Definition 22: Principal ideal

Let (X, <) be a preorder. Then, the principal ideal of an element
a € X, written | a,is the smallest collection of all elements less
thanorequaltoain X, ie. la={x € X | x <a}.

So, we can summarize: the representable %12 is the principal ideal
} 12, i.e,, it contains exactly as much information as is contained
in the principal ideal of 12. In general, for any category formed by
a preorder, it is the case that the representable of an element is a
principal ideal in the preorder. This order-theoretic viewpoint sheds
some light on the intuition that the representable of an element is “all
the ways of viewing the element in the category”. One can imagine
“peering up” at an element X from all the other objects: £X is then
all the vantage points below X from which it can be seen.

8.2 Representables in STLC

So far we’ve been studying representables in thin categories, where
there is a very pleasant order-theoretic understanding what they
mean in terms of principal ideals. Let’s see an example of repre-
sentables in a category with more than 1 morphism between objects.
Recall the syntax of sTLC:

AB:=Unit| AxB|A—B

(sTLC)
M,N:={() | (M,N)|fstM|sndM |Ax. M| MN | x

Recall the category of simply-typed lambda calculus terms quo-
tiented by equations:
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Definition 23: The category STLC

The category of simply-typed lambda calculus terms (sTLC) is the
category where:

* Objects are types A;

e Morphisms A — B are equivalence classes of terms [x : A I
e : B] where equality is given by the equational theory of the
and y laws;

¢ Composition is given by substitution:

b:BFEN:Clofa:AFM:B]=[a: A+ N[M/b]:C]

* The identity morphism is the class of terms [a: AFa: Al

Let’s see the representables in this category. For example, what do
the representables x(Unit x Unit) look like? Considering a concrete
example:

%(Unit x Unit) (Unit) = {the ways of viewing terms of type Unit x Unit from terms of type Unit}
= {[a : Unit = M : Unit x Unit] | M an stlc term}
= [a : Unit F {(g,a) : Unit X Unit]

In the case above, there is only 1 element of the set x(Unit x
Unit) (Unit): this is a quirk of our choice of types. Intuitively, the
representables (xB)(A) for two types A and B is the collection of all
equivalence classes of terms M of type A — B. Then, naturally, the
action on morphisms (xX)(f : A — B) : xB — XA ought to be the
ways of shifting viewpoints from A to B, i.e.:

(xX)(Ja: AF-M:B]): (£X)(B) = (xX)(A)
=[b:BFEN:X]—=[b:BFN:X]o[a: AF0O:B]
=[0b:BFN:X]—[a:AF N[O/b]: X]

Carefully check all the types in the above equations.

8.3 Representability

There can be many C-indexed sets for a category, but the representa-
bles are very special due to their relationship with the indexing cat-
egory. As usual in category theory, we are concerned not with par-
ticular objects but rather with equivalence classes of objects up to
isomorphism, a notion we make formal here:
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Definition 24: Isomorphism of C-indexed sets

Two C-indexed sets P, Q are isomorphic if there are C-indexed func-
tionsa : P = Qand f: Q = Psuchthataop =idgand foa =
idp.

With this definition in hand we can make precise the set of C-
indexed sets that are tied to the indexing category:

Definition 25: Representability

A C-indexed set P is representable if there is an isomorphism «
P = xX : B for some object X of C.

Proposition 8.3.1. The FinSet-indexed set xX x kY is representable.

Proof. for any finite set A, there is an isomorphism of sets
ap : FinSet(A, X x Y) = FinSet(A, X) x FinSet(A,Y).

Concretely, a 4 is the function that sends a f € FinSet(A4,X x Y) to
(rr10 f, M, 0f) : FinSet(A, X) x FinSet(A,Y). Its inverse is defined by
Ba(f,8) = (f,g). Both « and B can be checked satisfy the naturality
condition. Thus X x Y represents xX x kY. O

Representability is the bridge between the internal view and the
external view of a category: it lets us reflect properties presheaf cat-
egory on C back into C itself. Concretely, in the next chapter, we will
use the Yoneda lemma in full to show:

Theorem 8.3.2. Let P, A, B be objects in a category C. Then, P is a
product of A and B if and only if it represents the product in the
presheaf category xA x xB.

We will not prove this theorem here — it is a direct consequence of
the Yoneda lemma, which we are now ready to appreciate — but one
can understand this theorem as: an object P is a product of A and B
internally if and only if it behaves like a product externally.



9
Yoneda IV: universal constructions, elements, and prop-

erties

Now we are ready to appreciate the Yoneda lemma:
Theorem 9.0.1 (Baby Yoneda). Let C be a category, X be an object
in C, and P be a C-indexed set. Then, there is a bijective correspon-

dence:* * This is called the “baby Yoneda
lemma” because the full Yoneda lemma

{C-indexed functions xX = P} = P(X) further stipulates that this isomorphism
satisfies additional naturality condi-
tions. The baby Yoneda lemma is still
quite strong, however, and is much

On first glance this theorem is profoundly mysterious because easier to prove.
it stipulates that there is a very strong relationship between two
very different-seeming things. Let’s unpack this slowly to really
understand what is going on by instantiating the Yoneda lemma to a
specific category and C-indexed set. Let’s consider a finite category
with 3 objects:

x L,y 8,7 (9.1)

Now, let’s define a simple C-indexed set P:

P(X) = {a,b} P(Y)={c,d} P(Z)={eh}
cr—a errc
P(f) = P(¢) =
) {de ®) {th
Continuing to unpack the data, we can define xZ, which is also a
C-indexed set:

(£2)(Z2) ={idz} (x2)(Y)={g} (¥2)(X)={gof}
(x2)(f) =g gof (xZ)(g)=idz g

Next, let’s enumerate the natural transformations xX = P If the
Yoneda lemma is true, we don’t have too much work to do: we know
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there should be only two of them, since P(X) has only two elements in
it. Let’s enumerate them on a balloon diagram:

x- 1T,y 2,7

Here we’ve drawn the two possible natural transformations «; and
«y in solid red and dashed blue respectively. Now, let’s understand
why the Yoneda lemma holds by tracing the possible paths through
this balloon diagram with your fingers. Recall the two finger rule:

a C-indexed function xZ = P satisfies the naturality condition if,
starting at any element in any balloon kX, your two fingers move in
synchrony along all possible paths. So, let’s start with xZ = {idz}.
Let’s play the two finger game together to design the two possible
natural transformations:

* Your left finger moves to g. Where can your right finger go? It can
go either to e or /. So, choose I and so we are designing ;. The
rest of the moves are forced: your right finger must now move to c,
then to a. Your left finger is also forced: it must move to g then to
f o g. Now, all other decisions are forced, and we can fill in &7 so
that all moves are in harmony.

* Next, we can choose moving our right finger to ¢, and so we are
designing wp. Again, all moves are forced: the right finger follows
the functions in P, and the left finger follows the functions in xZ.
Then, we are forced to choose each « to exactly line up exactly
with how these fingers move: there is only one choice for « at each
step.

Notice what is happening: because, in this example, there is a
single element in (£Z)(Z), then there must be exactly 1 natural trans-
formation for each possible element in P(Z). Naturality is a very
strong restraint to place on a!

So, it is now hopefully quite clear that, if id is the only element
of xZ, the baby Yoneda lemma is true, since the entire action of a



natural transformation is determined by its action on the identity
morphism of Z. But, what if there is more than one morphism in
(x2)(2)?

The crux is that the choice of (xZ)(idz) fully determines the ac-
tion of xZ on all the other morphisms Z — Z. Let’s see this visually.
Suppose we have as our indexing category the monoid correspond-
ing to the natural numbers mod 3 under addition, the category Zs.
This category has a single object x and 3 morphisms: the identity
morphism 0, and morphisms 1 and 2, together with equations stipu-
lating that 101 = 2,102 =id,202 = 1,201 = id. Let’s visualize
some of this data:

Here we’ve drawn an arbitrary C-indexed set P with its action
on the 1 morphism, and we’ve chosen arbitrarily that the C-indexed
function aq maps 0 to a. Note that we’ve drawn the balloon twice for
the same object; this is for visualization purposes only.

Now, the key: does this choice of a fully determine how a behaves on all
other elements of (¥x)(%)? Indeed it does! Observe: by naturality, we
have that P(1) oa = & o (xx)(1). This gives us a system of constraints
that uniquely defines a. Observe:

((P(1)0a))(0) = b = (a0 (xx)(1))(0)

= b = a(((xx)(1))(0))

=b=ua(l).
A similar chain of logic lets us derive a(2) = c. Notice what is hap-
pening here: P is a functor, so it must “behave like the monoid”: i.e.,

it has the same equations and morphism compositions. Here, the
choice of «(0) is picking an element of P that behaves like the identity.
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Now, how do we see that there are exactly 4 natural transforma-
tions « : kx = P? Let’s look at P. Since P is a functor, it has copies
of the Z3 in its codomain. We can see two copies: the {a,b, c} sub-
set is an exact copy — the elements 4, b, and c correspond to distinct
numbers, and « will pick an arbitrary o point — and the {d} subset
is a denerate copy with only a single number 0. So, there are 3 natu-
ral transformations that send 0 to {a, b, c}, each picking a different o

point, and 1 natural transformation into {d} that sends all elements
of (xx)(%) tod.

9.1 Proving the baby Yoneda lemma

Now we are ready to prove Theorem g.0.1. Let C be a category, P be a
C-indexed set, and X be an object in C. Then, we need to construct a
bijection:

8

/_\

{C-indexed functions xX = P} P(X)

\_/

func

What does this bijective correspondence statement actually mean?
We have some func that, given a p € PX, can construct a natural
transformation « : XX = P, and some g that can extract p from a
given natural transformation.

1. Constructing natural transformation from p € PX

e Givena p € PX, we defined func(p) via a family of functions
func(p)a, where func(p) is a natural transformation. We can
think of the func(p) 4 as the components of func(p), where
for each object A in C, the component func(p), maps from
(£X)(A) to P(A).

func(p)a :(£X)(A) — PA
f= (Pf)(p)
where f : A — xX. The element p by definition has type

PX, and P is contravariant so Pf maps PX to PA, giving us the
desired codomain.

e Naturality of func(p). Letg : B — A. I don't really want to

Thanks to Bex Golovanov for the scribe
notes for the next two subsections. up a
bit.



justify this but here is the square

unc(p)a

(£X)(4)

)
=

<;X>(g>J P(9)
(£X)(B)

pac
=

func(p)p
2. Getting p from natural transformation

¢ How did we extract p € PX from some given natural transfor-
mation a? We know ax maps (£X)(X) — PX, so applying ax
to idx gives us an element of PX, we can set p := ax(idx).

e Now we need to show a4 = func(p)4. Since a4 acts on the
elements of (kX)(A), it suffices to show w4 (f) = func(p)a =
(Pf)(p) for every f € C(A, X).

e We have (Pf)(p) = (Pf)(ax(idx)). We will use the naturality of
a. Specifically, Pf oax = ay o (xX)(f).

(Pf)(ax(idx)) = (Pfowua)(idx) = (xa o (£X)(f))(idx)
= aa((£X)(f)(idx)) = aalidy o f).
= aa(f)
So (Pf)(p) = aa(f), and we are done!
Remark 9.1.1. Defining some natural transformation a := f(p) by

defining how f(p) acts on each object A is like a "pointwise" defini-
tion of a.

9.2 The category of elements

Definition 26: Category of elements

Let P be a C-indexed set. The category of elements of P, written |- P,
is a category where:

1. objects : pairs (X, p € PX)

2. morphisms : from (X, p € PX) to (Y,q € PY) are morphisms
f X — Y of C such that (Pf)(q) = p. Alternatively, g -p f =
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p. A morphism of this category of elements is a morphism from
the original category with the additional structure of preserving
the points of PX.

Definitions of composition and identity follow immediately from
the definitions in C, with the additional restriction of point preser-
vation. It is relatively simple to show the desired categorical prop-
erties hold.

Proposition 9.2.1. Suppose C-indexed set P is representable by X.
There exists a u € PX called the P-universal element which satisfies the
following universal property : for any object I' of C and any g € PT,
there exists a unique § : I' — X such that ¢ = u -p §. Alternatively,

g = (P§)(u).

Proposition 9.2.2. A C-indexed set P is representable if P = xX for
some object X of C. Suppose P is representable. Then there exists a
universal element u € PX and u is a terminal object in the category of
elements of P.

Example 9.2.3 (Category of elements of the terminal presheaf). For
any category C, the presheaf category on C has a terminal object 1
defined:

1(X) = {x}
1X L y) =% *

The category of elements [ 1 has objects (X, p) where p = x and X

are objects of C, and has morphisms (X, p) LN (Y,q) where F(h)(p) =
g; this point preservation is clearly trivially satisfied since p = g = *.

So, we can conclude that f 1 = C, i.e, the category of elements of the
terminal object in C is the original category C.

We have from Theorem 9.2.2 the definition of the universal prop-
erty that we want these mysterious universal elements to satisfy. We
can think about this definition as stating that we can “factor” any
g € PT (for any T') into u and a unique g.

What does it mean for u € P(X) to be terminal in the category
of elements of P? That any object has a unique morphism mapping
to (X, u). Explicitly, for any (A,p € PA), there is a unique map
f: A — Xsuch that (Pf)(u) = p (or p = u-p f). This looks pretty
similar to the universal property given in Theorem 9.2.2 — we can
“factor” any p € PA into f and u.

How do we get Theorem 9.2.2 from the Yoneda Lemma? These are
the key ideas:

¢ X representing P means we have an isomorphism between £X
and P. This isomorphism is a C—indexed function, which we



CATEGORIES FOR PL

have learned is usually called a natural transformation. So techni-
cally we have a bijective natural transformation (a natural isomor-
phism?)

¢ The Yoneda Lemma says that for every natural transformation
£X = P, we should have a corresponding u € PX from which
we can construct said transformation. This means the natural
isomorphism between kX and P has a corresponding u € PX
(suggestively labeled).

¢ Let « denote the natural isomorphism kX = P. Because « is
bijective, and « can be defined component-wise, each a4 for each
object A must also be bijective. So consider this bijection a4 :
(xX)(A) = PA. From surjectivity, for any p € PA, there exists
some p in (£X)(A) such that a4(p) = p. From injectivity, this p is
unique.

* How do we connect this p to the corresponding u € PX we identi-
fied? (Look at how we constructed the natural transformations « 4
in our proof of baby yoneda).

e From Yoneda Lemma we know we have a function func(p) de-
fined as a family of functions func(p) 4, where func(p) o maps p
to the component « 4. Specifically, a 4 is defined to take elements of
(xX)(A), e.g. some f : A — X, and map them to (Pf)(p) =p-p f,
elements of PA. Then we know a4 (p) = u-p pand as(p) = p,
meaning p =u-pp!

9.3 Calculating a universal property

Let’s bring all these ideas together to find an object of a category that
internalizes a C-indexed set. This is an essential application of the
Yoneda lemma: sometimes it is easier to describe objects by how they
behave externally, and the Yoneda lemma lets us bring those external
descriptions back to objects of the category. Let’s use this idea to
calculate the universal property of an equalizer.

Definition 27: Equalizer

f
An equalizer of A — B is a representation for the C-

indexed set with action on objects:

Ea(f,8)(X) ={X D A| fop=gop}
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and action on morphisms works by precomposition:
I
Eq(X = Y) : Eq(f,8)(Y) — Eq(f, 8)(X)
= (Y5 Alfop=gop) =
X5y B Al fopoh=gopoh)

From this external definition, we can calculate the universal prop-
erty for an internal definition of equalizer by computing a terminal
object in the category of elements [ Eq(f,g). Let’s calculate what it
is. The objects are pairs (X, p) where X P, Aand fop=gopl(e,
p € Eq(f,g)(X)). Morphisms from (X, p) to (Y,q) is a C-morphism
X 2 ¥ such that Eq (f,g)(h)(q) = p. Unfolding Eq(f,g)(h) =qoh,
we have that goh = p.

Now we have a clearer picture of what objects in this category of
elements looks like. They are exactly this configuration of objects:

f
E-"sA—2B
8

Say we have another object in this category of elements:

f
Q"+ A——=B

&

Then, morphisms in the category of elements are morphisms Q i>
P:

RLA%@
fI/
Q

where the above diagram commutes. We call the terminal object
in the category of elements [ Eq(f,g) the equalizer. From this we
can finally calcuate the internal definition of an equalizer: it is the
terminal object in this category of elements.

f
Proposition 9.3.1. Let (E, E LN A) be an equalizer of A ? B.
Then, xE = Eq(f, g).
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Functors and natural transformations

We are ready to broaden our categorical perspective and language to
begin comparing two categories with one another. We will see how
some of the notions we’ve been encountering so far in our journey
through the Yoneda lemma — in particular, the functoriality and nat-
urality properties of C-indexed sets and functions — are special cases
of more general phenomena in category theory called functors and
natural transformations.

10.1  Functors

A functor is a structure-preserving map between categories:

Definition 28: Functor

Given two categories C and D, a functor F from C to D, written
F:C — D, consists of

¢ An “action on objects”, which is a function sending each
object X of C to an object F(X) of D

* An “action on morphisms”, which is a function sending each

morphism X Loy of C to a morphism F(X) ﬁ F(Y) of D
such that the following functoriality conditions are satisfied:

¢ Identity preservation: for all objects X of C it holds that
F(idx) = idpx)

* Composition preservation: for all composable pairs of mor-

phisms X i> Y 25 7 of C it holds that F(gof)=F(g)oF(f).

Intuitively, if there is a functor F : C — D, then there is an “ab-
stract copy of C inside D”.
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10.1.1 Examples of functors

The simplest example of a functor is one between two finite cate-
gories. Consider the following example of a functor between two
finite categories C and D:

Sq oz
1) 8,

R/

NG

C

The functor F : C — D is drawn in red; we’ve only shown its
actions on objects here. Written out, we have:

F(Y)=2Z, F(X)=W, F(Z)=Z

This action on objects defines the action on morphisms. This isn’t
always the case; there may be more than one morphism between two
objects in C and D, in which case, there may be a choice on which
morphisms to map to. But here, it is simple, and we can conclude:

F(idy) =id; F(idx) =id; F(idy) =idy
F(g) =idz F(f)=k F(h)=k F(gof) =k

We need to check that the functoriality properties are satisfied.
Clearly, identity preservation is satisfied. The only interesting case to
check is the compositional property that k = F(go f) = F(g) o F(f) =
idy ok = k.

As usual, it’s useful to gain an intuition for what functors look like
between categories that represent preorders. They will correspond to
monotone functions:

Definition 29: Monotone function

Let (X, <x) and (Y, <y) be preorders. Then, a function f : X —
Y is called monotone if, for any x1,x; € X such that x; <x x, it

is the case that f(x1) <y f(x2).

Now, let’s see how functors between preorders correspond to
monotone functions. Let C and D be categories corresponding to pre-
orders and let F : C = D be a functor between these two categories.

Then, functoriality of F requires that, for any morphism X i> YinC,

there is a morphism F(X) L (Y). This is exactly the monotonicity
requirement: the morphism f, considered order-theoretically, denotes
that X < 'Y; similarly, the morphism F(f) denotes that F(X) < F(Y).

A good exercise: how many functors
are there from C to D?



10.2  Natural transformations

Natural transformations are structure-preserving maps between
functors:

Definition 30: Natural transformation

sists of a function sending each object X of C to a morphism

square commutes:
FX -2, GXx
f| |of
FY —— GY

In other words, ay o Ff = Gf oax for all X Ly,

Given two categories C and D, and two functors F,G : C — D,
a natural transformation o from F to G, writtena : F = G, con-

F(X) % G(X) of D such that the following naturality condi-

tion is satisfied: for each morphism X i> Y of C, the following

Let’s consider two functors F and G between finite categories and

a natural transformation « : F = G:

Breaking the data in this figure down, we have that ax = idyz,

az = idz, and ay = k. Now we can check the naturality square for

every morphism:

e Checking for f: we need to show that ay o F(f) = G(f) o ax.
Substituting, this is idz ok = idz ok.
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10.2.1 More examples of natural transformations

Think back to C-indexed functions. We drew these as squares involv-
ing two Balloon diagrams stacked together. It may help to think of
the naturality condition as an abstraction of such a picture, where
Balloons are replaced by objects of D:

ox -4 gy

aXT Py

FX —— FY
Ef

X —Y

Definition 31: Identity natural transformation

Let F : C — D be a functor between two categories C, D. The iden-
tity natural transformation idr : F = F is defined by idr x = id F(X)-
Naturality is verified by the following “abstract balloon diagram”:

FXLFY

idpx idpy
jx H, JY

Definition 32: Composition of natural transformations

Givena : F = Gand  : G = H, the composition foa : F =
H is defined by (Boa)x = Bx o ax. Naturality is verified by the




following “abstract balloon diagram”:

ux 2 gy

x| I

GX—>GY

QXT Jav

FXLFY

X ——Y

Examples

* Suppose you have two functors F,G : X — Y between preorders

X, Y, aka two monotone functions. There is at most one natural

transformation « : F = G, which exists if and only if F(x) < G(x)

forall x € X.

* Mind-bending example: there is an identity functor id : FinSet —
FinSet. What does a natural transformation « :
Think polymorphism: intuitively, « must have type “VX.FinSet(id(X),id(X))”,
aka “VX.X — X”. This suggests that « is the identity, i.e., ax = idx
for all objects X of FinSet. Indeed, we can verify this follows from

« being natural, as follows.

id = id look like?

- Let X be an arbitrary object of FinSet. We will show ay is the

identity function on X.

- By function extensionality it’s enough to show that for all x € X

it holds that ax (x) = x.

- Fix x € X arbitrary. We saw in a homework that x corresponds
to a FinSet morphism £ : 1 — X, where 1 is the terminal object

of FinSet (aka the one-point set). Now, by naturality of «, the

following square commutes:

i

— X

Ix

1

Because 1 is terminal, there can only be one morphism 1 — 1,

namely the identity. Hence a1 = id;. Thus this square collapses

to the following triangle:

>

X

=
-
\k
2 >
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But now this triangle expresses the fact that ax(x) = x, which is
exactly what was to be shown.

10.3 Functor categories

Definition 33: Functor category

Let C and D be categories. Suppose that
1. The collection of functors from C to D forms a set

2. For any two functors F,G : C — D, the collection of natural
transformations from F to G forms a set

Then there is a functor category, written [F; G|, whose
¢ Objects are functors C to D

* Morphisms from F to G are natural transformations « : F =
G

Identity morphism is the identity natural transformation, and com-
position is composition of natural transformations.

Examples

* As you can see, there are small set-theoretic nuisances with this
definition. We will come back to this

* FinSet'°P is a functor category! It’s the functor category [C; FinSet]
where C is the category with one object x, a special non-identity
morphism f, and all composites one can make from this (aka f”
for n € IN). (In other words, C is the category you get from the
monoid (N, +,0) of natural numbers under addition.)

e FinSet*™*, the category of finite functions, is a functor category!
It's [(e — o); FinSet] where @ — e is the category with two objects
and one non-identity arrow between them.

* As you can see, functor categories are kind of like “categories of
diagrams”: the objects of a functor category look like diagrams
whose shape is given by the domain category. Keep this in mind;
it'll come back later (limits and colimits)

* You may wonder: are C-indexed sets a functor category? Hold that
thought...
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10.4 Full and faithful functors

We noted that a functor F : C — D ensures an abstract copy of C is
inside D. But, what if we want more of C to be visible inside C? We
can coax more structure out by enforcing that the functor does not
collapse any structure.

Note that for each functor F : C — D and each pair of objects X, Y
in C, you get a function C(X,Y) — D(FX, FY).

* A functor is full if this function is surjective: for any morphism

FX i> FY in D, there exists a morphism X i> Y in C such that

f=E).

* A functor is faithful if this function is injective: for any morphism
for any morphisms f,g : X = Yin C, if Ff = Fg as morphisms
FX — FYin D, then f = g.

In particular, if a functor is full and faithful, then each function C(X,Y) —
D(FX, FY) is a bijection, showing that D(FX,FY) = C(X,Y) for all
objects X,Y of C.

10.5 The category of sets

Naive definition, paralleling Definition 2: the category Set consists of
* Objects: the set of all sets

* Morphisms: tuples (A4, f,B) where A,B aresetsand f : A — Bisa
function

Obviously this definition is unworkable: there is no set of all sets. We
have to finally confront the set-theoretic minutiae that we have swept
under the rug so far. Russell famously showed that the collection of
all sets does not form a set; it is “too big”. We will adopt a way out
which has become standard when doing highly categorical things:
postulate the existence of a “very big set” that contains “enough

sets to look like the set of all sets”. Such a set is called a Grothendieck
universe. We won’t give the formal definition here; it’s not essential

99

to understand the details.” For our purposes, all that matters is that *If you're curious, check out the nLab

every Grothendieck universe I/ is a model of ZFC, hence “looks like page for Grothendieck universe.

the set of all sets”. From now on we assume the following axiom.
Axiom 10.5.1. There exists a Grothendieck universe U.
The set U splits the world of sets into two halves:

¢ On one side there are the sets X such that X € U. These sets are
“small enough to fit into U”, so called U-small.


https://ncatlab.org/nlab/show/Grothendieck+universe
https://ncatlab.org/nlab/show/Grothendieck+universe
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¢ On the other side there are sets X such that X ¢ U. These sets are
“too large to fit”, so called U-large.

The key point is that, while we cannot define a category of all sets,
we can define a category of {/-small ones.

Definition 34: the category of ((/-small) sets

Set is the category whose
* Objects are elements of U/, aka {/-small sets

* Morphisms from X to Y are functions f : X — Y

Just as sets can be I/-small or U/-large, so too can categories. There
are actually three tiers of “small”-ness for categories. First, a category
can fit perfectly inside of the universe U.

Definition 35

A category C is U-small if both of its sets of objects and morphisms

are.

More generally, a category could be too large to fit inside of I/, but it
could be the case that for any two objects, the collection of morphisms
between those two objects does fit inside of /. Intuitively, this is like
saying the category is {/-small if you zoom in on the morphisms be-

twen two given objects; hence this condition is called being “locally”

small.

Definition 36

A category C is U-locally-small if, for each pair of objects X, Y, the
set C(X,Y) is U-small.

Finally, a category is U-large if it is neither small nor locally small.

10.5.1 Indexed set theory as a category

Now we can show that C-indexed sets form a category, so long as
we take Set to mean the category of /-small sets, and C is locally
U-small.

Definition 37: category of C-indexed sets

Let C be a locally U-small category. Then C-indexed sets and func-
tions between them form a functor category [C°P; Set].
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Proposition 10.5.2. Let C be a locally ¢/-small category. The Yoneda
embedding defines a functor & : C — [C°P;Set], and this functor is
full and faithful.

Proof. Let X and Y be objects. To show that X is full and faithful, we
must show that C(X,Y) = [COP; Set](£X, XY).

Let X and Y be objects. Then, by specializing the baby Yoneda
lemma, {o& : xX = XY} = x(Y)(X). We have immediately that
{a : xX = xY} = [CP;Set](£X, XY) by the definition of a functor
category, and that x(Y)(X) = C(X,Y) by the definition of X. O
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11
Monoidal Categories

Thanks Jialu Bao for this lecture, and
11.1 Categorlfl/ing Monoids Shubh Agrawal for these scribe notes.

We have been working thus far with typed PLs, specified using typ-
ing rules. We used categories to give them semantics and diagrams
to depict the categories. We will now discuss PLs with resources,
and use monoidal categories to give them semantics, and use string
diagrams to depict them.

First, let us recall the definition of monoid:

Definition 38: monoid

A triple (M, -, e) is a monoid if it satisfies:
1. Associativity: Vx,y,ze M. (x-y)-z=x-(y-z)

2. Identity: Vxe M.e-x =x=x"-¢

We have seen one way of categorifying monoids: construct a
cateogry with one object and a morphism for each element of the
monoid. The monoid operation then corresponds to sequential com-
position and the monoid axioms correspond to the category axioms.

What if we instead categorify monoids by making the objects form
a monoid and where the monoid operation corresponds to some
notion of parallel composition. Such categories are called monoidal
categories. Monoidal categories are a category C together with an
operation ®, called the tensor product, and a distinguished object
I. The axioms are then encoded as a certain relationship between
corresponding objects. Formally:

Definition 39: monoidal category

A category C is a monoidal category if:
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1. there exists a bifunctor ® : C xC = C
2. there exist natural isomorphisms:
* aapc:A®BRC)= (A®B)®C
* MIIRA=A
* pa:A=>ARI
3. such that the following diagrams commute:

a4,,c®idp X A,BxC,D
—— —

(A®B)®C)®D (A (B®C))®D A® ((BpC)®D)

“AXB,C,DJ( Jid/x ®up,c,p

(A®B)® (C® D) A® (B¢ (C®D))

XA,B,CRD
(A®I)®B Al A® (I® B)
Pm MB

A®B

The conditions that these diagrams commute are often simply
referred to as “coherence conditions.” The intuition is that the three
natural isomorphisms need to interact with each other well in the
sense that if we take any two paths between objects, then they are
equivalent. Proving those two diagrams commute is sufficient to
prove the coherence theorem, which makes the notion described above
precise.

Let us define some of the other terms in the definition:

Definition 40: bifunctor

A functor from the product category C x C to C.

Definition 41: natural isomorphism

natural isomorphism: a natural transformation 7 : F = G is a nat-
ural isomorphism if for every object X € C, the component 7x is
an isomorphism. More concretely, we have the following diagram
forevery f : X = Y in C:
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b
R
F(X) G(X)
<~
F(f)J ' JG(f)
iy S
F(Y) G(Y)
~_
'

With these in hand, we can now define how to turn a monoid
(M, -, e) into a monoidal category:

¢ The objects are the elements of M

* Morphisms are only the identity morphism on each object

¢ The tensor product a ® b is the monoid operation a - b

* The tensor product on morphisms f ® g is trivial because both f
and g are identity morphisms; thus, we have id4 ® idp = idpg3.

* We must show that the ® defines a functor. It clearly respects
identity by the definition above. showing it respects composition
amounts to proving the following: (f1 ® f2) 0 (g1 ®g) = fio g1 ®
f2 © g2. This holds because all morphisms are the identity

¢ The objects we need to define natural transformations between
are exactly equal by the monoid axioms, so we just define the
transformations to be the identity on each component.

11.2  String Diagrams

In string diagrams, we represent objects with wires and morphisms
with boxes (including an identity). Sequential compositions corre-
spond to wiring boxes together. Tensor product for objects corre-
sponds to juxataposing wires next to each other, and tensor products
of wires is putting boxes next to each other. The monoid unit corre-
sponds to a “phantom wire” which need not be drawn.
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Many of the laws correspond to extremely intuitive facts about dia-
grams:
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=xe(ye2) [xyz 7
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In any monoidal category, we have a notion of “generating objects
and morphisms,” which can’t be decomposed into the tensor product
of other objects; the category is then formed by taking all the possible
tensor products.

11.3 Example: Real Numbers

Consider the preorder of real numbers viewed as a category. We can
define the tensor product on objects to be addition and the monoidal
unit to be 0. Given two morphisms 1y — ny, my — my, the tensor
product is the morphism nq + my — ny + my, which we know exists
by monotonicity of addition. Similar to the monoid example, the
natural isomorphisms are the identity on each component because
the corresponding objects are equal.

We can also use string diagrams to prove facts about this preorder.
Here, we have diagrams representing proofsof v +x <y, w+u <
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x+2z,t < v+ w. We can then wire the boxes together to get a proof
of t+u<y+z

(TA T y
T
o4

11.4 Example: Cartesian Categories

If C has a product x and terminal object T, then this forms a monoidal
category with ® = x and [ = T.

The natural isomorphism for associativity was proven in Home-
work 1: @ = ((711, 711 0 7M2), 7Ty © 7Tp). We also have A = 713 and
o= <*, id A>-

In the typed PL perspective, we had rules for operating with prod-
ucts and the terminal object. We could then use these to construct
more complicated terms. For example, we might ask given terms
x:AFM:Band (x,y) : Ax BF N:C, how can we construct a term
T suchthatx : A = T : C? We can do this with our term language.
We can also do it in string diagrams:

|
3 C N
| AUA
N
] %
A AR )

Doing this requires a copy operation, which allows us to duplicate
A.
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11.5 Additional Structure

11.5.1 Symmetry

Notice that in both examples given, we have that the tensor product
is commutative. The categories where this holds are called symmetric
monoidal categories, which come equipped with an additional natural
transformation ¢y : A ® B = B ® A. We get the following laws:

D_

)

11.5.2  Copy and Discard

In order to encode all the same operations we expected in our STLC
with pairs and unit, we needed a copy operation. The copy operation
is a morphism A — A ® A for each A. In general, monoidal cate-
gories won't always have a copy operation. This corresponds to the
intuition of monoidal categories as representing resources — if our
resource can be copied, then our category would have a copier. If not,
then it wouldn’t.

Often, when we have a copy operation, we also have a discard
operation A — I. These operations will satisfy the following rules:
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12
Limits and colimits

So far, we’ve been building a “categorical dictionary” of structure
that categories might have that makes them useful models for pro-
gramming languages. Categorical products let us model products
in programming languages, exponential objects let us model higher-
order functions. Limits and colimits take these ideas to their extreme:
we will see that a category that has limits and colimits has a rich
vocabulary of universal constructions of which products and expo-
nentials are a special case. The utility of limits and colimits is in their
generality, both in the kinds of constructions they give you and also
how they are characterized. We will see that limits are preserved or
created by the presence of certain functors, enabling us to characterize
a large amount of categorical structure with relatively little work.

As an example of how limits generalize products, let

Point = {x : R,y : R,z : R}

This leads to the idea of indexed products.

Definition 42: Indexed product

Let (X;)ics be an I-indexed family of objects of a category C. An
indexed product of (X;);c; consists of an object P and a family

of morphisms (7r; : P — X;)cs satisfying the following uni-
versal property: for any object Y and any family of morphisms
(fi + Y — Xj)icy, there exists a unique morphism (f;)ie; : Y — P
such that 7t; 0 (fi)je; = f; forall i in I.

While records are typically finite, the definition of indexed product
works just as well for infinite products. For example,

Proposition 12.0.1. 1 is the indexed product of (k)i in the category
of natural numbers under divisibility.

More generally, indexed products in preorders are like infima.
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Indexed products are in some sense the “largest” way to map into
a tuple of objects. For example, the product for Point is the “largest”
way of filling in the question marks in this diagram:

S,

Similarly, 1 is the “largest” way to fill in the question marks in this

All of these diagrams are “discrete”: they consist only of objects,

diagram:

with no morphisms connecting them. More generally, we can ask
if it is possible to find the largest way of mapping into an arbitrary
diagram consisting of both objects and morphisms. This is called a
limit.

To be more precise about this, it is useful to give a formal defini-
tion of what a diagram is:

Definition 43: Diagram

For two categories 7 and C, a diagram of shape I is a functor F
Z — C. The category Z is called the shape of the diagram.

It is typical for the shape of a diagram to be a simple category
with only a few objects and morphisms. For example, we can con-
sider Z = o e; then, a diagram of shape Z in some category C would
pick out a pair of two objects in C. Here is a simple example of a
diagram:

R
T (%
il

The essential idea of a limit is that it that it is the largest way of
“mapping into a diagram”. The way to formalize this is via the no-
tion of a cone:
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Definition 44: Cone

Let D : T — C be a diagram of shape 7 in a category C. A cone
over D is a pair (P, p) where P is an object of C and p is a family
of morphisms (p; : P — D(i));er such that D(f) o p; = p; for all
morphisms f :i — jof Z.

Let’s understand this definition for the simple diagrams of shape
Z = e e before we consider more more interesting shapes with
morphisms in them. In the above example diagram, the tuple (P, p)
is a cone where p; = f and pr = g.

Cones form a category:

Definition 45: Morphism of cones

Let D : Z — C be a diagram of shape Z in a category C. Let (P, p)
and (Q, q) be two cones over D. A morphism of cones from (P, p) to
(Q,q) is a morphism f : P — Q such that p; = g;o f foralli € 7.

A morphism of cones can be visualized as a kind of 3d prism:

-

P f) q;
D(j)

At the bottom of this prism, we have drawn a piece of the diagram

D. The “bottom left face” of the prism is the cone (P, p); the “bottom

right face” is the cone (Q, g). A morphism of cones from (P, p) to

(Q,q) is a morphism f : P — Q as shown that makes all the triangles

in the prism commute.

Looking at specific choices of diagram D recovers the kinds of
figures we were drawing. For example, suppose D is the discrete dia-
gram on two objects X and Y. We get that a cone (P, p) is a diagram
of shape

p
LN
X Y

and a morphism from one such cone (P, p) to another (Q,q) is a

115
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diagram of shape:

Now imagine taking the object P and “dragging it up and to the
right”, until it’s in the same plane as the triangle involving Q, X, Y:

Hopefully this diagram looks familiar: up to a rotation, it is the kind
of diagram we were drawing when examining the universal property
of product.

Together, cones over a diagram D and morphisms between them
form a category:

Definition 46: category of cones

Let D : 7 — C be a diagram in a category C of shape Z. The cat-
egory of cones over D, written Cone(D), is the category whose
objects are cones over D and whose morphisms are morphisms
of cones. (Because cone morphisms are simply morphisms of

C satisfying a certain property, the definition of composition

for cone morphisms and of the identity cone morphism are
inherited from composition and identity in C.)

The category of cones is designed so that it captures all the ways
of mapping into a diagram. Recall our motivation that a limit ought
to be the biggest way to map into a diagram. This hints at our final
definition: the “biggest” object in a category is the terminal object,

Definition 47: Limit

Let D : Z — C be a diagram of shape Z in a category C. A limit
of D is a terminal object in Cone(D).

Now we can see how products are terminal in the categories of
cones of shape 7 = e e. In this category, objects look like this:
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12.1  Examples of limits

We have seen two examples of limits already, in the homework.

Given two morphisms X i) Z &Y, the pullback is the largest way

of mapping into f, g, in other words the largest way of filling in
the question marks in this diagram:

Explicitly, a pullback is a 3-tuple (W, p,q) wherep : W — X
andg : W — Y and fp = gq satisfying the following universal
property: for any other 3-tuple (W', p’,q’) where p’ : W' — X
and ¢’ : W — Y and fp' = g¢/, there exists a unique morphism
w: W' — W such that pw = p’ and qw = q'.

f
Given two morphisms X —=< Y , their equalizer is the largest
8

way of mapping into f, g in other words the largest way of filling
in the question marks in this diagram:

Explicitly, the equalizer is a 3-tuple (W, p,q) where p : W — X
and g : W = Yand fp = g and gp = g satisfying the following
universal property: for any other 3-tuple (W', p’,q’) where p’ :
W' — Xand g : W — Y and fp' = ¢’ and gp’ = ¢’ there exists a
unique w : W' — W such that pw = p’ and qw = ¢'.

W/

P lw q

W

117
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This definition can be simplified a bit: notice that in the 3-tuple
(W, p,q), the morphism ¢ is forced to be fp. So it is equivalent to
say that an equalizer is a 2-tuple (W, p) such that fp = gp, which
satisfies the universal property that for any other (W’, p’) with

fp' = gp’, there exists a unique w : W' — W such that wp = p’ and

wg=4¢q.
W/

w-—LSx——=Y
8

The equalizer looks like a refinement type:
f
equalizerof X — <Y ~ {x:X| f(x)=g(x)}
4

The pullback looks like a “fiber product”:

There is an equivalent way of defining cones, that requires a bit
more machinery.

Definition 48

Given an object X of a category C, and an arbitrary category Z, the

constant functor at X from I to C, written A(X) : Z — C, is the func-

tor defined by A(X)(i) = X on objects i of Z and by A(X)(i N j)=

idx on morphisms.

Proposition 12.1.1. A cone over D : 7T — C is equivalent to a pair
(P, &) where P is an object of C and « is a natural transformation
A(P) = D.

Proof. Unwinding definitions, the natural transformation « is a Z-
indexed family of morphisms (&; : A(P)(i) — D(i));e7 satisfying the
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following naturality square for all morphisms i £> jof I:

A(P)(i) — D(i)
A(P) (f)j jD(f)
A(P)(j) — D(j)

But by definition of A(P), it holds that A(P)(i) = A(P)(j) = P and
A(P)(f) = idp. Hence the left arrow in this commutative square is the
identity, and the square can be collapsed into the following triangle

which has to commute for all i i) jinZ:

Hence the natural transformation « : A(P) = D amounts to a
family of morphisms («; : P — D(i));c7 satisfying the property that
D(f)oa; = ajforall i N jin Z. This is precisely the property of
being a cone over D. O

Last time we saw by the Yoneda lemma that a representation for
a C-indexed set P is equivalent to a terminal object in [ P, the cate-
gory of elements of P. This fact provides an interesting equivalent
definition of limit:

Proposition 12.1.2. Let Z be a {/-small category. A limit of a diagram
D : 7 — C is equivalent to a representation for the C-indexed set P
defined by

P(X) = the set of natural transformations A(X) = D.

Proof. The C-indexed set P is designed so that the category of cones
over D is equivalent to the category of elements of P. Hence, to have
a terminal cone is to have a terminal object in this category of ele-
ments, which is equivalent to having a representation for P. O

12.1.1  Some important facts

Definition 49: Limit preservation

Let C and D be categories, let F : C — D, andlet D
Z — Cbeadiagram in C. Suppose D has a limit (P, p) in C.

119
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Then, the functor F preserves this limit if the diagram D = Fo D
in D has limit (F(P), (F(p;) : P — D(i))iez)-

Proposition 12.1.3. The Yoneda embedding preserves limits.

We say a functor reflects limits if the converse of Definition 49
holds.

Definition 50: Limit reflection

Let C and D be categories, let F: C = D,and let D : Z — Cbea
diagram in C. Let (P, p) be a cone of shape D in C, and suppose
the D = F o D has limit (F(P), (F(p;) : P — D(i));ez) in D. We
say this limit is reflected into C if the cone (P, p) is limiting in C.

Proposition 12.1.4. Any full and faithful functor reflects limits.

12.2  Every limit is the equalizer of a product

We’ve seen two important examples of simple diagrams: the discrete
diagram where there are no non-identity morphisms, and the equal-
izer diagram where there are exactly two morphisms between exactly
two objects. These are both simple enough on their own, but what is
interesting and powerful is that all limits can be built out of these two
simple diagrams:

Theorem 12.2.1. Every limit is an equalizer of an indexed product.

Consequently, a category with indexed products and equalizers
has all limits.

12.3 Colimits

The essence of colimits is essentially to flip the direction of all the
arrows of limits. This seems simple at first, but surprisingly, colimits
behave quite differently than limits. Let’s quickly state the relevant
definitions:

Definition 51: Cocone

Let D : T — C be a diagram of shape Z in a category C. A cocone
over D is a pair (P, p) where P is an object of C and p is a family
of morphisms (p; : D(i) — P);cr such that p; o D(f) = p; for all
morphisms f :i — jof Z.
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Definition 52: Morphism of cocones

Let D : Z — C be a diagram of shape Z in a category C. Let (P, p)
and (Q, ) be two cocones over D. A morphism of cocones from (P, p)
to (Q,q) is a morphism f : P — Q such that f o p; = g; for all
icl.

Then, the category of cocones for a diagram D is written CoCone(D),
analogous to the case for the category of cones Cone(D). Now we can
state the definition of colimit:

Definition 53: Colimit

Let D : Z — C be a diagram of shape Z in C. A colimit of D is a
cocone (P, p) that is initial in CoCone(D).

Two examples in finite sets:
¢ coproduct, end up “tagged unions”

* coequalizer is unfortuantely much trickier. It ends up being a
“generalized quotient”






13
Adjunctions

¢ So far we’ve mostly focussed on characterizing properties of an
individual category. Now let’s broaden our focus to discuss in
more detail relationships between categories.

¢ First, let’s study the strongest possible relationship between two
categories: does it mean for two categories to be equivalent? Fol-
lowing intuition from set isomorphism, we will want to design two
functors between the categories that behave like inverses.

¢ For this definition we will need a way of talking equivalence of
functors:

Definition 54: Natural isomorphism of functors

Let C and D be categories and F, G : C — D be functors. Then,
F and G are naturally isomorphic, written F = G, if there is a nat-
ural transformation « : F = G whose components are isomor-
phisms.

¢ Now, to give an equivalence of categories, we must show that
there exists a pair of functors F and G between them whose com-
positions are naturally isomorphic to the identity functors on each
category:

Definition 55: Equivalence of categories

Let C and D be categories. Then, C is equivalent to D, written
C = D, if there are two functors F : C — Dand G : C — D
satisfying F o G 2 id¢ and G o F = idp, where id; and idp are
the identity functors on C and D respectively.

¢ There are some surprising categorical equivalences that are worth
thinking about:
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Proposition 13.0.1. The category of finite pointed sets FinSet*
is equivalent to the category of finite sets and partial functions
FinSetpar.

The intuition behind this equivalence is interesting. First let’s
identify the functors that form the equivalence. Let F : FinSetpar —
FinSet*. The action on objects is straightforward: F(X) = (X
{*},*) i.e,, F sends a set X to a pointed set with X extended by
some element x with x as the point. The action on morphisms is
interesting. Let f : X — Y be a partial function. Then, we define:

F(f): (XW{x},*) = (YW {x},*)
* if f(x) undefined

f(x) otherwise.

Intuitively, the x stands in for the subset of X on which f is unde-
fined. The inverse G is also straightforward: its action on objects
is to forget remove point, G((X,*)) = X \ *. Then, its action on
morphisms map the point to undefined:

G(g): X\ *—= Y\ *
1 if g(x) =«

g(x) otherwise

=X+

Now, show that there is a natural isomorphisma : Fo G =
idpinger+. This is not too hard and a good exercise. It requires show-
ing that there is a FinSet® isomorphism (X, a) = ((X \ a) & %, ).

¢ Categorical equivalences are very powerful when they arise but
the condition is often too strong. A natural weakening of this no-
tion will be an adjunction, which will be pairs of functors between
categories are a form of “weak equivalence”.

* The natural notion of weakening here will be as follows. Let C and
D be categoriesand F : C — D and G : D — C be functors.
Then, instead of requiring that round-trips of F and G be naturally
isomorphic identity functors, an adjunction will require instead
that there simply exist some pair of natural transformations:

n:idg = GoF €:FoG=idp (13.1)

The natural transformation 7 is called the unit of the adjunction
and e is called the counit, the functor F is called the left adjoint,
and the functor G the right adjoint.
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® There is one more coherence requirement we place on these natu-
ral transformations in order for them to form an adjunction. But,
before we do that, let’s examine this notion of notion of “weak
equivalence” in a simple preorder category to understand what
it means before we give the full definition of adjoint functors for
general categories.

13.1  Adjunctions for preorder categories: Galois connections

* As usual it’s very useful to study new category theory definitions
in pre-order categories to gain order-theoretic intuition about them
before generalizing to the general setting where there can be more
than one morphism between any two objects.

e Let (X, <x), (Y, <y) be preorders. Recall that a monotone map is a
function f : X — Y that respects the preorder, i.e., if x; <x xp then
f(x1) <y f(x2). Recall that functors between preorder categories
are exactly monotone maps.

* Let’s interpret the definition of adjoint in this setting. First, let’s
give two example functors between two preorder categories:

D A—>B—>

C &2%3

Here we’ve drawn F : C — D in blue and G : D — C in red.

¢ Let’s check if these functors satisfy the adjoint requirement as
we’ve seen it so far. First, let’s try to find a unit by finding a natu-
ral transformation # : id¢c = G o F. Then, 7 is a C-indexed family
of morphisms in C:

77121—>2 772:id2 173=id3

We can also build the counit, which is a D-indexed family of mor-
phisms in D:

€A:idA ep = idp €C=B—>C

Intuitively, these two natural transformations are characterizing
what happens after round trips of following F and G. The unit 7
says that, after following a round trip of F and then G, we must
end up “in a higher place” than we started; dually, the counit € is
saying that after a round trip of G then F we must end up “in a
lower place” than we started.
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e Now we can reverse engineer an order-theoretic understanding for
the unit and the counit of the adjunctions F and G. This relation-
ship has a name in order theory:

Definition 56: Galois connection

Let (X, <x) and (Y, <y) be preorders and let« : X — Y and
v : Y — X be monotone functions. Then, « and < form a Ga-
lois connection if, for all x € X and y € Y-

x<7((x)) and  a(y(y) <y

¢ Pause for a moment to absorb how close a Galois connection is to
an inverse. If v and « above were inverses, then indeed this would
be an inverse.

* An equivalent definition to the above is that, forall x € X,y € Y, it
holds that:

a(x) < yif and only if x < y(y) (13.2)

Exercise: Why is this equivalence true?

¢ A programming languages example: Galois connections are im-
portant in defining abstract interpreters. The map « is called the
abstraction function and vy is called the concretization function, and «
is left adjoint to «.

13.1.1 Adjoints preserve structure

¢ An important property of adjoints is that left adjoints preserve
colimits and right adjoints preserve limits. This property is of
course true for Galois connections, so let’s see what it means in
that setting first:

Theorem 13.1.1. Let (X, <) and (Y, <) be complete partial orders
(i.e., they both have all meets and joins) and let & : X — Y and
v 1 Y — X be monotone functions where « is left adjoint to .
Then, for any x1,x2 € X we have that:

a(x Uxy) = axg) Ua(xz) (133)
and, for any y1,y2 € Y we have that:
vy Ny2) = 7)) M (v2) (13.4)

Proof. Let’s prove that the left adjoint preserves meets; the other
one is a good exercise. By monotonicity, a(x1) Ua(xy) < a(xgUxp).
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So, we need to show a(x1 L xp) < a(xy) U a(xp). We will use

Eq. (13.2) to show this. Let m = x1 U xp and m™ = a(x1) U a(xp).
Then,

a(m) <m* = m < gy(m")

Proceeding on the right hand side, we use the fact that < is mono-
tone to build an intermediate inequality:

r(a(x)) Uy(a(x)) < y(a(x)Ua(x))

So, if we can show x1 Ll x; < 7(a(x1)) U y(a(x2)), we are done.
This follows directly from adjoint closure: x < 7y (a(x)) for all
x. O

13.2  Adjunctions for preorders, continued

Notes from John’s lecture
® Recall the Galois connection example:

C A

o\ 1L
~ U 7

0\ 01 \ L
| 7 < Soon ol
0 \ l

~ | 7
N

¢ We defined a pair of functions &« : C = A and v : D — C, where «
is left-adjoint to y. We defined an example <y as follows (shown in
red):

127
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olL (/’\
T

~ |
% ><s fsen ol
\é—’?’—f”/ N/

~ | 7 L
L//

¢ To get to the general definition of preorder, we will study the
properties of « and y. We will want our general definition of ad-

o]

\
0

joint to preserve all of this structure

* What is the property we want « to have, given this definition of 7?
In some sense, it is the most precise abstraction would can make.

¢ For example, we can define a really bad « that is very impre-
cise. For instance, we could let &(_) =?. But if we did this, then
« would not be an adjoint.

¢ There is a collection of interesting properties we want « to have so
that it is in some sense “most precise”:
1. a(c) is the smallest a € A such that ¢ < y(a).
2. 7(a) is the largest ¢ € C such that a(c) < a.
3. Foralla € Aand c € C, a(c) < aif and only if ¢ < 7y(a).

* These fun facts are more than just fun facts: they are in fact equiva-
lent definitions of adjoints (at least for preorders).

44
Theorem 13.2.1. Let C " 7 A bea pair of functors. Then the
r

7
following are equivalent:

1. a1y
2. For any ¢ € C, a(c) is the smallest a € A such t hat ¢ < y(a)
<a.

a).

3. Forany a € A, y(a) is the largest ¢ € C such that a(c

—~

4. Forallae Aand c € C, a(c) <aifand only if ¢ < 7
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¢ This is going to be a big proof. First we’ll prove that (1) implies
(2) and (3). Then we'll prove that (2) and (3) both imply (4). Fi-
nally, we'll prove that (4) implies (1), giving the following strongly

W TN
2T
M D

4

connected graph:

* (1) implies (3): Suppose & I . Then by definition a(y(a)) < a.
So it only remains to show that () is the largest c satisfying
a(c) < a. Suppose ¢ € C such that a(c) < a. Need to show that
¢ < y(a). By ¥ monotone,

r(a(c)) < v(a)
By definition of adjoint, ¢ < y(«(c)), which completes the proof.
* (1) implies (2): analogous to the previous case.

* Proof that (2) implies (4).

Suppose that for any ¢ € C, a(c) is the smallest a € A such that
¢ < y(a). Want to show that foralla € A, c € C,a(c) <a <
c < y(a).

(=): Have that a(c) < a, need to show thatc < 7(a). By
monotonicity, we have that y(a(c)) < <(a). By assumption,

c < 'y(tx(c) ) - * Note: cannot appeal to adjoint
roundtrip property here. This is the

129

(<): Have ¢ < 7(a). Want a(c) < a. Since «(c) is the smallest a’ assumption in equivalent condition (2).

such that ¢ < y(a’), and 4 is one such a’, it must be that a(c) < a.

* Proof that (4) implies (1). If foralla € A,c € C it holds that
a(c) < aiffc < y(a), thenforalla € A,c € C itholds that
a(y(a)) <aand c < y(a(c)).

First, show a(y(a)) < a. By assumption this is true if and only if
vy(a) < y(a), which vacuously holds. The other side is identical.

e Define some helpful notation: thesetsc | v = {a | ¢ < 7(a)}
andw | a = {c | a(c) < a}. Then the previous theorem can be
re-expressed as
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13.3 Generalizing beyond preorders

e We want a general definition of adjoints that generalizes the above
four-way equivalence.

¢ To get there, we will first become more formal about this downar-
TOW.

¢ Let C and A be categories. Then, for an object ¢ € C, the category
c | G is a category whose objects are morphisms ¢ — G(a) for each

object a € A. Morphisms are commuting triangles: This is an instance of a comma category,
and explains the notation we chose for
the sets ¢ | v and & | a in the previous

c L G(a) section.

where ¢ 75 G(a) and ¢ EN G(a') are two objects.

* Now that we have a category we have a notion of “smallest ele-
ment” that generalizes categorically. This means: the categorically
generalization of property (2) will be that for all objects ¢ € C, the
category c | G has an initial object.

This is a definition of adjoint.

* Generalizing (3), we need to build a category F | a. This category

has objects F(c) Ly 4 for objects ¢ and morphisms f. Then, a
morphism in F | a is again a triangle:

F(c) L a

1

E(c)
F
—
e Let C A
~
G
Finally generalizing (1) is a bit tricky. Let 7 : id = Go F and
¢: FoG = id. Then, we have coherence conditions? 2 The idea of a coherence condition is
essentially “equations you add to your
e The final generalization is (4). Categorically, this says for all ¢ € C definitions when you generalize from

preorders to categories”. Here, we've
introduced extra ways to get between
C and A via the units. This could add

. . . - ) lots of extra morphisms to our category
with compatible domains. Intuition: take all the things that the if we aren’t careful. So, the coherence

definitions says are natural and “poke a hole in them”. Here are conditions restrict this proliferation of
morphisms. It’s useful to think about

what happens without these coherence
conditions; the easiest is to see that
initiality is violated in the category
clG.

and a € A, A(F(c),a) = C(c,G(a)) that is natural in a and c.

What does “natural in 2 and ¢” mean? Well, we need two functors
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the holes: A(F(—1),—2) : C°? x A — Setand C(—1,G(—2)) :
CP x A — Set. Then, the definition says there must be a natural
isomorphism between these two functors.

¢ Packaging all these definitions up:
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Definition 57: Adjunction

G
following equivalent definitions hold:

satisfy the triangle identities:
F G
F =L FGF G = GFG
\ HEF N HeG
F G
* Natural isomorphism of hom-sets: For any objects ¢ € C and d € D there is an isomorphism:
D(Fe,d) =2 C(c,Gd)

that is natural in c and d, i.e., there is a natural isomorphism between the two functors:

D(F—,—)
R

C°P x D Set
~_ "
C(—,G—)

o [nitiality condition: For every object c € C, the category ¢ | G has an initial object.

o Terminality condition: For every object d € D, the category F | d has a terminal object.

Let C C D Dbe a pair of functors. Then, the functor F is left adjoint to G, written F H G, if any of the

* Unit & co-unit: There is a pair of natural transformations 77 : id¢ = GoFand e : Fo G = idp that

13.4 Examples

* A category C has terminal objects if and only if the there is a func-
tor F: C — 1 (1 is the 1-object category) that has a right adjoint.






14
Elementary topoi

¢ A topos is a category whose internal language is like set theory.
If you like, you can think of it as a “#lang for math”: it gives a
reinterpretation internal to some category of all the mathematical
symbols like A, V, 3, V, =, set-builder notation, etc.

* Many of the categories we’ve been discussing so far — presheaf
categories, the category of G-sets, the category of finite transition
systems — are examples of toposes.

e Today we’ll discuss elementary toposes, which are toposes whose
internal language is intuitionistic higher order logic. This means
that the law of excluded middle and the axiom of choice may not
hold in these topoi (i.e., logical statements like =—¢ may not entail

?)

* To get there, we will study the critical set-theoretic relationship of
a subset, which is a special relationship between two objects that
says one object a part of another. Once we have the categorification

of subset in hand, we will use it to define other logical connectives.

14.1  Parts of objects

® Recall the definition of a monomorphism, which is the categorifi-
cation of an inclusion map (or injective function): from the home-
work:

Definition 58: Monomorphism

Let C be a category. A morphism X i> Y is a monomorphism if
81

for any morphisms Z v X ,if fogg = fogytheng; =
82

This chapter is heavily based on [21]
chapters 32 and 33. This chapter is
work-in-progress.
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g». This property is called left cancellation of f. Monomorphisms
are typically drawn with a hook arrow like X — Y.

¢ In the homework we saw that, in the category of finite sets, a func-
tion is injective if and only if it is a monomorphism. Injective maps
identify subsets, so monomorphisms will identify subobjects.

* Monomorphisms give us a natural notion of a categorification of
subset, which will be called a part of an object:

Definition 59: Part of an object

Let C be a category and X be an object in C. Then, Y is a part of

X if there is a monomorphism Y — X.

14.2  Subobject classifier

¢ The subobject classifier is the categorification of a characteristic
function.

Definition 60: Characteristic function

Let S be a setand A C S. Then, the characteristic function of A,
written x4 : A — {T, L}, is the function:

T ifxec A

XA =XH—
1 otherwise.

¢ Intuitively, characteristic functions ought to be in bijection with the
subsets they are defined over. We can see this as follows. Suppose
we have the following diagram in the category of finite sets:

{x}

J{true

S ML (T, 1}

Define true : x +— T. Then, there is a set B that is the pullback
along the morphism ! : B — % and x4, and this set B must be
isomorphic to A.

¢ This setup lends itself naturally to a categorical definition:



Definition 61: Subobject classifier

Let C be a category with terminal objects and () be an object
in C. Then, a morphism true : 1 — ()is called a subobject
classifier of C if for every monomorphism j : U < X there is
a unique morphism x; : X — Q called the classifying mor-
phism for the subobject represented by j such that the following
diagram:

u—t-1

\[j ltrue
Aj

X — O

is a pullback along x; and !. In this situation, the object (2 is
called the object of truth values.

e In the category of finite sets, the two-element set { T, L} is the

object of truth values and the map frue : {x} — T is the subobject

classifier.

The subobject classifier can be much more interesting in different
categories! Let’s see an example of one.

Definition 62: Topos of trees

Consider the following category called IN_,:

0 1 2 3

The tfopos of trees is the category of presheaves on IN._ written Ps

We haven’t defined what a topos is yet, so just treat the above

as the definition for a special kind of presheaf category. But,
let’s see what a subobject classifier is in this category. First, let’s
look at what monomorphisms look like. Here is an example of a
monomorphism:

CATEGORIES FOR PL
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The red arrow is a natural transformation Q = P where each com-
ponent of the natural transformation is an injective function. In a
situation analogous to the one in finite sets, a natural transforma-
tion « : P = Q is a monomorphism in a presheaf category if and
only if each component is an injective map.

* Objects of this category can be thought of as “sets of facts that are
true at particular times”. They will correspond to Kripke models,
and a monomorphism will correspond to a Kripke sub-world.

* Now we can think about the object of truth values. It is this:

Formally, ) is a presheaf that maps each object to the set {T,1,2,--- },
and each morphism to the predecessor function that maps 1 to T

and T to T. Intuitively, think of each element of each set as rep-
resenting “the number of steps until something is true”. With this
intuition, a non-zero value represents that something is false at a
particular time step.

¢ Given this object of truth values, we can design the subobject
classifier as taking each time step and mapping it to the number of
steps of “gas” that timestep has left:



¢ Let’s use this object of truth values to find the classifying mor-
phism for & above. We need to find a morphism P X0

* The mere existence of subobject classifiers already forces your
category to behave in set-like ways. An example: Every category
with a subobject classifier is balanced, meaning that if there is an
epimorphism and monorphism between two objects, they are iso-
morphic. This is just like in sets where the existence of an injection
and surjection implies an isomorphism.

14.3 Generalized elements

Important picture: the subobject classifier gives us an interpretation
for set-builder.

{xeX|px)} — 1

e

x o(x) 0

We can say an element of X satisfies ¢ if we can find a morphism xg
such that the following commutes:

{xeX|px)} — 1
/ j p(x) Jf”’f
(@]

This is often too strong, e.g. Kripke semantics. Enter generalized

elements:
We say U F ¢ (read “U forces ¢”).

14.4 Kripke-Joyal Semantics

¢ The Kripke-Joyal semantics gives us a full picture of working
internal to a topos
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Think of ¢(x) as an open term with free
variable of type X.
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¢ These will look very familiar if you are familiar with separation
logic papers

14.5 Elementary topos

¢ The Kripke-Joyal semantics tells us what features we need our
category to support, which will be an elementary topos:

Definition 63: Elementary topos

A category C is an elementary topos if and only if it has products,
coproducts, exponentials, an initial object, a terminal object, an ob-
ject of truth values, and satisfies that for every object X the slice cat
egory C/X has products.

e Every presheaf category is an elementary topos (!!)



15
Sheaf semantics

Last time we mentioned that sheaves serve as a “hash-lang for
math”. More precisely, this means that sheaves provide a model of
higher-order intuitionistic logic. In this logic it is possible to express a
large amount of math; as a rough approximation, think of what can
be written down as using Prop in Rocq (and without Inductives), or
what can be expressed in Isabelle/HOL. While the standard model
of this logic interprets propositions as classical truth values (either
true or false), each category of sheaves provides a non-standard in-
terpretation which often turns out to be convenient for modeling
situations that arise in PL. This chapter provides a pared down pre-
sentation of the key idea behind how sheaves accomplish this. Rather
than covering full higher-order intuitionistic logic, we will cover the
intuitionistic propositional logic:

ppu=T|LleAp|oVY|le=1¢|a

This logic consists of the usual intuitionistic logical connectives, plus
some set of atomic propositions a.

Eventually we will see how to interpret this logic using the so-
called sheaf semantics. We will build up to it by first talking about
Kripke semantics, then presheaf semantics.

15.1  Kripke semantics

Kripke semantics are concerned with describing beliefs over time.
For example, in the past, we believed that in the night sky there
were 3 objects: a morning star and an evening star. Then, recently,
we learned that in fact the morning star and evening star were both
venus, and discovered new planets like Saturn and Pluto.

This chapter is heavily based on these
notes from Alex Simpson: https:
//alexksimpson.github.io/Talks/
TutorialOnSheafSemantics.pdf


https://alexksimpson.github.io/Talks/TutorialOnSheafSemantics.pdf
https://alexksimpson.github.io/Talks/TutorialOnSheafSemantics.pdf
https://alexksimpson.github.io/Talks/TutorialOnSheafSemantics.pdf
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Before Morningstar  Evening star Saturn

Recently

v

Saturn Not a planet

Now

We can describe this situation by interpreting the connectives of in-
tuitionistic propositional logic with a generalized set of truth values.
The key idea of Kripke semantics is to introduce a set W of possible
worlds, whose elements represent states of knowledge. These states
of knowledge are partially ordered according to what an accessibility
relation <; the relation w < w’ (pronounced “world w’ is accessi-
ble from w”) represents the situation where a state of knowledge

w can evolve into w’. For the planetary example above, one could
set W to the three-element set {before, recently, now} ordered by
before < recently < now.

Each proposition ¢ is interpreted as a subset of W giving the set
of possible worlds in which ¢ holds. Crucial to this interpretation is
a monotonicity property that models the fact that knowledge is stable
over time: if ¢ holds in world w, then it also holds in all worlds ac-
cessible from w. The Kripke semantics of intuitionistic propositional
logic is as follows.

[—] : Formula — p(W)
[T]=w
[L]=2
[o Al = le] N [¥]
[o vyl = lel Uyl
[o = ¢] ={w|forallw > w,if w € [¢] thenw' € [y]}
Of these definitions, the interpretation of = is the most interesting. A
naive interpretation that says ¢ = 1 holds in world w if and only if
w € [¢] implies w € [y] is not valid here, because it fails to satisfy

monotonicity.
These semantics are designed so that you have sound interpre-



tations of the proof rules of intuitionistic propositional logic: if

@1, ,¢n F P then [@1] N---N[pn] C [¢], where F is intuition-
istic syntactic entailment. In this sense the Kripke semantics provides
a “domain-specific reinterpretation” of the usual rules of proposi-
tional logic, where each formula ¢ denotes a monotone subset [¢] of
the poset W.

As an example of this kind of reinterpretation, consider the poset
IN ordered by reverse inclusion, so that a natural number 7 is accessi-
ble from m if n is smaller than m. This gives a semantics of intuitionis-
tic propositional logic that is used in step-indexing *.

15.2  Presheaf semantics

Presheaf semantics generalizes the poset (W, <) from Kripke seman-
tics to a category C. Elements w € W are generalized to objects ¢ of
C and the accessibility relation w’ > w is generalized to a morphism
f : ¢’ — c. There are two things to note about this generalization.
First, there can now be multiple such morphisms f between any two
given objects; intuitively, this is like a generalization of traditional
Kripke semantics where there can be multiple different “ways” of
going from one world to another. Second, there is a bit of reversal
of direction going on: the accessibility relation w’ > w becomes the
existence of a morphism ¢’ — c¢. This reversal of direction has to do
with the fact that presheaves on a category C are contravariant; i.e.,
functors C°P — Set.

Rather than interpreting each formula as a monotone subset of W,
the presheaf semantics interprets each formula as what is called a
sieve on C.

Definition 64

A sieve on a category C is a collection of morphisms S in C that is

closed under precomposition in the sense that if ¢/ L> cisin S then

soisc” & ¢! s ¢ for any morphism ¢’ % ¢’,

Intuitively, a sieve S containing a morphism ¢’ L> c represents a
proposition ¢ where, if one is currently in world c, then ¢ will be-
come true if one transitions to world ¢’ via f. The requirement that S
be closed under precomposition provides a generalization of mono-
tonicity.

The presheaf semantics is the corresponding generalization of
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* Derek Dreyer, Amal Ahmed, and Lars
Birkedal. Logical step-indexed logical
relations. In 2009 24th Annual IEEE
Symposium on Logic In Computer Science,
pages 71-8o. IEEE, 2009
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Kripke semantics where propositions are interpreted as sieves:

[—] : Formula — {sieves on C}
[T] = the set of all morphisms in C
[L] =2
[o Aol = lel Nyl
[o vyl = lelU[¥]
lo = ¥] :{c’i>0|forallc” 3 ,if fog € [¢] then fog € [¢]}

Just like in the Kripke semantics, the presheaf semantics for Kripke
logic will also validate intuitionistic logic entailments.

The following proposition verifies that the presheaf semantics
indeed generalizes the posetal case.

Proposition 15.2.1. For any poset (W, <), monotone subsets of W are
the same as sieves on W°P, where W is considered as a thin category,
and the presheaf semantics agrees with the Kripke semantics.

In particular, the Kripke semantics for step-indexed logic cor-
responds to the presheaf semantics for the usual poset of natural
numbers (IN, <) made into a thin category. (Note that, unlike in the
last section, this poset has the natural numbers ordered in the usual
way. The appearance of op in the presheaf semantics automatically
performs the reversal of the ordering relation that we did manually
in the last section.)

A more interesting example is the presheaf semantics for name
generation. We will take as our indexing category the category of
finite injective maps Finlnj°P. Objects are finite sets I' and homs are
injection functions I' — T”. Intuitively, this represents how names
can change over time: an injective function I' — I’ expands the set of
available names from T to I, while possibly renaming the variables
in I' along the way.

In the resulting presheaf semantics, the interpretation [¢] of a
proposition ¢ is the set of renamings r : I' — I” such that ¢ holds
when I" is “available”, i.e., T is rewritten into some new context I'
that validates ¢.

Notice that this is proof-relevant in the sense that the kind of substi-
tution performed matters: there can be many injective maps I' — T”.
As usual the interesting case here is implication, which can be read
off directly from the Kripke semantics above.

15.3 Sheaves

At this point we’ve hit most of the common PL applications. Presheaf
semantics get you very far: it is not that common to need to use
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sheaves.

Whereas presheaf and Kripke semantics are well-suited to mod-
eling when a proposition becomes true, sheaves are well-suited to
modeling where a proposition becomes true. Sheaves interpret objects
c of the indexing category C not as states of knowledge, but rather
as spaces; morphisms f : ¢’ — ¢ represent subspace inclusions that
map a smaller space ¢’ into a larger space c. The sheaf semantics then
models the spaces where a given proposition is true. The monotonic-
ity requirements of Kripke and presheaf semantics continue to be
relevant under this spatial reading: if a proposition holds in a space
¢, then one would intuitively still expect it to hold in a subspace ¢’
picked out by some inclusion f : ¢’ — c. But the spatial setting pro-
vided by sheaf semantics adds an additional twist not present in the
more temporal reading provided by presheaf and Kripke semantics:
it is possible for a family of “subspaces” {f; : ¢/ — c}iec; to jointly
cover a space c.

The spatial interpretation offered by sheaf semantics affects the
reading of disjunction. The Kripke/presheaf reading of disjunction
says that ¢ V ¢ holds on a space w if either ¢ holds on all of w or ¢
holds on all of w. But there is a third possibility: perhaps ¢ holds on
some piece wy of w, and 1 holds on some piece w, of w, and together
w1, Wy COVeEr w.

A simple example is given by interpreting “space” as “subset of
R” and “inclusion” as subset inclusion. These spaces along with
their inclusion relations forms a thin category ©(IR). Families of
morphisms with a common codomain U in this setting are families
(U;)ieg of subsets of R where U; C U for all i € I. It is then natural
to say that such a family covers U if they union to U: J; U; = U. The
sheaf semantics for this notion of cover interprets each proposition
@ as a collection [¢] of subsets of IR; a subset U is in [¢] if “¢ is true
everywhere in U”. For example, one can define an atomic proposi-
tion ¢ ="is less than one” whose interpretation [¢] is the collection
of all those subsets U of R contained in the (—oo,1), and an atomic
proposition i ="is greater than zero” whose interpretation [¢] is
the collection of all those subsets contained in (0, ). Now consider
the disjunction ¢ V . Intuitively, this proposition should hold ev-
erywhere in R, as every real number is either less than one or greater
than zero: we should expect [¢ V ¢] = [T] = the set of all subsets of
RR. But the presheaf semantics says that [¢ V ¢] = [¢] U [¢], which
consists only of those subsets of R are either contained in (—oo,1) or
(0,00). The sheaf semantics corrects this by taking into account the
fact that (0, 00) and (—c0, 1) form a cover of R: a disjunction ¢ V 1
holds on a subset U of R under the sheaf semantics if there is a cov-
ering U = Uy U Uy of U by two subspaces Uj, Uy such that ¢ holds on
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U; and ¢ holds on U,.

More generally, the sheaf semantics is parameterized by a relation
T called a coverage that says when a given family of morphisms {f; :
¢; — C}ier with common codomain ¢ counts as a cover of c.

Definition 65

A coverage on a category C is a relation T between families of mor-
phisms with common codomain c and objects ¢ of C. If T relates a
family {f; : ¢; = c}ics to an object ¢ we say that {f; : ¢; — c}ies
is a T-cover of c. The relation T must satisfy the following proper-
ties:

* Reflexivity: the singleton set {id. : ¢ — ¢} is in T for every ob-
ject ¢

e Transitivity: if {f; : ¢; = c}ie; is in T and for every i € I there
is a family {f;; : c;j — ci}jej, in T, then the family {fif;; : c;j —
C}[GI/]'EL' iS in T

e Stability: if {f; : ¢; = c}lierisinTandg : ¢ — cisanar-
bitrary morphism into ¢, then there exists a family {f; : ¢; —
c'}jej such that every g f]-’ factors through some f;; that is, for ev-

ery j € ] there exists an i € I such that gf; = fig' for some g’.

These coverage conditions are best visualized as closure conditions
on families of morphisms drawn as trees. Reflexivity says that the
trivial tree with just an identity morphism counts as a cover; transi-
tivity says that a family of covering trees can be grafted onto another
to form a new covering tree; stability says that a covering tree can be
“pulled back” along a morphism g : ¢’ — c.

With the definition of coverage in hand, the sheaf semantics of
intuitionistic propositional logic is as follows.

[—] : Formula — {sieves on C}
[T] = the set of all morphisms in C
[L]={f:c —c|@isa T-cover of c}
[o Aol = [el N y]
leVy] ={f:c — c|thereisa T-cover {f;:c; — ¢’ }icr of ¢’ such that ff; € [¢] or ff; € [y] for all i}
lo = ¥] :{c’i>c|forallc” 3, ¢,if fog € [¢] then fog € [y]}

Like the presheaf semantics, this semantics interprets each proposi-
tion as sieve. But the sheaf semantics satisfies an additional invariant.
Each sieve produced by the sheaf semantics is what is known as T-
closed; we omit the formal definition here, but intuitively this says
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that if a proposition holds for every component of a covering family,
then it holds for the space covered.
Examples of coverages:

* The notion of cover for subsets of R forms a coverage on (p(R), C
) considered as a thin category.

® One can place a coverage on the category Formula of propositional
formulae that says that a finite set ¢4, ..., ¢, covers a formula ¢ if
@1V -V @y 1 @. Intuitively, this notion of coverage corresponds
to the notion of cover one would get by intepreting formulas as
sets of models.

* A more exotic notion of coverage, for the category FinInj°P, is given
by declaring any singleton set to be a cover (thatis, {r : I — I’}
covers I for any I, T”,r.). This coverage corresponds to a cate-
gory of sheaves known as the Schanuel topos, and produces a sheaf
semantics that can be used to talk about name generation as mod-

145

eled by nominal sets 2. > Andrew M Pitts. Nominal sets: Names
and symmetry in computer science. Cam-

) bridge University Press, 2013
15.3.1  Where are the categories?

One might have noticed that categories of presheaves or sheaves
have not played a role in any of the above. This is because we have
restricted the discussion to propositional logic. Moving from propo-
sitional to first-order logic requires interpreting formulas-in-context
I' = ¢, which in turn requires interpreting contexts I' and upgrad-
ing the semantics of formulas to include substitutions y € [I]. It
will turn out that this upgrade requires interpreting each [I'] as a
presheaf (in the presheaf semantics) or sheaf (in the sheaf semantics).

We briefly sketch how this interpretation works. Recall the plane-
tary picture from before. Turning this picture on its side, we obtain a
balloon diagram lying over the category W°P, where W is the poset
before < recently < now. This balloon diagram defines a presheaf
Sky on W°P, whose elements model our conception of objects in the
night sky over time. This presheaf can serve as the interpretation of
a basic sort Sky of a first-order intuitionistic logic. Logical predicates
x:Sky F ¢(x) then denotes subpresheaves: for instance, the points
in the diagram highlighted in yellow depict a subpresheaf corre-
sponding to the predicate ¢ that out those objects that are considered
planets through to the present day.






16
Monads

. . . . A monad is just a monoid in the cate-
Monads are widely used for structuring effectful computation in gory of endoburritos.

functional programs. For example, we can have a small functional
programming language with a monadic type-former T:

ABu=Unit|AxB|A—B|TA
M,N :=() | (M,N) |fstM |sndM | Ax.M | MN | x (16.1)
| pure M | x + M; N

The syntax pure M lifts a pure computation into a monadic one,
and the syntax x <— M; N is a monadic bind that enables computation
inside the monad. The way that these syntactic forms are used is best
understood via their typing judgments:

TEFM:A TFM:TA I''x:AFN:TB
I'Fpure M:TA I'Fx+ M;N:TB

If you've programmed in Haskell, you're quite familiar with ex-
amples of monads. A simple example is the Maybe monad, which lets
you program with values that can be either Nothing or Just a value.
This makes it a convenient pattern for implementing and sequencing
partial functions, as the following Haskell code illustrates:

: divide :: Double -> Double -> Maybe Double

> divide a 0 = Nothing
divide a b Just $a/b

s my_computation :: Double -> Maybe Double
6 my_computation x = do

7 divl <- divide 10 x;

8 div2 <- divide 20 x;

9 divide divl div2

Let’s consider now the denotational semantics of monads. Let’s
start with the type former T M. We typically think of the interpre-
tation of types as “a space of values that behave like a type”, where
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we use universal properties to characterize what it means to behave
like a type. A monad is a new and exciting creature when viewed
from this lens: it takes in a type A (so it is higher-order), and it pro-
duces a new type [T A] that has A living inside of it. This feels very
functorial. We can couple this intuition with the requirement that
denotational semantics be defined compositionally, and we can arrive
at the conclusion that [T] is a functor:

[T A] = [T1(1AD (16.2)

Concretely, suppose we are interpreting our small higher-order
language in some Cartesian-closed category C. Then, [T] is an endo-
functor [T] : C — C, a particular kind of functor from a category into
itself. One way of understanding what T is is that it maps elements
to generalized elements that are imbued with the additional structure of
the monad.

As usual we don’t know what kind of properties the functor [T A]
must have yet; to see those, we'll need to reverse-engineer them from
how monads are used. Let’s start by examining pure. By our usual
translation of typing judgments into morphisms, we can conclude
that [T - pure M : T A] must have type [I'] — [T] ([A]). We need
to build this morphism. We know how to get close to it: [M : A] has
type [I'T — [A]. But, we need an extra morphism to get from A to
T A: this is called the unit of the monad at [A], and will be denoted

VIVAE

[[M]] l Ay,

[TFpure M:T A] =[I] — [A] — [T] ([A])

In Haskell, 7 is called pure or return. Notably, in Haskell, pure
is a polymorphic function of type a -> m a for some monad m and
type parameter a. This is a polymorphic function, so it makes sense
to think of y as a natural transformation y : id¢ = T.

class Functor m => Monad m where
return :: alpha -> m alpha
join :: m (m alpha) -> m alpha

Interpreting bind:

HI‘I—M:TA I[Lx:AFN:TB

I'-x«M,N:TB H:HFH%HTH(HBH)

— rp M, fid M),

Ir] < [71 ([AD)
SR, [T (] x [A])
LD, iy (11 )

5 [T (1B)

strength

[1] has a very nice discussion of this
motivation of monads as “generalized
elements of a category”.
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16.1  What's the problem?

“A monad is just a monoid in the category of endofunctors, what’s the
problem?”

We've seen how a monad consists of (1) an endofunctor T : C — C;
(2) a unit natural transformation # : ide = T (3) a multiplication (or
join) natural transformation p : T? = T. As usual, these special
morphisms must satisfy certain laws in order to behave coherently. In
particular, these two natural transformations need to satisfy natural
monoid laws. Recall the definition of a monoid:

Definition 66: Monoid

A monoid is a triple (X, ,¢) where X is a set, ® is a multiplication op
erator @ : X x X — X, and e € X is a distinguished unit element
satisfying: (1) associativity: for any a,b,c € X it is the case that a e
(bec) = (aeb)ecand (2) unitality: for any a € X it is the case
thatnee=cea =a.

A monad will satisfy categorical analogs of the monoid laws: the
unit natural trasnformation # must behave like a monoidal unit,
and the multiplication natural transformation y must behave like a
monoidal product. Let’s examine associativity first. This requirement
can be captured by the following commutive square:

T
T8 =5 T2

Hp{T ﬂy (16'3)
T2 == T
This square has some unfamiliar notation in it: the natural trans-
formations Ty is given by composing the natural transformation y
with the functor T. Concretely, the natural transformation Ty has
components (Tu)4 : T*(A) — T?(A) given by composing T with
each component of y, i.e. (Tu)a = T o py. The definition for uT is
analogous.
The next requirement on the monad natural transformations is
that # behaves like a monoidal unit. This is captured by the following
commuting diagram:

nT o Iy
T—— T2 <—=T
(16.4)
NG
T

There are two faces of this diagram each capturing one of the uni-
tality requirements. The left square asserts that y o T = idr, and the
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right square asserts that o Ty = idr; these equations correspond
naturally to the monoid unitality law. Together, these equations de-
fine a monad:

Definition 67: Monad

Let C be a category. A monad on C is a triple (T, #, u) where

T : C — Cisanendofunctor,y : id¢ = T is the unit natural
transformation, and y : T? = T is a multiplication (or join) natural
transformation, satisfying the associativity law in Eq. (16.3) and
unit law in Eq. (16.4).

16.2  Examples of monads

16.2.1  Maybe monad

The maybe monad is often the first example of a monad one encoun-
ters in Haskell. Intuitively, the type Maybe A represents values that
behave like A extended with the option of being “nothing”.
® Let F : FinSet — FinSet be a functor:

- Action on objects: A — AW {x}

— Action on morphisms f : A — B:
inl if @ = inl
E(f) = a s inl f(x) ifa=inlx

inr x ifa =inr*

* The unit 5 : idfjnset = F has components that straightforwardly
inject A into F(A):

14 : idFinset (A) — F(A)

=xrinlx

* The multiplication y : F2 — F merges the two nested distinguished
elements * into a single one and flattens the nesting.

16.2.2  Powerset monad

The powerset monad is defined by

® The powerset functor p : FinSet — FinSet that sends each finite set A
to the set of all subsets {A; | A; C A} is a monad.

* The unit # : idfjhset = @ has components that map sets to the
singleton set containing them:

na:A— p(A)
={A}



CATEGORIES FOR PL

¢ The multiplication y : p?> = p has components that “unfold the
double powerset”:

pa:p(p(A)) = p(A)
=S~ JA
AeS

16.3 Monads from adjunctions

A surprising fact: all adjunctions form a monad, and all monads
come from an adjunction pair!
Let’s see first how every adjunction forms a monad:

Proposition 16.3.1. Consider functors F : C - Dand G: D — C
where F 4 G. Then, there is a unit to the adjunction 77 : idc = GoF
and co-unit v : F o G = idp. Then, there is a monad (T, 7, t):

¢ Endofunctor T given by the roundtrip T = Go F

* Unit given by the unit of the adjunction

* Multiplication 4y : GoFoGoF = GoF givenby y = GoeoF.
16.3.1  Maybe monad from a free/forgetful adjunction

e Consider the categories FinSet and FinSet™.

e There is a functor forget : FinSet* — FinSet called the forgetful
functor that “forgets about the distinguished element”.

e There is a functor free : FinSet — FinSet™ that adds on a distin-
guished element

¢ There is an adjunction free - forgetful.

e The round trip free o forgetful is exactly the monad F we built
earlier for the maybe monad.

16.3.2 List monad

e List monad: Free/forgetful adjunction between sets and monoids.
Unit is singleton list construction; join is concatenation.

Example: the free - forgetful adjunction between pointed sets and
ordinary sets is the Maybe monad.
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17
Modeling effects with syntax

Monads have found extensive application in computer science and
langauge ideas for dealing with effects. The previous chapter showed
how to interpret a monadic type, but it was not exactly clear how this
captures the notion of an effectful computation. Here our aim is to
make this clear by elucidating the connection between a monad and
its Klesli category, which can be thought of as a syntactic representa-
tion of the effects being modeled. For any particular monad T on a
category C, the monad will come about as an adjunction between C
and its Klesili category.

We can start by characterizing effects using tiny languages that
capture only the effectful fragments of computation. For example,
we can represent the computations taking place under the finite
probability monad Dist using the following tiny grammar:

epist := pure(v) | if flip(p) e1 e

The syntax is extremely pared down: it does not have any features
at all except for the ability to refer to values v, or branch on a random
Boolean that is true with probability p. The set of all terms that can
be formed out of this grammar is parameterized by the collection of
values v: for each set of values V we denote the set of all terms from
epist using values V as Exppist (V).

As usual, given a language it is useful to characterize its equiva-
lences. This is a design question: you, as the designer of the effect,
must decide which effectful programs ought to behave the same.
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Some equations are quite natural from this perspective:

———— (Drovp)
if flip(p) ee=e
(Swar)
if flip(p) e1 ep = if flip(1—p) ex €1
(THEN) (ELSE)
if flip(1) e1 2 =€y if flip(0) 1 2 = e

The above equations capture natural reasoning principles. But, is this
all the necessary equations that characterize? Here is an example of
two tiny effectful programs that ought to be equivalent but aren’t yet:

?

if flip(1/2) (if flip(1/3) (pure T) (pure L)) (pure L) if flip(1/6) (pure T) (pure L)

This motivates one more equation that captures all the equiva-
lences for this effect:

pr+p2t+ps=1  po=pit+pr ps=p2+tp3
if flip(p1 + p2) (if flip(p1/p12) e1 e2) es = if flip(p1) e (if flip(p2/p23) ez e3)

(Assoc)

Now we have a tiny language that captures only the effect of allo-
cating and branching on random quantities. Using this tiny language,
we can bolt on sampling as a monad in the category of sets Set. Re-
call that the set Exppjs; (V) of probabilistic computations with values
in V is parameterized by a set V. This can be used to define an endo-
functor D : Set — Set:

D : Set — Set
D(V) = Exppist(V)/ =
D(f:V = V') =ewself(v)/0]

The action of this functor on morphisms sends a function f to the
function that uses f to substitute each value v in a given computation
e with f(v).

This endofunctor D forms a monad. The unit  is defined by the
coercion from values to computations:

ny : V- D(V)
1y (v) = pure(v)

The multiplication is defined by substitution: given a computation e
that produces computations, the multiplication j(e) is “flattening” of
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the syntax tree of e:

py D(D(V)) — D(V)
py (pure(v)) =
puy (if flip(p) e1 ea) = if flip(p) py(er) py(er)

Note in the first case that the “value” v is an element of D(V). Think-
ing of computations as abstract syntax trees, this multiplication op-
eration flattens a tree of trees into an ordinary tree. One can check
that the monad laws are satisfied; they correspond to properties one
might expect to hold of tree flattening.

The finite probability distribution monad D : Set — Set sends sets
X to the set of finitely-supported functions p : X — [0,1] such that
Teexp(x) =1

As more convenient notation, we can describe a probability dis-
tribution on X as a formal series: a distribution p : X — [0,1] can be
written as an expression c1[x1] + - - - + ¢u[xn] where ¢; € [0,1] are
real-valued numbers satisfying Y_; c; = 1, and each [x;] is a formal
parameter (i.e., a variable). There is a natural equivalence relation on
formal series given by combining the coefficients of formal parame-
ters:

c1lxa] + - Al + i)+ cenlxa] = erfxa] + o4 (e + ) [x] + - cn[x]

The additional equations of formal series are the natural equivalences
given by the commutativity and associativity of addition and multi-
plication.

Now we can give the unit and multiplication natural transforma-
tions for D:

* The unit 7 : idsey = D has components 7x : X — D(X) that place
all the probability mass on a single point: 7x(x) = 1[x].

 Multiplication # : D?> = D merges the probability distributions in
the following way:
ux : DD(X) = D(X)
= (alenx] + - +emxn]] + - +enlern[xr] + - - + cunx[n]])
= (er(en[v] + - +emx[n]) + - +enlernlxa] + - + cunx[n]))

Proposition 17.0.1. The monads D and D are isomorphic; that is,
there is a natural isomorphism D = D that commutes with the unit
and multiplication operations of D and D respectively.

Outline:
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e From what just happened to “Kleisli category is syntactic descrip-
tion of a monad”.

- Taking stock of what happened with D and D: starting from
a syntactic description of probability, we recovered finitely-
supported PMFs.

— Plotkin+Power’s idea, inspired by Moggi’s proposal to use
monads: this is a recipe for modelling effects more generally:
start from a syntactic description, add equations one expects
should hold, and try to see what mathematical objects come out
(c.f. algebraic effects)

- Examples:

+ Failure: e ::= v | fail. This recovers the Maybe monad.

+ Nondeterminism: e ::= v | amb(ey, e3). This recovers the finite
nonempty powerset monad.

+ Logging: e ::= v | log(s); e (where s is drawn from some set of
strings). This recovers the writer monad.

+ Global state (one Boolean): ¢ ::= v | x < gety; e(x) | puty;e.
This recovers the state monad, if you work hard to find the

right equations 1 * Gordon Plotkin and John Power.
Notions of computation determine
¢ This approach of starting from syntax is essentially universal alge- monads. In International Conference

on Foundations of Software Science and
Computation Structures, pages 342—356.
sal algebra to study effects. We look at one example now: the idea Springer, 2002

bra. One nice consequence is that we can use results from univer-

of a Kleisli category of a monad.

— Definition of Kleisli category. Morphisms V — TW are like
substitutions, showing how to transform each value V into a
term TW.

- Example: for Dist, Kleisli morphisms are transition matrices. In
the continuous case, Kleisli morphisms are Markov kernels.

- Example: for Maybe, Kleisli morphisms are partial functions.

¢ Given a monad, find its Kleisli category and corresponding ad-
junction.

¢ The Kleisli monad models call-by-value computation. Universal
algebra shows how to model call-by-name: Eilenberg-Moore, from
the perspective of “models of tiny language”.



18
Realizability

Realizability originated from Kleene [18] as a semantics for Heyt-
ing arithmetic. In this article, Kleene motivates the concept by call-
ing logical statements “incomplete communication” and “partial
judgment” from the perspective of constructivists and intuitionists.
For instance, a proposition “A implies B”, when interpreted intu-
itionistically, is an incomplete communication of another statement
which gives a general procedure that: when receiving the informa-
tion that completes 4, it finds the information that completes B. In
other words, Kleene is seeking the computational content of logical
statements. To achieve this, Kleene presents a way of encoding the
items of information with partial recursive functions®. Then, we may
say that certain recursive function realizes a statement, as a kind of
intuitionistic truth notion of the statement.

In the context of PL research, the more relevant way of viewing
realizability is motivated by a generalized question: “given a math-
ematical structure, what should its implementation look like?” [4]
Such interpretation of realizability is of great interest in the area of
compiler correctness [5, 29], since it naturally establishes a relation
between implementations and specifications. Also, instead of partial
recursive functions in Godel numbers, we will use a generalization
of the A-calculus that allows applications to be partially defined for
our realizers, namely the partial combinatory algebra, or PCA. But be-
fore defining PCAs, let’s first introduce an even more generalized
structure underlying them, namely the partial applicative structure, or

AS.

Definition 68: Partial applicative structure (PAS)

A partial applicative structure (A, -) is a set A equipped with a par-
tial binary operation:

TAXA—A

This chapter was written by Ming-
tong Lin. It is heavily based on [4].
The reader is only assumed to have
acquaintance with previous chapters.

* In Godel numbers, which is what you
will get if you search for “realizability”
on Wikipedia.

The discussion on PAS, PCA, and
combinatory completeness is largely
taken from [15].
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For f,a € A, if (f,a) € dom(-), we write f -a |, otherwise f -a 1.
Sometimes people may omit - and just write fa for f -a. Applica-

tion associates to the left, just like that in A-calculus, so abc stands
for (ab)c.

The definition of PAS reveals a key feature of combinatorial struc-
tures. Consider f,a € A and the application f -4, the element f
acts as a function, while the element g acts as an argument. In other
words, the program (functions) and the data (arguments) live in the
same realm and are represented in the same way.

Using our intuition from A-calculus, a PAS defines an operation
analogous to A-applications, but what about A-abstractions? To talk
about them, we first need to incorporate variables.

Definition 69: Terms (PAS)

Let V.= {xg,x1,...} be a countable set of fresh variables, the set
of terms over A, written T(A), is the least set satisfying:

e ifx €V, thenx € T(A);
e ifae A, thena € T(A);

o iffy,tr € T(A), then tq-t, € T(A)

We will use the familiar notations from the A-calculus for free
variables and substitutions.

Notation 18.0.1. FV(t) denotes the set of free variables in the term
t € T(A). A term ¢ is closed if FV (t) = @.

Notation 18.0.2. t[a/x] stands for “substituting a for x in term t”,
exactly as in the A-calculus.

Unfortunately, we are still not yet able to get something like A-
abstraction, but what exactly is going wrong?

Example 18.0.3. Let A := {1,2} and - : A x A — A be natural number
multiplication. Of course, we are able to write square of elements in
Ain our PAS (A, -):

1-14
2:24

Now, suppose we want to abstract over the squaring operation, im-
mediately we try to write a term f € T(A) such that

I=x-x



Next, we need an element f € A in our PAS that behaves like ¢, so
that we can actually apply it for the square of an arbitrary a:

fra=tla/x]=a-a
However, by inspection, none of the elements in A suffices.

The above example reveals the discrepancy that, when given a
term t € T(A), we might fail to find an element that behaves like it
in A. In order to fill the gap, we shall first formalize what “behaves
like” generally means for partial functions.

Definition 70: Kleene equality

Kleene equality establishes the quality between partial functions. Giy
an argument, either both functions are undefined, or both are de-
fined and their values on that arguments agree. We write f ~ ¢
for Kleene equality.

Then, we are able to state what it means to have an elementa € A
that behaves like a specific term t.

Definition 71: Representability

Lett € T(A) be a term with FV(t) C {xq,...,x,} and f € Aan
element of A, we say that f represents t if for all ag,...,a, € A:

o frag-...-ay1 14
o tlag/xo,...,an/Xn| >~ f-ag- ... ay

In words, f is a total function in the first n arguments, and as an #
l-ary partial function, f is equal to ¢.

When a term ¢ is representable (i.e., represented by one or more
elements in A), we have the internalization of ¢ in A. In other words,
if all of the terms t € T(A) are representable, we can always find
at least one element that encodes our desired abstraction (e.g., the
squaring operation in Theorem 18.0.3).

Definition 72: Combinatory completeness

A PAS (A, ) is combinatorially complete if every term t € T(A) can
be represented by some a € A.

Remark 18.0.4. From the perspective of recursion theory, the defini-
tion of PAS abstracts the concept of the enumeration theorem [19]*: let
A be N (the Godel numbers) and define - to be the universal function
®, we have f-a := ®(f,a).
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Unfortunately, the notation for Kleene
equality collides with that for categor-
ical equivalence. We will reserve ~ for
Kleene equality exclusively throughout
this chapter.

> Note that a PAS is not necessarily
universal, therefore we are not referring
to the utm theorem.
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Conversely, combinatory completeness corresponds to the smn
theorem. Thus, an equivalent definition of combinatory completeness
is: for a term t € T(A) and a variable x, there is a term #' such that
x ¢ FV(t') and t' |, satisfying ' - a ~ t[a/x] for all a € A.

Definition 73: Partial combinatory algebra (PCA)

A PAS (A, ") is called a partial combinatory algebra if it is combinatory
complete.

Proposition 18.0.5. A PAS (A, -) is combinatory complete if and only
if there exists K,S € A such that for all a,b,c € A:

e K-a-b=a,and
e Sca-b-c~(a-b)-(b-c)andS-a-b|.

Fact 18.0.6. The first Kleene algebra X';, combinatory logic CIL, and
untyped A-calculus A are all PCAs.

Availing us with the language of PCAs, we can now return to the
discussion of realizability.

Definition 74: Assembly

An assembly X over a PCA (A4, -) is a pair (|X],IFx) where |X] is the
underlying set and IFx is a relation between A and |X|, such that
for every x € |X|, there exists an v € A and rlFx x. We read rIFx

x as “r realizes x”.

Tthe assembly requires every x € |X| to be realized by some r € A,
but there is no constraint about their correspondence. Therefore, an
x € |X| may be realized by one or more realizers in A, and anr € A
may also realize one or more elements in |X]|.

Definition 75: Tracker

For two assemblies (|X|,IFx) and (|Y|,IFy) over the same PCA (A, 1),
and a function f : |X| — |Y]|, a tracker for f is an element t € A
such that for every alFx x, we have t-a | and t - alkFy f(x). We say
that f is realized (or tracked) by t.

Definition 76: Assembly map

An assembly map X — Y between assemblies X and Y over a PCA

The usual way of defining PCAs is to
say that a PCA is a PAS with X, S € A.
This simplification is due to Curry [10],
known as the bracket abstraction algo-
rithm. For more related details in the
context of PCAs, see [25].

John always has a comment that
“when you ask Amal about realizability,
she will likely tell you it’s just binary
logical relations.” Indeed, an equivalent
formulation is to view the realizability
relation as the subset: IFx C A; x |X|.
Note that we just sneaked in types

for our PCA (we intend to not discuss
typed-PCAs [23, 24] due to the lack

of space). Then, we can write the
realizability relation as a binary V-
relation:

(r,x) e V1]
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A is the pair (f,t) where f : |X| — |Y| and t € A tracks f.

Definition 77: Assembly category (Asm)

Assemblies over a PCA A = (A, -) form a category Asm(A) where:
* objects are assemblies X = (|X|,IFx) over A;
¢ morphisms are assembly maps;

e for two morphisms (f,t) and (g, ') where f : |X| — |Y|and
¢ Y] = |Z|, composition is defined as

(&) o (f,t)=(gof Bt 1)
whereBe A:=S-(K-S)-K;

e the identity morphism is given by the pair (id, I), where id is th
identity functionand I € A :=5-K-K.

The combinator B used in the above definition is not in the stan-
dard SKI basis of combinatory logic, but is a handy combinator for
composition:

B-g-f-x~g-(fx)
Example 18.0.7 (Unit assembly 1). The terminal assembly 1 over A is

({*},IF1), where for all r € A, we have the trivial realizability relation
7 lFg *. The unit assembly 1 is the terminal object in Asm(A).

Previously, we said that a realizer a € A may realize more than
one elements in |X |, which is not ideal for some cases. Therefore,
we introduce a restricted version of an assembly in which no two
elements share a common realizer.

Definition 78: Modest set

A modest assembly X, also called a modest set, is an assembly in which
elements do not share realizers. That is, for any two x,y € |X]|, if
an r € A realizes both x and y, we have x = y.

Fact 18.0.8. Modest sets over a PCA A form a full subcategory
Mod(A) of Asm(A).

Proposition 18.0.9. Both Asm(A) and Mod(A) are cartesian-closed.
The proofs is left as an exercise for the readers ([4, Chapter 3.6] has
some of the proofs).
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Definition 79: Partial equivalence relation (PER)

Given a modest set X, we may induce a partial equivalence relation ~x
on A which relates r and ' when they realize the same element x 4
|X|:

raxr = Ixe|X|rlbxxAr Fxx

Definition 80: Total realizer

A realizer r € A is total if r ~x r. The set of total realizers is de-
noted by || X|| = {r € A | r =x r}. Each r € ||X|| determines the
equivalence class [r]~, = {a € A |r =xa}.

The name for total realizers is confusing-it is not the converse of
“partial” in the computational sense. Replacing the other realizer *’
with another r in the above definition reduces to:

rexr <= dxe | X|orlibxx

which amounts to the fact that r realizes something in | X|, and there-
fore is not some syntactic “junk” in A. A total realizer r can definitely
realize a partial function such as integer division. However, a realizer
for n/0 is not total, since n/0 is absent in |X].

Example 18.0.10. Let us consider the modest assembly B = ({T, L}, IFg)
over some PCA A, and the induced PER =xp. The set of total realiz-

ers || B|| contains those who realize something in |B|, namely for all

r € |B|, ether rIFp T or r g L. Then, we have the following two
equivalence classes:

[rrley ={r€ Al|rt ~pr} where rrIFg T

[Filay={reA|r, =pr} where 1 IFp L

Note that since B is modest, [r1]~, and [r| |~, are disjoint.

Definition 81: Extensional realizer

Given two PERs ~x and &y, an extensional realizer between them is
ap € Asuchthat, forallr,r € A, ifr ~x r'thenpr |, pr |,
and p r ~y p r'. Extensional realizers p and p’ are equivalent when
rax v implies pr =y p' 1.

Remark 18.0.11. An extensional realizer therefore “sends related in-
puts to related outputs”, where the relation is induced by the modest
set.
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Example 18.0.12. Let us consider an extensional realizer between B
and itself. We have already discussed the set of total realizers and
equivalence classes of B above.

An example extensional realizer p sends the input to the same
equivalence class for the output: if the input is in [r1]~,, then the
output is also in [r |~,, and vice versa. If our A is A-calculus, we
have pr | and p ' | for free since application of two A terms is
always defined. One qualified p is the identity Ax.x, and the exten-
sionality condition is trivially true.

Notation 18.0.13. In stead of writing ~x for the PER induced by
the modest set X, it is common to denote it by X directly. This con-
vention is slightly ambiguous, but is somewhat reasonable since the
correspondence is one-to-one.

Remark 18.0.14. Note that in the discussion of extensional realizers,
we did not mention what in | X]| is realized by p. This is fundamen-
tally different from what we did when defining trackers, where we
said f : |X| — |Y]| is realized by t. In fact, the underlying set |X| only
appeared at the very beginning for defining the PER itself throughout
our discussion of PERs.

This marks a fundamental perspective shift. In the assembly view,
we relate “implementations” (the realizers) to “specifications” (the
mathematical objects in |X]). In the PER view, we relate implementa-
tions to implementations, by quotienting them through a PER.

Definition 82: PER category Per(A)

PERs and equivalence classes of extensional realizers form a cate-
gory Per(A) where:

* objects are PERs X on A;

¢ morphisms X — Y are equivalence classes of extensional real-
izers [p] : X = Y;

e for two morphisms [p| : X — Y and [q] : Y — Z, composition
is defined as

lalo[pl = lgop]
where [g 0 p] is defined as [B- g - p].

¢ the identity morphism is I.

For details of the equivalence proof,
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. . . consult [4, Chapter 3.3.3]. There is also
Proposition 18.0.15. The categories Mod(A) and Per(A) are equiva- an Agda mechanization of this proof

lent. in [7].
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Definition 83: Uniform assembly

Let X be a set and A a PCA, the uniform assembly (or constant assem

bly)
VaX = (X,IFy,x)

is the assembly in which the elements are “uniformly realized”. Th
is, forallr € A and x € X:

rH—VAXx

Notation 18.0.16. When not ambiguous, we write VX for V5 X.

Fact 18.0.17. Uniform assemblies over a PCA A form a full subcate-
gory of Asm(A).

Proposition 18.0.18. The unit assembly 1 is uniform.

In a uniform assembly VX, every x € X is realized by every
r € A, meaning that the realizability condition is trivial and the
realizers provide no information about the elements in X. Think about
the trackers: normally, a tracker ¢ of f needs to carefully maintain
the condition that when applied to an argument that realizes a valid
input x of f, it should realize the result f(x). But within uniform
assemblies, the condition collapses to only require t-a |, since it
is guaranteed to realize f(x). In this sense, VX is devoid of any
computational content.

Proposition 18.0.19. Given an assembly X and a uniform assembly
VY over a PCA A, every function |X| — Y is an assembly map
X = VY.

Proof. For a function f : |X| — Y, we pair it with a trivial tracker I,
where for all 2 € A, I-a is always defined. O

Definition 84: Uniform assembly functor (V)

Let V : Set — Asm(A) be the functor defined as follows:
* on objects, it sends a set X to the uniform assembly VX;

* on Set morphism f: X = Y, Vf = f.

Proposition 18.0.20. The functor V is fully faithful.

Proposition 18.0.21. An assembly X is uniform if and only if it is
isomorphic to some VY. Therefore, the functor V  is essentially

surjective onto the full subcategory of uniform assemblies over a

PCA A.
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Corollary 18.0.22. The category of uniform assemblies over a PCA A
is equivalent to Set.

Definition 85: Forgetful functor (I)

Let I': Asm(A) — Set be the forgetful functor defined as follows:
e on objects, ['X = |X|;

e onassembly map (f,t) : X = Y, I'(f,t) = f.

Proposition 18.0.23. The the forgetful functor I is left adjoint to the
uniform assembly functor V.

Proof. Recall the natural transformations 7 : idasm(a) = VI and
€ : 'V = idge are the unit and counit of the adjunction.

e For any X € Asm(A), the component of the unit yx : X — VI'X is
defined by the assembly map (id|x|, I), where I is a trivial tracker.

¢ Forany S € Set, the component of the counit eg : I'VS — Sis
given by the identity function idsg.

e Show eI o I'y = idr: for an assembly X € Asm(A),
(€F o F11)X =€rx ©° 1"(;7;() = ile‘ Oid‘X‘ = 1d\X|
® Show VeoyV =idy: foraset S € Set,

(VeoyV)s = V(es) onys = (ids, I) o (ids, I) = (ids, I)
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Categorical Noninterference

Noninterference is a property in formal security to establish the
safety of private information with respect to public information.
Essentially, a program /language/protocol satisfies noninterference if
publicly observable operations do not depend on private information;
behavior using private data has no distinguishable effect on public
data.

This property is very strong, and almost always too strong. One
might be motivated to research different models for reasoning about
noninterference, with the hope of obtaining a weakened (yet formal)
version. As was mentioned at the beginning of this semester, the
answer to understanding a problem is rarely to categorify it. But why
not give it a try?

In this chapter, we explore Sterling and Harper’s approach to non-
interference via a sheaf semantics in their paper titled Sheaf Semantics
of Termination-Insensitive Noninterference®.

The category theory in this chapter is primarily sheaf-theoretic; the
content is almost entirely self-contained. Sources and supplementary
reading can be found in these course notes, §I and §II of Sheaves in
Geometry and Logic by MacLane and Moerdijk, Category Theory in
Context by Emily Riehl, and of course ncatlab.org.

19.1 Information Flow Basics

This section introduces some terminology and basic ideas around
formal reasoning for information flow. We start with the notion of a
security lattice. The simplest form is the set £ = {L,H} with L < H,
where L represents low-security (or public) data, and H represents
high-security (or secret) data.

One way to think about this lattice with respect to programming is
by "labelling" variables with some ¢ € L, e.g. x represents that x is a
low-security variable. This labelling can be implemented with security

This chapter was written by Bex Golo-
vanov.

* We do not cover anything pertain-
ing to termination, sensitivity or lack
thereof. Our exploration is also lo-
calized to pages 6 and 7 of the paper,
as well as one observation on page
12 which we prove at the end of this
chapter.
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types. For example, if we want to talk about x; of type Int with this
framework, we would say x has type Int;, where Int; represents
public ints.

When working with information flow, we ideally want use of
public (observable) data to not reveal anything about secret data.
The strongest statement of this is requiring that public data never
depends on secret data, usually referred to as noninterference.

Definition 86: {—equivalence

Let L : Var — L be a labelling from variables x to elements ¢ of
the security lattice L.

A state ¢ : Var — Val maps variables to values. Two states o, ¢’/
are (-equivalent, denoted ¢ ~; ¢/, when for all ¢/ < /¢, if L(x) =
V', then ¢(x) = ¢/(x). This requirement is equivalent to L(x) < ¢
for all x, which we can interpret as x being "public with respect to
e

Definition 87: Noninterference

A program w satisfies noninterference if, for any states oy, 02 such

o / 49 / / / o ey
that oy ~ 03, and o1 — 07, 02 — 0,, we have 07 ~| 0,. If initial
states agree on all public values, the respective post-states

should agree on all public values.

Let Rel be the category whose objects are sets and whose morphisms
A ~p B are relations ~gC A x B. We can think of /-equivalence as
a morphism in Rel, where ¢ ~; ¢’ means (¢,0’) € ~y C £ x ¥/ for
Y, %/ sets of states. Since functions f : A — B can be represented as
graphs f C A x B, where (a,b) € fif f(a) = b, we can consider
functions to be relations as well, so « : & — ¥/ is also a morphism in
Rel.

Then noninterference can be understood as the requirement that
the following diagram commutes:

~v
0 «——7 02
14 14
~Y

/ /
T —

This property is also referred to as ¢y and 0, being indistinguishable
with respect to public values.
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This indistinguishability property is equivalent to requiring any
map from some type Ty to type 71 to be constant. One characteriza-
tion of this definition is the following:

Proposition 19.1.1. For any closed function - - f : Ty — 77, there
exists a closed - - v : 77 such that f ~ A_.v, meaning f is observation-
ally (extensionally) equivalent to a constant v function.

19.2  Categorical Background Potpourri

In this section, we explain the medley of categorical concepts needed
to understand Sterling and Harper’s construction.

19.2.1 Lattices and Logic

Definition 88: Lattices

A lattice L is a partially ordered set which has all meets and
joins.

e Two elements [,k € L have a meet if there existsanm € L
such that m is the greatest lower bound of I and k. Joins are
symmetrically least upper bounds.

* Having all meets and joins means for any pair of elements
in the lattice, you can find a greatest lower bound as well as
a least upper bound. This property can also be phrased as
having all binary products and all binary coproducts.

A lattice with 0 and 1 (unique initial and terminal objects) has
all finite limits and all finite colimits.

Intuitionistic propositional logic can be thought of as a Heyting
algebra H, which is a lattice with 0 and 1, and has for each pair x,y
an exponential object y*, usually written as x = y. Disjunction and
conjunction are joins and meets, respectively, with the initial object 0
and terminal object 1 as their respective identities. That is,

xV0=x, xN1=x
A distributive lattice is a lattice in which
xA(yVvz)=(xAy)V(xAz)

holds for all x,y,z € L. This identity also implies the dual, x V (y A
z) = (xVy)A(xVz).
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The exponential x = y corresponds to implication. Writing out our
usual diagram in the above language,

ZNAX

LN

YAx —— y
we can characterize y* or x = y by the following;:
zAx <y < z<x=yY

We can interpret x = vy as a least upper bound for z such that z A
x < y. Negation in a Heyting algebra can be defined in the "implies
absurdity” manner:

x:=x=0

With our definition of =, this implies
y<—x < yAx=0,

where we have = instead of < because 0 is initial. An alternative (cursed) answer to the
question "what is a topology?" : a
topology is just something you define
sheaves over, and sheaves are just
something you define a cohomology

A topology on a set X can be defined as a collection 7 of subsets on, so the question you should really be

o ; 5
of X, called open sets and satisfying the following axioms: asking is, what is a cohomology?

Definition 89: Topology

1. The empty set and X itself belong to 7.
2. Any arbitrary union of members of 7 belongs to 7.

3. The intersection of any finite number of members of 7 belong

to 7.

For a topological space X, the set of all open sets of X, notated O(X),
forms a Heyting algebra. This implies we can model the intuitionistic
propositional calculus with any topological space X, by looking at the
associated set O(X).



Definition 9o0: Special Subsets of Lattices

* An upper set U on a poset (P, <) is upwards closed: if x € U
and x < z, then z € U.

* Symmetrically, a lower set U on P is downwards closed: if x €
Uand z < x, then z € U.

* A filter 7 on P is an upper set with the additional condition
of every finite subset of F having a lower bound in F (filters
are closed under finite meets)

Example 19.2.1. Recalling that the natural numbers IN form a poset
ordered under divisibility, here is a Hasse diagram of the factors
of 60, where the blue numbers are the elements of the upper set
generated by 6 (and in this case the upper set is also a filter), and the
orange are elements of the lower set generated by 10.

60

Definition 91: Alexandroff Topology

The Alexandroff Topology is a natural topology on the underlying
set of a pre-ordered set, where the open sets are the upper sets.

Let’s check that this definition satisfies the axioms for open sets.

Proposition 19.2.2. Upper sets of a poset P satisfy the following
axioms:

1. The empty set and P itself are upper sets.
2. Upper sets are closed under arbitrary unions.
3. Upper sets are closed under finite intersections.

Proof. .
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For an example of an upper set which
is not a filter, consider the lattice of
divisors of 12 ordered by division. The
upper set defined by U = {4,6,12}

is not a filter, since the meet (in this
case gcd) of 4 and 6 is 2, which is not
contained in U. By contrast, {6,12}
satisfies filter requirements

(Foreshadowing): If we order filters

F on a poset P by inclusion, we get a
poset of the set of filters. This would
imply there exists an Alexandroff
topology to be defined here, with upper
sets of the filters.
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1. @ as an upper set is vacuously true; there are no elements to
check. For P, suppose x € P and x < y. Welly € P because
P is the entire set.

2. Let {U;};cs be a collection of upper sets. We wish to show ;¢ U;
is an upper set. Suppose x € U;jc;U; and x < y. Then x € U;
for some j € I. U; is an upper setand x < y,soy € U;. Then
y € Uier U; so arbitrary union of upper sets is also an upper set.

3. Let U,V be upper sets. We want to show U N V is an upper set.
Suppose x € UNV and x < y. Then x € U and x € V. Since U and
V are both upper sets and x < y, wehavey € Uand y € V. Then
y € UN V! So upper sets are also closed under finite intersection.

O

19.2.2  Sheaves

In the sheaf semantics chapter we defined a coverage, which was de-
fined to be a relation T between families of morphisms with common
codomain ¢ and objects ¢ of C. If a family {f; : ¢; — c} and object
carein T, then {f; : ¢; — c} is a T-cover of c. Conditions for T can
be found in the aforementioned chapter. A general intuition for these
families of morphisms is to think of them as a way to partition an
object ¢ by images of f;.



Definition 92: What is a sheaf, actually?

Let C be a category with a coverage T. For any object A € C, we
have a T-cover {a; : A; — A};c; indexed by some I. A presheaf F
on C is a sheaf if it satisfies two additional conditions for any
T-cover:

1. locality: For any f,g € F(A),if f |o,= g |a, foralli € I, then
f = g The notation f |4, is equivalent to applying F(p;)(f)
where p; is the morphism A; — A.

If two elements agree locally (on each part of the cover), they
agree everywhere. We can also think of this as being able

to partition any f € F(A) into the "sum of its parts", where the
parts correspond to an arbitrary cover of A.

2. gluing: Let f € F(A). For any i,j € I, we have F(71;)(f |4,) =
F(rt;)(f |A/.) in F(A; x4 A;), where 71; is the projection
Aj x Aj — A, 7t is the projection for Ajand A; x4 Ajis the
pullback of A along f |4, and f [4;.

If C is a preorder with meets, this simplifies to for any x € A; N
Aj, we have f |4, x = f |4, x.

* Consider the case where F(A) maps to sets of functions. In
this case, an equivalent definition to the above which may
have more of a "gluing" connotation says that, for any
fi+ Ai = Aand f; : Aj — Asuchthat fi(a) = fi(a) for
a € A;N A, there exists a unique f such that f |;= f; and
f |j= fj- Thatis, when we have two maps agreeing at their
intersection, we can "glue" them together to get another map.

Proposition 19.2.3. Let C be a category with a coverage and F : C°7 —
Set. For any A € C, for any cover {a; : A; — A} of A, F is a sheaf iff
F satisfies the equalizer diagram

P

—
F(A) = TTF(A) , TIFAinA),
i€l —ijel

where p(fi) = fi |a,na; and q(fi) = fj [ana;-
Brief sketch on why the above is true:

Lemma 19.2.4. e (or any equalizing map) is a monomorphism. Con-
versely, the morphism associated to the coequalizer is an epimor-
phism. These are not too hard to prove.

Can see Solution 19.4.4

¢ Since F maps to Set, ¢ is also injective. We can think of ¢ as the
map that partitions some f € F(A),ie. e(f) = {f |a,}ier- Then
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agreeing locally, f |4.= & |,, is equivalent to saying e(f) = e(g).
Injectivity of e gives us f = g.

e The equalizer-ness of F means F(A) only consists of those f
where poe(f) = qoe(f). We are guaranteed (f |4,) [a,na,=

(f |Aj) |AiﬂAj' which is equivalent to saying f |4, x = f |A]. x for
allx € A; N A]

Definition 93: Topological Vocabulary

* Let U be an open subset of some S with topology 7. The fam-
ily of open sets C = {U; }¢; indexed by some I is an open cover
of U iff Uiel lll- =U.

* A family of open subsets {B;};c; of S form a basis for T iff for
any U C S, there exists some | C I such that {B;};cj is an open
cover of U. That is, any element of 7 (open set) can be

represented as a union of some subset of the basis elements.

For a space S, the topological definition of a covering corresponds to
a coverage on O(S), where the families of morphisms are inclusion
maps. Recall O(S) denotes the set of open sets of S, which form a
poset (in fact, a heyting algebra) under inclusion.

Taking C as an open cover of U as above, we can write C as
{U; = Ulier-

Definition 94: Subterminal Sheaf

Fix a category C

* Given a functor F, the functor G is a subfunctor of F if G(C) C
F(C) ¥V C € C.If Fis asheaf on C, then G is a subsheaf if and
only if for every open U of C and every element f € FU, and
every open covering U = |JU;, one has f € GU if and only if
f lu,€ GU; for all i.

e The terminal sheaf is the terminal object 1 of Sh(C). A subter-
minal sheaf F is a subsheaf of 1. F is a subfunctor, meaning
FC C 1C = 1for all C € C. This means FC can only be either
1or @.

Proposition 19.2.5. A subobject of a sheaf F in the category Sh(C) is
isomorphic to a subsheaf of F.

Proof. See 8I1.3 in Sheaves in Geometry and Logic by MacLane and
Moerdijk.



Theorem 19.2.6. For any space X, there is an isomorphism
O(X) = SubSh(X) (1)
of partially ordered sets.

Proof. =

Given any open set W of X, define a functor Sy on open sets U by
Sw(U) = 1if U C W and @ otherwise. Recall 1U = 1 for all open
U. Let {V;} be an arbitrary covering of U. If Sy (V;) = 1 for all i, then
UV: € W, meaning U C W, so Sy (U) = 1. In the other direction, if
Sw(U) =1,all V; C Uso Sw(V;) =1 for all i. So, we can see Sy is a
subsheaf of 1.

=

Let S be a subsheaf of 1. Each S(U) must then be either 1 or @. If
S(U) = 1and V C U, and S requires a morphism S(U) — S(V)
meaning 1 — S(V), it follows that S(V) is nonempty and thus
S(V) = 1. By the equalizer condition, if {V;} is an open cover of
U and SU; = 1 for all i, then SU = 1.

Define W = J{U € O(X)|SU = 1}. Then by equalizer condition
we have SU = 1if and only if U C W. Then we have S = Sy, so we
have the bijection W <= Sy . O

19.2.3 Special Sheaf Functors

The crux of the Sterling and Harper’s information flow model is
based on the following monad definition:

"For any subspace Q C P, a sheaf A € Sh(P) can be restricted
to Q,asin A |p€ Sh(Q), and then extended again to P. This com-
posite defines an idempotent monad on Sh(P) that we can interpret as
removing any data from P that cannot be seen from Q."

This construction is a specialization of a much more general prop-
erty of sheaves, which we need to do some work to define.

Definition 95

Let X, Y be topological spaces. A function f : X — Y is continu-

ous if, for every open V C Y, the preimage f (V) is open in X.

All monotone maps in the Alexandroff topology are continuous.

See Solution 19.4.1
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A monad T is idempotent when T2 = T
(i.e. u =iso).
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Definition 96: Direct Image Sheaf Functor

Given a continuous f, each sheaf F on X yields a sheaf f.F onY
defined for V openin Y, by (f.F)V = F(f~'V). Essentially, f.F
is the composite functor

-1
o) L ox)er Ly set

This sheaf is called the direct image of F under f. The map
f« 2 Sh(X) — Sh(Y) is a functor of sheaf categories.

A continuous f : X — Y also induces a functor f* : Sh(Y) —
Sh(X), where each sheaf G on Y yields a sheaf f*G on X. We typ-
ically can’t define f* (the Inverse Image Functor) as simply as we

were able to define f. because we don’t know if f(U) is open (conti-

nuity only gives us information about preimages).
First we have the general and scary definition (though not the
most general because we assume sheaves over topological spaces):

Definition 97: Inverse Image Sheaf Functor

sheafification of the presheaf U — colimy - ¢(;;) G(U), where U is
any open set in X, and the limit is taken over all open sets V of Y

containing f(U).

Let f : X — Y be a continuous map of topological spaces. For any
sheaf G on Y, we define the inverse image sheaf f*G on X to be the

Luckily for us, the only continuous maps we care about in this chap-
ter are inclusion maps. Here is some sketchy / informal reasoning as

to why i*F(U) = F(U) when X C Y is open for open U C X.

* When X C Y is open any open U C X is open in Y as well.

e F(U) would be the colimit of F(V) where V D i(U) = U, because
U is clearly the greatest lower bound (limit) on sets containing U,
so dually F(U) would be the least upper bound (colimit) on F(V)

with V D U, since F is contravariant.

e Then i*F(U) = F(U), and of course F is a sheaf so i*F(U) auto-
matically satisfies sheaf conditions for open U.

If X is not open, we have a more complicated situation, where
open U C X is not guaranteed to be open in Y.

If we are working in a topology 7 where for every (not necessarily

open) subset V of a space Y has a smallest open U C Y such that
V C U, then i*F(V) = F(U). Let’s notate this smallest open U for

In the measure theory/qbs lecture,
we briefly discussed the pushforward
of a measure along a measurable
map: jig(b) = pa(f (b)) where
f~1is the preimage. We can similarly
think of up as the composite functor

—1
g I pIRLEN [0,1], where we might

want to denote yip by fipa, and say f
is a functor of probability measures.
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V by o(V). To have i*F satisfy sheaf conditions, we need covers to
"behave well", that is, for U; V; = V, we need U;0(V}) = o(V). In
general this is not guaranteed.

However, in this chapter we will only be looking at the Alexan-
droff topology. In this topology the open sets are upper sets, so for
any set V, we have o(V) =1 V, where 1 V represents the upwards
closure of V, basically turning V into an upper set. The upwards clo-
sure T respects/distributes across unions, that is Ui TV; =T U,V So
we do not need to worry about sheafifying anything!

Theorem 19.2.7. If f : X — Y is a continuous map, then the functor
f*, sending each sheaf G on Y to its inverse image (preimage) on X,
is left adjoint to the direct image functor f; :

fe
Sh(X) —= Sh(Y) , f"Hf«
f*
Proof. See §ll.9 in Sheaves in Geometry and Logic by MacLane and
Moerdijk. O

Theorem 19.2.7 is included to note that f, o f* is a monad on
Sh(Y). Particularly, when X C Y and f is the inclusion map i, we
have a monad given by i, o i*. It is precisely this composition which
defines Sterling et al.’s idempotent monad.

The preimage of the inclusion map i : Q — P is defined i (V) =
VN Q, where V is an open subset of P. With this, let’s compute this
monad for any inclusion. Fix a sheaf F and V open in P.

i.(i*F)(V) = (i*F)(i"'V)
= ("F)(VNQ)

Recall that in our special case, the functor i* operates by i*F(U) =
F(1 U) for open U in subspace Q, where 1 U is the upward closure
of Uin P. When Q is open in P, i*F(U) = F(U).

For any sheaf F, F(©®) = 1. We can see this from the equalizer
definition, where F in this case is the equalizer of the empty diagram,
which is precisely the terminal object.

fVNQ#Q, theni,(i*F)(V) =F(1 (VNQ)). fVNQ = @, then
ix(i*F)(V) = 1.

19.2.4 Pushouts

Let X be a topological space and Y an open set in X. One of the
monads that Sterling et al. define is the composition of i, o i* defined
by i: X \Y — X. The authors mention that this monad i, o i* can be
identified with a pushout construction

Y Uy (=) : S(X) — Sh(X),

177
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where Y here is treated as the subterminal sheaf where Y(U) = 1
if U C Y, and @ otherwise. This construction is key for later non-
interference proofs, so we provide some intuition for how pushouts
work/behave.

Pushouts are dual to pullbacks, but it is not very intuitive to get a
sense of what that means exactly. We can try to work it out by staring
at the diagram in Set:

Where P is the smallest object with morphisms ic, ip, such that
icog=ipof,ie. ic(g(a)) =ip(f(a)) for all a € A. Then we can see
that this restriction is only for the images of f and g; we don’t have
any equality condition on b ¢ im(f),c ¢ im(g). These maps ip, ic are
canonically quotient maps modulo the relation by f and g, meaning
they map b € B,c € C to equivalence classes [b], [c] € P, with this
extra equivalence condition.

So, we can interpret the commutativity of this square to mean
that for b, c where there exists an a such that f(a) = b,g(a) = c, we
require ig(b) = [b] = [c] = ic(c).

In Set, P is a "quotient of the disjoint union of A and B", which
can also be written A LI B/ ~, where ~ is the equivalence relation
generated by the restriction detailed above, i.e. some ~ satisfying
b ~ cwhen 3 a € Asuch that f(a) = b,g(a) = c. The pushout
essentially collapses the images of f and g to equivalence classes in
P. We provide a couple of examples in Set.

Example 19.2.8 (pushout of product). Let B, C be nonempty sets.

BxC —" B BxC —" B

R

C ——— BUpxcC C—— {}
C

I

By definition of product, for every b € B and for everyc € C,
there exists an a € A, namely (b, c), such that 711 ((b,c)) = b and
m2((b,c)) = c. Then every element of B is in the same equivalence
class as every element of C, and by transitivity of equality, every el-
ement of B is in the same equivalence class, as well as every element
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of C. Then P only has one equivalence class, so P is a singleton set
and thus isomorphic to the terminal object.

Example 19.2.9 (pushout of the initial object, 0). Recall that if a cate-
gory has a terminal object and pullbacks, then it has products. This is
the dual for "initial and pushout imply coproducts".

! !
0O — B 0 — B

IR

CTBLIOC Ci—>BLIC
C

The empty set is the initial object in Set. There are no b, c such that
f(a) =b,g(a) = c because there are noa € A = @. Then each b and ¢
are distinct, resulting in the disjoint union of B and C.

Going back to our product example, suppose B is empty and C is
nonempty. The product B x C is isomorphic to 0, so we would get
BUC =0UC =C. If Band C are empty, then naturally the pushout
would be empty as well.

Let’s look at how pushouts behave with presheaves. Let F,G €
[COP; Set].
Example 19.2.10 (pushout of F x G). This example is interesting be-

cause it does not automatically collapse to {*}. Functors are defined
by how they act on objects, so for some A € C we have

(FxG)(A) —— 4, F(A)

|

I
ﬂZAJ( lig

|

<

G(A) --=--z-==-= F(A) U(pxc)(a) G(A)

Ic
Where the projection maps are now natural transformations, also
defined component-wise. Recall (F x G)(A) = F(A) x G(A). We end
up with 3 (really 4) cases for the pushout:

1. F(A) and G(A) are nonempty. Then we have the typical product -
pushout, so in this case we do get 1 or {x}.

2. F(A) is nonempty and G(A) is empty. Then F(A) x G(A) = @.
Pushout from the initial object gives us F(A) UG(A) = F(A) U
@ = F(A). We have a symmetric case for F(A) empty and G(A)
nonempty.

3. F(A) and G(A) are empty. This yields QU@ = @

Sheaves are a little more complicated. If we compute a pushout of a
product of sheaves S, P as above, we can define the result point-wise
as a presheaf, but we are not guaranteed that this presheaf satisfies

179

the sheaf conditions. The general solution to this is to sheafify
the computed presheaf pushout, which

is currently out of the scope of this
chapter.
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19.3 Sheaf Semantics for Noninterference (putting it all together)

We are now ready to talk about some of the central ideas of the pa-
per. This section will culminate in a proof of a form of noninterfer-
ence where sheaves are interpreted as types.

Fix a poset P of security levels closed under finite meets.

Definition 98

* An abstract behavior x is a filter on the poset P. We can interpret
this as saying x denotes the security levels where a behavior is
permitted.

— For example, a filter generated by M would include Hand T,
capturing that medium-security information/behavior can be
used at higher-security levels.

* A security policy U is a lower set in P. The notation U I x is
pronounced "U permits x", and means U N x # @.

- Consider the poset {L < M < H}. Supposing we have a se-
curity policy generated by M: this includes L and M, and can
be understood as denoting the security levels above which
some information/behavior is permitted. Alternatively, the
set where this behavior is not allowed.

Definition 99

The authors define P to be the topological space where points are
abstract behaviors, and the open sets are of the form {x | U - x}.

Prove these sets are open with the openness axioms.

See Solution 19.4.2

Each security level £ € P represents a security policy (¢) of the
form {a € P | a < (}. The corresponding open subspace of P,
({x | {¢) F x}) is denoted P,y. The complement, P\ P,y is denoted

P.(e).
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Proposition 19.3.1. The predicate (¢) N x # @ is equivalent to ¢ € x.

To see the above, suppose we have some nonempty intersection
for (¢) and x. Then there exists some k € (¢) such that k € x. Since
k € (¢), this means k < /. Since x is a filter and hence upwards
closed, since ¢ > k and k € x, we have ¢ € x. The other direction
is immediate since / € () so £ € x clearly implies a nonempty
intersection.

Proposition 19.3.2. Let (/1) and ({») be security policies such that
{1 < £p. Then P<[1> C P<22>.

Proof. Let x be an abstract behavior in Py, i.e. a filter on P such
that (/1) N x # @. Then there is some y in this intersection, meaning
y € xand y < {;. Since ¢; < ¢; and posets have transitivity, y < ¢,
which means y € ({2). Theny € xN ({2), s0 x € Pyy,. O

19.3.1  Sheaf Interpretation

In this subsection, we parse Sterling et al.’s statement: “our intention
is to interpret each type of a dependency core calculus as a sheaf on the space
P of abstract behaviors. to see why this interpretation is plausible as a basis
for secure information flow, we note that a sheaf on P is the same thing as a
presheaf on the poset P”.

¢ In this context, the only relevance of dependency core calculus
is that it is a typed programming language where types can be
annotated with security levels from some poset.

¢ This statement assumes a presheaf interpretation over P is under-
stood to be a plausible basis for modeling information flow, so let’s
justify this quickly:

— Consider the presheaf category over P. This has a natural rep-
resentation for information flow : for each security level ¢, we
have a set F(¢) representing what data is visible under security
level £. Since presheaves are contravariant functors, for each
k < lin P, we get a morphism F(¢) — F(k), demonstrating the
restriction of information to that at a lower security level.

* Now we have this note : a sheaf on P is "the same thing" as a
presheaf on the poset P. This sounds like a bijection.

Theorem 19.3.3. There is a bijection between the presheaf category
Psh(P) and the sheaf category Sh(P).

Recall the topological space at hand, P, has open sets of the form
{x | U+ x}, where U is a lower set, x is a filter, and U - x means
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U Nx # @. Note that the open sets are defined by the lower sets of
P, so we will denote them by Oy, where U is the lower set of choice.
Now we have a series of lemmas.

Lemma 19.3.4. The family {P }¢cp is a basis for the topology on P.

Proof. We know each Py = {x | () I~ x} are open by definition.

Let U be an upper set of P and Oy; the corresponding open set of
P,soOy={x|xNnU#Q}={x|3¢ecU:{ex}. Wecan tranform
this into

U{xleext={J{x| () Fx} =0y,

tel tel
where the second expression comes from Theorem 19.3.1. So, we
have a family of nonempty open sets of the form P, indexed by
some subset of P (as some of the sets in the above union will be
naturally empty) such that their union is equal to Oy in P. O

Lemma 19.3.5. Let £,k € P. We claim Py N Py = Py

Proof. Note we have ¢ Ak for any /,k € P because P is closed under
finite meets. Suppose we have some x € Py, meaning { Ak € x.
Since x is upwards closed and ¢ A k is the meet of ¢ and k, it follows
immediately that £ € x and k € x, meaning x € Py N Py

For the other direction, we begin with / € x and k € x. Since x
is a filter, any finite subset of x has a lower bound in x. Considering
{{,k} as our subset, suppose we have some lower bound q € x. By
definition of meets, g < ¢ Ak, so { ANk € x, meaning x € PW AK)- This
reasoning also tells us that filters on a poset are closed under finite
meets. O

Lemma 19.3.6. Any sheaf on P is determined by values on the basis
{Piy tiep-

Proof. Fix some sheaf F on P and let Oy be open in P. There exists
some subset @ C P such that Oy = Upeg Py, 50 {Py) ticg isa
covering of U. Since F is a sheaf, it must satisfy

p

e —
F(Ou) — [[F(Py) ¢ T1 F(Puy NPy,
eQ —71keQ
which is equal to
14
e —
FOu) — [T F(Py) ¢ IT F(Pun)-
eQ —(keQ

Then to compute behavior of F on Oy such that the sheaf conditions

are satisfied, we only need to know how F acts on the basis, since we

have rewritten the rest of the diagram in terms of the basis elements.
O

There is an alternate (perhaps more
elegant) theorem in MacLane and
Moerdijk demonstrating the same
property as Theorem 19.3.6: Let B be a
basis for a topology on a space X. The
restriction functor Sh(X) — Sh(B) is
an equivalence of categories. They leave
the proof as an exercise for the reader.



Okay, now we are ready to prove Theorem 19.3.3!

Proof. .

1. Psh(P) — Sh(P): Let E be a presheaf on P. We will use E to
define a sheaf F on P. We have the natural behavior for the basis
elements: F(P) := E({).

As we showed above, all the other open sets follow immediately
when we set F(Oy) as the equalizer of the diagram with the cov-
ering of choice being the basis elements. Note that this extends
to arbitrary coverings, as each open set can be written itself as a

union of basis elements, so no matter what we can always reduce a

covering to its basis elements.

F maintains all the presheaf requirements as well: suppose Py C

Pyry. We've shown this implies £ < k. Then we have a restriction

morphism E(k) — E(¢), and by definition this yields a restriction
morphism F(Pyy) — F(P). Defining F(Oy) to be the equalizer

of the given diagram gives us the desired sheaf conditions, as
sketched in Theorem 19.2.3.

2. Sh(P) — Psh(P): Set E({) to F(Py) for all ¢ € P.
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We could also be done after this defini-
tion, since we have a unique definition
of F on the basis, and the fancier the-
orem says F(B) is equivalent to F(P),
where B is a basis for P.
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19.3.2 Transparency and Sealing Monads

These transparency and sealing monads are precisely instances of
i, 01*, as defined in Section 19.2.3.

Definition 100

1. The transparency monad (¢) = A replaces A with whatever part
of it can be viewed under policy (). If we define i : Py < P,
the composition i, o i* defines the unit - : Sh(P) — Sh(P)
where A — ((¢/) = A). When the unit is an isomorphism at
A, we say that A is (¢)-transparent.

2. The sealing monad ({) @ A removes from A whatever part of it can
be viewed under policy (¢). If we define i : P\ Py, < P, the
composition i, o i* defines the unit # : Sh(P) — Sh(P) where
A ((£)e A).

* The sealing monad can be constructed as the pushout
Py Up, x A A. When the unit is an isomorphism at A, we say

A is ({£)-sealed.

ne_n

Proposition 19.3.7. Sterling et al. claim the transparency monad "is
the function space A, i.e. A0 = (£) = A. We will sketch a proof
for the general case of open Y in P.

Proof. (sketch)
Letj:Y < P and A be a sheaf on P. We want j,j*A = AY. One
definition of the exponential object on sheaves over O(X) is

AY(U) = Hom(Y [y, A |u)

where Y |y, A | are the sheaves restricted to subsets of U. Since
Y|y (V) =1if VCUNY and @ otherwise, any morphisms (natural
transformations) Y |;— A |y are characterized by V. C UNY.

Let a be a natural transformation and ay the component associ-
atedtoV C UNY,ie.ay : Y |y (V) = A |y (V) = A(V).
This simplifies to ay : 1 — A(V). There is a natural isomorphisms
between Hom(1, A) and A, for any object A, so ay is naturally iso-
morphic to A(V). The subsets V form a cover of UNY, so we should
be able to glue the nontrivial components of « (i.e., & |ny) to get
A(UNY). Then we have

Hom(Y [y, A |u) = Hom(Y [uny, A luny)
~ (A(V) |V CUNY)
= AUNY)

You may notice we are treating the
open space Py (and general Y) as a
sheaf. Recall Theorem 19.2.6, which
proves Sterling et al.’s statement that
an open set of P is "the same" as a
subterminal sheaf.
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In Section 19.2.3, we demonstrated j,j*A(U) = A(UNY) forj:Y —
P, so we have j,j*A = AY. O

Given space P and arbitrary (¢) € P, the subspace defining the
transparency monad (£) = is Py, and the subspace defining the
sealing monad (/)e is P, ).

Closed sets are defined to be complements of open sets. It is rare
that the complement of an open set will also be open (called clopen
sets). Note that Py 4y is not guaranteed to be open — this is where
the caveats of Definition 97 with respect to the Alexandroff topology
come in. That is, for every open U € P, ), we have i*F(U) = F(1 U)
where 1 U is the upward closure of U in P.

Example 19.3.8. Let'sfix P:={LC M CHC T}.
There are only four filters on P, so we can write all of them out:

po={L M H,T}

pr={MH T}
p2={H T}
ps={T}
From here, we can also enumerate the principal open sets on P:
Py = {po}

Py = {po, p1}
Py = {po, p1p2}
Piry = {po, p1p2,p3}

To get a better idea of how these monads work, we will work
through explicitly what (M) = A and (M) e A look like.

1. (M) = A is the monad defined by composition of the inverse and
direct images of i : Pjyyy < P

(ix 0 i) A(Pry) = A(Pry N Pyy) = A(Pry)

(ix 0 1*)A(Pary) = A(Piagy N Poary) = A(Ppagy)
(ix 0 ") A(Pyyy) = A(Pgy N Pagy) = A(Piy)
(ix 0 ") A(Pi1y) = A(Prry N Pagy) = A(Piy)

2. (M) e A is the monad defined by composition of the inverse and

-
direct images of i : Py(pp) < P

i oi")A(Piry) = A(T (Pry N Pypy)) = A(Q) =1

—~
P
.l
D)
.’U
=
S~—
SN—
Il
b
— —~
- —
— —
—
RS
N
<
W
-
S~—
SN—
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b
—~
s
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This aligns with intuition that sealing at level (¢) preserves all data
"higher" than /, but collapes/makes all data at or "lower" than ¢
indistinguishable.

The authors mention that the sealing monad also has a pushout
construction. Check that evaluating Py U PupyxA A at the princi-
pal sets (P for £ € P) agrees with the composition of the direct
and inverse images of the inclusion map.

(Hint : use Theorem 19.2.10; don’t worry about sheafification)
See Solution 19.4.3

Proposition 19.3.9. The (/)-transparent part of an ({)-sealed sheaf is
trivial, i.e. ((¢) = ((¢) @ A)) = {x}.

Proof. Let’s expand the definition of (¢) = in the above expression:
i (i ((0) 0 A)) (V) = (i*((£) ¢ A)) (iT'V) = (i*((€) » A))(V N Pyyy) = ({€) » A) (VN Pyy)

We know V' N Py C Py, so from our computation above we can see
((¢) e A)(VN Pyy) = {} forany V € P. O

19.3.3 Noninterference

We’ve made it!

The noninterference property will be represented by the constant def-

inition. That is, if we have a morphism from higher security to lower

security, this morphism satisfies noninterference if it is constant.
Recall that we aim to view these sheaves as types: we can think of

A(U) where U C P as the data of type A which has some associated

security restrictions/permissions. If we say a morphism A — B

is constant, this means that the behavior of f does not reveal any

information about data of type A.

Theorem 19.3.10. Any map (¢) ¢ A — bool is constant.

Proof. The boolean sheaf bool assigns to each open the set of boolean
values {true, false}.

Let’s see what happens when we apply (¢) = bool. This evaluates
to bool (P, V) = {true, false} for any open V € P. By function
extensionality, (¢) = bool = bool for all /, so bool is (¢)-transparent
for all ¢, meaning (¢) = bool = bool.

The unit = : Id — ((¢) = _) is a natural transformation, so the
following diagram commutes:



(¢)e A —————— bool (l)o A — 1 boot
77:>J( l{"/:’ = Tlél kj
(0) = ((£)o A) — (¢) = bool {*} —— > bool

The diagram on the left comes from Theorem 19.3.9 and the fact that
bool is (¢)-transparent for all ¢. This simplifies to

(0)e A . boot

\ gT
{*}
Since f factors through the terminal object, f must be constant. O

Since bool is a constant sheaf, it is essentially public. So, the above
theorem is stating the mapping to bool from any type of (¢) sealed
data will not reveal anything about this "more secure" data.

Theorem 19.3.11. Morphisms (/) ¢ A — B are in bijective correspon-
dence with morphisms A — B that restricts to a constant function
under (¢).

Proof. We take "restricts under (¢)" to mean "under application of the
(£) transparency monad". Recall 7, refers to the unit for sealing.
1. Begin with f: (/) e A — B.

We can use the pushout definition of the sealing monad to get the

following diagram:

P<[>><A—>A

RS

Py ——— () o A _ S 33

where ' is defined to be f o 77,. Based on our understanding of
restriction under (¢), we want to see how (¢) = f’, mapping
(¢) = A — ({) = B behaves, so really we only care about

f/

e a D

AL(().A%B

We now use the functoriality of (¢) = to have that the following
diagram commutes,

CATEGORIES FOR PL

187



188 CATEGORIES FOR PL

(O=f

0 =AY o eny P25y o B
which simplifies to

(O=f

N

0 =a—5 82 o

So, since (¢) = f' factors through the terminal object, it must be
constant, meaning the f’ defined by f o 7, restricts to a constant
function under (¢).

2. Begin with an f’: A — B such that (¢) = f’ is constant.

We again want to observe the pushout diagram for (¢) e A:

P<[>><A—>A

| BN

Note we do not have a defined arrow (¢) e A to B. By the universal
property of the pushout, if we have morphisms A — B and P —
B, then there exists a unique morphism (¢) « A — B such that
everything is nice etcetera. To obtain a morphism Py, — B, we use
the constant under (¢) assumption for f’.

() = f’ constant means for any x € (¢) = A, we have ((¢) =
f')(x) = c for some constant ¢ € (¢) = B. Theorem 19.3.7 states
that the transparency monad is isomorphic to the function space
AP (with open sets being treated as subterminal sheaves), so this
constant c is isomorphic to a map Py — B, so we can complete
our diagram to get

For each f' : A — B restricting to a constant function under (¢),
there exists a unique f : (¢) # A — B.
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The noninterference intuition for the above theorem is that, if
we have a map which relies on sealed (secret,private,etc) data, then
when we try to take a "less secure" view, the behavior of this map is
indistinguishable.

19.4 Solutions

Solution 19.4.1. Solution to Exercise 1:

Let U be open in Y. Then U is an upper set, meaning if 2 € U and
a < b, then b € U. Suppose we have x € f~1(U) and y € X such that
x <. We wish to show y € f~1(U).

Since x € f~1(U), we know f(x) € U. By monotonicity, we know
f(x) < f(y), meaning f(y) € U Theny € f~}(U), so f~1(U) is an
upper set and thus open.

Solution 19.4.2. Solution to Exercise 2:

1. The empty set, along with being an upper set, is also a lower set
(for the same vacuous reason). Then we can write the set {x |
xN@ # @} = @, so the empty set fits this characterization. Now
we look at {x | x NP # @}, but this in fact contains every x
because each x is nonempty, so this set is equal to P.

2. Arbitrary unions: we want to write J;c;{x | U; - x} as
{x | ?  x}.What does it mean for some x’ to be in this union?
That there is some U; such that x’ N U; # @, which means there
exists some y such that y € " and y € U;. So we can reformulate
this as saying x is in the arbitrary union if there exists some j €
Iand y € xsuch thaty € U;. The existence of some j can be
rephrased as requiring there exist some y € x such thaty €
Uier U;. Then this is equivalent to the existence of some
y € x N Ujes Uj, so we can rewrite the arbitrary union as

{x|xnJu}
iel
The arbitrary union of lower sets is also a lower set — the proof
is very similar to that for upper sets, you can do it if you are not
convinced. So, we have that these sets are closed under arbitrary
unions.

3. Finite intersections: Similarly, we can rewrite Oy N Oy as
{x | (UNV) F x}, and lower sets are also closed under finite
intersections.
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Solution 19.4.3. Solution to Exercise 3:

We will compute (M) e A as the pushout of Py, x A. We will
use Theorem 19.2.10, which was for presheaves. Because this space
Sh(P) is particularly nice, we don’t have to do any fancy sheafifying
after computing the pointwise values. Recall Py, is being treated as
a subterminal sheaf, so since Py ¢ Py for example, Py applied
to Py will be @. On the other hand, both Py, and P subset Py,
so the application returns 1.

These are the resulting values of applying the monad:

(M) e A)(Ppy) =1
((M) @ A)(Pppy) =1
((M) e A)(Piy) = A(Pipy)
((M) @ A)(Pi1y) = A(Py)

Solution 19.4.4. Solution to Lemma 19.2.4 (sketch)
P
Let e be an equalizer map for A = B. We want to show e is a

monomorphism, meaning for any f q C— Ag:C— A, if wehave
eo f =eog, this implies f = g. So, suppose eo f =eog.

By equalizerness, we know poe = goe, so we can set poeo f =go
eo f. Then e o f is an equalizer of p and 4. By the universal property,
there exists a unique u such thateou = e o f, and uniqueness of u
gives us u = f = g, so we have f = g.

The coequalizer = epimorphism reasoning is very similar.
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Type Refinements as Indexed Inductive Types

In the course of writing code in a simply typed language, one may
find oneself wishing to constrain the values of a type based on some
“feature” of its values. For instance, when writing functions over lists
or trees, it may be desirable to enforce constraints on the length or
height of the input, or to ensure that the values it stores conform to
some precondition. A classic example is the list zip operation: the
author of this function may wish to enforce that its arguments have
the same length.

Refinement types enrich simple type systems to allow programmers
to express such constraints. For example, the type of lists of length n
can be written

{xs : List A | length(xs) = n}

In dependently typed languages, such refinement types can be
naively translated as dependent pairs, attaching to lists proofs that
they satisfy the length constraint:

Y length(xs) =n

xs : List a
However, dependent types permit a more elegant encoding: such
constraints can be directly “baked into” the definition of an inductive
type via type indices, ensuring that all values inhabiting the type are
correct by construction. Our example above, for instance, yields the
type of length-indexed vectors:*

inductive Vector (A : Type) : Nat -> Type

| vnil : Vector A ©

| vcons : {n : Nat} -> A -> Vector A n -> Vector A (succ n)

The type Vector naturally internalizes the length refinement from
the simply typed setting. In this chapter, we will use a categorical
construction to generalize this transformation to arbitrary inductive
types and a broad class of refinements. In other words, we answer
the following question: how can a refinement of a type in a simply

This chapter was written by Joseph
Rotella.

* Throughout this chapter, we will
write code snippets in a syntax similar
to that of Lean 4, though we assume

all constructors live in the global
namespace. Those familiar with Agda
can read inductive as data and Type as
Set.
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typed language be translated into an indexed inductive type in a
dependently typed one?

Although this question serves as our motivation, the actual aim of
this chapter is threefold:

¢ To give an account of a categorical semantics of inductive and
indexed inductive types;

¢ To illustrate an application of these tools in the form of the transla-
tion discussed above; and

¢ To provide motivating intuition for the study of fibrations, which
we regrettably do not have space to treat herein.

The content of this chapter is largely based on the work of Atkey,
Johann, and Ghani [2]. The content of the first section on induc-
tive types also draws on Wadler’s “Recursive Types for Free!” [36]
and scribed lecture notes from New’s presentation of similar mate-
rial [28].

20.1 Categorifying Inductive Types

We will begin by adding a new programming-language feature to our
categorical repertoire: definitions of inductive datatypes.

20.1.1  Wherefore More Constructions?

Let us first consider why the facilities afforded to us by our existing
semantic development are inadequate to express inductive type def-
initions in full generality. This may not be immediately obvious: for
instance, as we have previously seen, the datatype of booleans

inductive Bool : Type where

| true : Bool

| false : Bool
has elements isomorphic to those of Unit @ Unit, which we inter-
pret categorically as 1 & 1. We can even model finite parameterized
datatypes: the option datatype
inductive Option (A : Type) : Type where

| some : A -> Option A

| none : Option A
has elements isomorphic to those of A @ Unit, which we interpret as
[A] © 1 (assuming that we are able to interpret A). More generally, to
interpret the elements of a given inductive type, we can treat each
constructor argument as a term in a product, then sum together the
representations of each constructor. Where lies the problem?

You may notice that our wording above—interpreting “elements
of the type” induced by the definition, rather than the “definition”
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itself—is somewhat roundabout: this is intentional. An inductive
type is characterized not merely by its ground inhabitants, but also
by the maps into the type (i.e., its constructor forms). An inductive
type also comes equipped with a recursor (also known as an iterator
or fold) that admits recursive definitions over the type. The account
above, which describes only the object denoted by the type itself,
does not directly characterize these facets of an inductive definition.

Moreover—and more problematically—we also currently lack the
facilities to provide a general categorical account of infinite inductive
types, such as the type of natural numbers

inductive Nat : Type where
| zero : Nat
| succ : Nat -> Nat

or the type of lists
inductive List (A : Type) : Type where

| nil : List A

| cons : A -> List A -> List A
since the tools we have previously used to give the semantics of
lambda calculi—(finite) (co)products, exponential objects, and initial
and terminal objects—do not admit the construction of sums and
products of unbounded arity. To give a complete account of general
inductive definitions, we will need to develop some new (and repur-
pose some old) tools.

We will motivate our translation of inductive datatypes using our
standard approach to translating PL concepts into category theory:
translating inference rules. Specifically, we will translate the inference
rules for booleans and natural numbers into categorical construc-
tions, then observe some patterns that will allow us to generalize
these translations to arbitrary inductive types.

20.1.2 Categorifying Booleans

To begin, we return to the example of the type Bool. Its constructors
are characterized by the following typing rules:

——— T-TRUE —— T-FALSE
F true : Bool I false : Bool

Note that we write these rules with an empty context, rather than
an arbitrary I'. Recalling that the empty context is represented by the
terminal object 1, these rules correspond to the existence of two global
elements true, false : 1 — [Bool].

193
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Definition 101: Global element

In a category with terminal objects, a global element of an object A
is a morphism 1 — A. It is the categorical interpretation of an “el-
ement” of an object A.

Here, our use of global elements corresponds to the fact that true
and false are distinguished members of the “collection” denoted by
Bool. The rules above translate into the following diagram:

1 true [[Bool]] false 1

However, we want to be able to map out of our inductive types
as well. To do so, we must define the recursor for the Boolean type,
canonically known as if:*

Ft:t Fe:t
b:Booll if(t,e)(b): T

T-1F

The recursor is operationally characterized by B and 5 laws. The
B laws say that if should “case correctly”: it should evaluate to its
“then” branch on a true input, and to its “else” branch on a false
one. The y law, meanwhile, says that “things that behave like ifs are
judgmentally equal to ifs;” one can think of this as a restricted form
of function extensionality:

Ft:T Fe:T i Ft:T Fe:T i
Fif(t,e)(true) =t: 1

Fif(t,e)(false) =e: T 2

x:Boolkd:t Fdftrue/x]=t:7 Fd[false/x]=e:7T
x:Boolkd=if(t,e)(x): T

Wif

As in our previous translations of equational laws, the § laws cor-
respond to equalities of morphisms, while the # law is a uniqueness
criterion. In particular, the § laws require that if we have morphisms
t,e : 1 — [t], then if(t,e) o true = tand if(¢,¢e) o false = e.
Meanwhile, the # law says that if we have some expression d such
that it can be substituted for if(¢, e) in the preceding two equali-
ties3—i.e.,, d o true = t and d o false = e—then it is equal to the
recursor: in other words, the recursor denotes the unique morphism
satisfying these equalities. Putting these together, we obtain the fol-
lowing pair of commutative triangles:

> We will adopt the convention of writ-
ing recursors with their major premise
(i.e., the value being “recursed on”) as
the final argument. This is opposite

the usual notation in functional pro-
gramming but will better agree with the
categorical formulation.

3 Recall that we interpret substitution as
composition of morphisms.



1 true [[Bool]] false 1

N
[
For reasons that will become clear shortly, it is helpful to expand
these triangles into squares:

1 true [[Bool]] false 1

id if(te) idq (20.1)

Exercise 20.1

Verify that 1 & 1 is a suitable choice for [Bool]. What are the de-
notations of true, false, and if(t,¢)?

20.1.3 Categorifying Natural Numbers

We now perform a similar translation for natural numbers. The type
Nat has two constructors, zero and succ, and is equipped with a
recursor rec(ez, x.es)(n). Notice that, unlike if, the recursor for Nat
binds a variable in the successor case: this will be the recursive result
of evaluating the recursor on the substructure of n. The typing rules
are given below:

———— T-zErO T-succ
I zero : Nat n :Nat - succ(n) : Nat

Fe,:T x:NatbFes:T
T-NATREC

n:Nat k- recyat(ez, x.e5)(n) : T

The B rules for the recursor express its behavior as a fold over
the structure of a natural number: applying the recursor to zero
evaluates to the first arm, while applying it to a successor binds x to
the recursive result of folding over its predecessor, then evaluates es:

Fey,: T x:Nathbeg:T

ﬁ;ecNat

F recnat(ez, x.es)(zero) =e; : T

Fe,: T x:Nathes:T F n:Nat
recCnat
S

F recnat(ez, x.e5)(succ(n)) = es[recnat(ez, x.e5)(n)/x]: 1

CATEGORIES FOR PL
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Finally, the # rule says that any expression e that satisfies the
above equations is equal to the corresponding recursor application:

y:NatbFe:t Felzero/y] =e;: T

n:Nat b e[succ(n)/y] =esle/x]: T

recCyat

y:Nat ke = recyat(ez, x.e5)(y) : T

As with Booleans, categorifying the rules for natural numbers
yields an object representing the type Nat, a morphism for each con-
structor, and, for each pair of “combining-function” morphisms run-
ning “parallel to” the constructors, a unique morphism denoted by
the recursor.# In the case of natural numbers, however, the resulting
construction has a special name: the natural numbers object.

Definition 102: Natural numbers object

A natural numbers object in a Cartesian closed category C consists
of

¢ An object N of C, and
* Morphismsz:1— Nands: N — N,

such that, for every object A of C and pair of morphisms
fz:1 = Aand f; : A — A, there exists a unique morphism u
such that the following diagram commutes:

1 z N s N
\ez ui l‘l
A ——es A

Here, u is recyat (ez, x.¢5). As before, it will be helpful to instead
view this diagram as a pair of squares:

12, [Nat] «—¥C  [Nat]

idi recyat(ez,x.5) 1

l H i
1 —e— [1] e []

Exercise 20.2

Give a categorical interpretation of the type of extended natural
numbers, i.e., the type of natural numbers extended with an extra

recyat (ez,x.s) (20.2)

4 Note that we obtain the uniqueness
condition from the # law by recalling
that substitution is interpreted as
composition. Like the corresponding
condition for Bool, this uniqueness
condition says that any morphism e
satisfying the B-equalities e o zero = e,
and e o succ = e is equal to the
corresponding recursor morphism.
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element representing infinity, defined as follows:

. inductive ExtNat : Type where
2 | zero : ExtNat

| succ : ExtNat -> ExtNat
) | inf : ExtNat

Hint: The resulting diagram will look a bit different from the
two preceding examples.

20.1.4 A General Categorification of Inductive Types

Let us now take stock of the preceding examples and generalize what
we have seen. In each of our translations above, we did the following:

e First, interpret the constructors of an inductive type as morphisms
from the interpretation of the constructor’s domain to the type’s
denotation. That is, a constructor ¢ : D — T of T becomes a mor-
phism [D] = [T].

* Then, interpret the recursor as a unique morphism [T] — A for ev-
ery collection of morphisms into A “parallel to the constructors,”
i.e.,, morphisms t; that map into A from the domain of the ith con-
structor where [T] has been replaced by A. For instance, if T has
two constructors

c1:Bool - T and cp:TxNat—T,

its recursor is interpreted as a unique morphism ug, r, : [T] — A
for all objects A and morphisms

f1:[Bool] = A and f,:A x[Nat] = A.

so that the following squares commute:> 5 Given morphisms f : X — Z and
g:Y — W, we write f x g to denote the
morphism (f o7y, gom) : X XY —

[Bool] [T] x [Nat] ZxW.

a— [T] +—c

id[Boot] Ufi.fa Ufy,fp ¥idNat]

[Bool] fi A f A x [Bool]

This procedure is a useful heuristic but is not yet a precise cate-
gorical account of an inductive type. For instance, the “replacement”
performed in the second step is merely a syntactic operation. We will
now make this categorical translation more precise.

We start by consolidating our commutative squares. Observe that
any inductive type with multiple constructors can be equivalently
expressed as a having a single constructor whose domain is the sum
of the domains of the original constructors. That is, the constructors
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cg:A—T,cp: B — T,andcz : C — T can be equivalently
represented by a single constructor c : A® B® C — T. The recursor
is then parameterized by a single morphism running “parallel” to the
constructor that maps into A from an analogous coproduct over A.

Applying this rewriting to the Nat datatype depicted in Diagram
(20.2), we obtain

(2]

1@ [Nat] ——=— [Nat]

idi ®recyat ([fz,fs]) % recnat ([fz fs])

and a similar transformation occurs for Diagram (20.1).°

The top-left corner should look familiar: it is the body of the recur-
sive type equation that defines the natural numbers. That is, using a
least-fixed-point operator y, we would write

Nat = ut. 1t,
so that Nat is the (smallest) type satisfying the type isomorphism
Nat = 1 Nat.

Similarly, Diagram (20.1) is “consolidated” into a single square with a
constructor with domain 1 @ 1:

1o1 L [Bool]

idy idy if([te])

11 T) A

With this consolidation, every inductive type now translates to a
single object (the top-left corner of the square), a single morphism
(the constructor), and a universal property that translates the recur-
sor. The “shape” of the objects on the left-hand side of the commu-
tative square are determined by the “shape” of the inductive type.
More precisely, using the observation in the preceding paragraph,
that “shape” is determined precisely by the expression 7 in the fixed-
point equation yut. T for the inductive type.

Adopting a categorical lens, we might observe that an expression
t. T defines a mapping from a type ¢ to some type T parameterized
thereby. In our categorical interpretation, types form a category; thus,
such a mapping from types to types ought to correspond to a functor.
More specifically, since we are mapping from a category (of types)

¢ Above and hereafter, we use the
notation [f, g| to denote the unique
morphism obtained from the universal
property of coproducts. Thinking of
morphisms as functions, [f, g] does

a case split on its input, mapping
elements of the left-hand summand
using f and those of the right-hand
summand using g. By analogy with

f x g wewrite f & g for [inlo f,inrog].
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into itself, this is an endofunctor. The endofunctor associated with the
type of natural numbers is defined by

Fat(X) =1® X
Rat(f: X = Y)=idi@f: 10X —>10Y

Of course, the mapping t. T is not itself a type; rather, we apply
the least-fixed-point operator y to obtain an inductive type. We
should expect a corresponding maneuver in the world of categories:
we interpret an inductive type as the least fixed point uF of an endo-
functor F on our semantic domain: i.e., the “least” object uF satisfy-
ing F(uF) = uF.

This naturally invites the following question: in the absence of
an a priori ordering on objects, how do we make precise the fact that
uF should be “least” among the fixed points of F? Appealing to
our categorical intuition, we should expect this to be some kind of
initiality or colimiting property (recall that, using our order-theoretic
lens, we think of initial objects as “minimal”). And, in fact, as we
will now demonstrate, we have already seen such a property in our
Boolean and natural-number examples!

The key is to recall that an inductive type is defined not only by an
object but also by a morphism representing its constructor that tells
us how to “map into” the type. Thus, instead of merely considering
the “smallest” object among the fixed points of F, we should instead
consider the “smallest” pair of an F-fixed point and its corresponding
constructor morphism. Such a pair is an example of an algebra over
the endofunctor F, also known as an F-algbera.

Definition 103: F-Algebra

Let F : C — C be an endofunctor. An F-algebra, or algebra over
F,is a pair (A, a) where A is an objectinCanda : FA — Aisa
morphism.

A is called the carrier of the F-algebra, and « is the structure
map. Note that the structure map « alone is sometimes referred

to as an F-algebra, leaving A implicit.

We are looking for the “smallest” F-algebra (A, a) such that its
carrier A is a fixed point. Let us first, however, consider simply the
“smallest” F-algebra, without any further restrictions. We do this
because it turns out that there is a natural interpretation of “smallest”
in terms of initiality. In particular, F-algebras form a category Algg, so
the “smallest” F-algebra is simply the initial object in this category.
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Definition 104: Category of F-algebras

Fix an endofunctor F : C — C. The category of F-algebras (or cate-
gory of algebras over F) is defined by the following:

e Objects are F-algebras (A,a : FA — A).

* Morphisms from (A, «) to (B, ) are morphisms f : A — Bin
C such that the following square commutes:

¢ Identity and composition are lifted from C.

Definition 105: Initial F-algebra

Fix an endofunctor F : C — C. The initial F-algebra (or initial
algebra over F), if it exists, is the initial object in the category of
F-algebras.

We write in for the (structure map of) the initial F-algebra.
Given another F-algebra (A, a), we write (a)p (or just («) if F
is clear from context) for the unique morphism from the initial
object to (A, «).

We have thus found a suitable notion of a “smallest” F-algebra.
But what about the smallest F-algebra whose carrier is a fixed point
of F? In fact, these are one and the same (up to isomorphism): it
will always be the case that the carrier of the initial F-algebra is (iso-
morphic to) a fixed point of F. In other words, if (A, «) is the initial
F-algebra, then FA = A. This is the content of Lambek’s lemma.

Proposition 20.1.1 (Lambek’s lemma). Let F : C — C be an endo-
functor. If (A,ing : FA — A) is the initial F-algebra, then inf is an
isomorphism.

Proof. Let (A,inp : FA — A) be the initial F-algebra. We will show
that inf is an isomorphism by showing that its inverse is (F ing) :
A — FA, the unique F-algebra morphism (A,ing) — (FA,F inf)
induced by initiality.

First, observe that inf is an F-algebra morphism (FA, F inp) —
(A, ing), since the following diagram trivially commutes:
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F inp

F(FA) FA

F inp‘ inF

FA —— A
Inp

Thus, we have the following diagram in Algg:

(Aing) —E) L (FA Fing) — ™5 (Ajing)  (20.3)
\/

ida

Since (A, inp) is initial, there is only one F-algebra morphism from
A, inp) to itself, so this diagram must commute, i.e.,
&

inpo (Fing) =idg. (20.4)
Accordingly, (F ing) is a right inverse for ing.

To show that it is also a left inverse, we first expand the F-algebra
morphisms in Diagram (20.3) into commutative squares:

FGF inI:D F inp

FA F(FA) FA
inF F inp‘ inF
A . > FA , A
\(% Inp

idy

In order to show that (F ing) is a left inverse of ing, we must show
that the highlighted lower-left path through the left square is equal to
ida.

Observe, however, that the upper-right path through the same
square is F inp o F(F ing)), which we can rewrite as follows by functo-
riality:

F inp o F(]F inp[) =F (inp o QF inpD)
=Fidy (Equation 20.4)

= idpa.
Adding this fact to our diagram, we can read off the desired equation

(F ing) oinp = idpa

201
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by tracing the lower-left path:

FQF inFD F inp

FA F(FA) FA

| l ™~ _
inp id,a  Fing inp
A

\
W FA e A
id
Thus, inp : FA — A is indeed an isomorphism. O

With Lambek’s lemma in hand, we can now give a precise cat-
egorification of inductive types: the inductive type represented by
ut. T is interpreted as the initial algebra of the endofunctor F(t) =
[t], where we extend our previous translation of types to map the
free type variable t to the functor variable of the same name.” The al-
gebra’s carrier yF is the object representing the type, while its struc-
ture map inp represents the type’s constructor.

It remains only to precisify our former account of recursors. Recall
our previous observation that recursors map out of an inductive type
uF into some other type A using a “combining morphism” that runs
“parallel” to the constructor morphism—i.e., one that maps into A
from an object that “replaces” instances of yF with instances of A.
Using our newfound language of functors, we can phrase this much
more concisely: a recursor maps from pF to some type A using a
“combining morphism” f. : FA — A. Or, as a diagram:

F(recy,)

F(uF) FA

c fe

recfc
uF —— 5 4

In fact, we already saw this diagram (Diagrams (20.1) and (20.2)
are variations of it in the particular cases of natural numbers and
Booleans). But having now developed the vocabulary of F-algebras,
this should look familiar for another reason: recursors are F-algebra
morphisms! More precisely, given an inductive type uF, the “unap-
plied” recursor function is represented by (—)p; given a particular
“combining morphism” f, : FA — A—which is precisely an F-algebra
over A—the resulting recursor application is (f;) : uF — A.

As an example, we translate the parity function on natural num-
bers, which returns true if its input is even and false if it is odd,
as an application of the natural-number recursor. First, we identify
the appropriate “combining function” for this fold. Since we are ulti-

7 The action of F on morphisms must
also be defined in the “obvious” way
(which can be derived from viewing
products and coproducts of interpreted
types in C as categorical constructions
in the functor category [C;C]). We elide
the details, but one can inspect the
definition of Fyat at the beginning of
this subsection for an example.
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mately producing a Boolean, this function should translate to a mor-

phism of type Fyat [Bool] — [Bool]. We first define its programmatic

version below: 8

8 It may be helpful to compare this
definition to the following equivalent,
structurally recursive definition in a
more familiar programmatic style:
def even : Nat -> Bool
feven (inl ()) = true | © => true
| n+ 1 =>not (even n)
feven (inr b) = nOt(b) Similarly, not would be defined as:
def not : Bool -> Bool
This becomes the Fyat-algebra | true => false
| false => true

feven : 1 @ Bool — Bool

Keven = [true,not]

which finally reveals our translation of the parity function to be
(weven) : [Nat] — [Bool].

Note that not is, in turn, defined by an algebra over Fgoo1, the
constant-(1 @ 1) functor. In particular, [not] = (anot) where anot :
11— 1@ 1is [inr,inl].

To put together the developments in this section, let’s consider one
more example of a categorified inductive datatype, now expressed in
terms of initial algebras. Recall the inductive datatype of lists:

+ inductive List (A : Type) : Type where
| nil : List A
| cons : A -> List A -> List A

Notice that this type is parameterized over a fixed type A; we will
write A for that type’s categorical denotation. We can read the endo-

functor of which List A is a least fixed point off of its constructors:? 9 We again elide the action on mor-
phisms.

Rist,(X) =1® A x X.

Lists are thus represented by the initial algebra (yFiist,, ing g, )-
Returning to our example from earlier, we can define the list length
function as the fold induced by the “combining function”

flength : Unit @ A X Nat — Nat
flength (inI ()) =0
frength (inr (a,£)) = succ(¥)

which we translate into the F ;st,-algebra
Xlength = [Z/S © 7‘[1]

to obtain the fold (&vengtn) : #FiList, — [Nat].

Exercise 20.3

Below, we define a strange type of so-called “self-trees:” each node

can have as many children as the parameterizing type has elements
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(i.e., a SelfTree A node can have, as it were, “A many children”).

+ inductive SelfTree (A : Type) : Type where
2 | node : A -> (A -> SelfTree A) -> SelfTree A
| leaf : SelfTree A

1. Specify the functor Fseitrree that characterizes this type.

2. We define the “self-height” of a self-tree to be the number of nodes
encountered by successively visiting the ath child of a node con-
taining a. (The self-height of a leaf is 0.) Categorify this opera-

tion using a suitable Fseifrree-algebra.

Exercise 20.4

Show that the morphism app induced by the universal property of

exponentials is the structure map for an algebra whose carrier is th

9%

initial object. Use this to give a non-empty definition of an induc-
tive type (i.e., an inductive declaration listing at least one putative
constructor) that is isomorphic to the empty type.

Hint: Recall that in a CCC, 04 =02 0 x A.

20.1.5 On the Existence of Initial Algebras

Up to this point, we have simply assumed that, given an endofunc-
tor F, we can always find an initial F-algebra. This is not, however,
always the case. And we should expect as much: after all, not all
recursive type equations admit a least fixed point—this is why we
insist that no non-positive occurrences of ¢ appear in T when defining
an inductive type put. T. The failure to obtain a least fixed point in a
recursive type equation corresponds to an analogous lack of an initial
algebra for the corresponding functor. For instance, pt. (t — 2) — 2
(ie, F(X) = 22%) does not admit a least fixed point in every Carte-
sian closed category: for one, Lambek’s lemma says that this would
induce an isomorphism puF = 22" which by Cantor’s theorem never
holds in the CCC Set. In fact, we can more generally prove the non-
existence of certain initial algebras in arbitrary categories, not just
Set, but this would take us too far afield. For the purposes of this
chapter, it suffices to know that all the usual strictly positive induc-
tive types of interest are characterized by endofunctors that admit
initial algebras.

Exercise 20.5

There is another way to think about interpreting inductive types.



While we gave an interpretation by translating the various fea-
tures of inductive types’ structure into categorical terms, we
could have alternatively followed our previous method and
directly translated the generalized inference rules for isorecur-
sively formulated inductive types (cf. Harper, Practical Founda-
tions for Programming Languages (2™ ed.), Ch. 15).

Give a translation of these rules (shown below), and verify
that it yields the same construction at which we just arrived.

F t.T pos
T-FoLD
e: T[ut.t/t] F fold(e) : ut.T
x:Tlp/tlFer:p
T-REC

e : ut. T rec(x.ep)(e2) : p

x:Tlp/tlFe:p

ex : T[pt.T/t] F rec(x.ep)(fold(ez)) = eq[map(ez)(y.rec(x.e1)(y

y:tlp/tlFe:p
er : T|ut.t/t] - e[fold(ez)/y] = er[map(ez) (y.rec(x.e1)(y))/x]
y:ut.thke=rec(x.e1)(y):p

Note that these rules introduce two new auxiliary definitions:

* The judgment I t.T pos asserts that ¢ has only positive occur-
rences in 7; i.e., t never appears to the left of an arrow. Note
that all of the rules implicitly carry this hypothesis, though
we have only explicitly stated it for the first.

* The auxiliary function map(e)(e’) “unpacks” the structure of
e based on its type and applies ¢’ to each “element” thereof.
Its typing rule is as follows (where f may appear free in 7):

Fe:tlp/t] x:pke:p
Fmap(e)(x.e’) : T[p' /]

T-mAP

Here are two of its equational rules (it has one for every type
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former):

Fe:(t x1)p/t] x:pke :p

map
Fmap(e)(e') = (map(fst e)(x.e’), map(snd e)(x.e’)) "~
: T][P,/t] X Tz[p//ﬂ
Fe:(ti®1)p/t] x:pke :p nap
®

- map(e)(e’) = case e of
| inl xq = inl (map(x1)(x.¢’))
| inr x5 — inr (map(x;)(x.¢’))
tnilp'/t] @ T2’ /1]

Your translation should give an account of what these defini-
tions mean categorically.

Here are some hints for this exercise:

¢ If parameterized types are translated as functors, to what
does type-variable substitution correspond?

e map(e) will not be translated as a morphism.

20.2  The Families Fibration: Indexing Inductive Types

Having given a categorical translation of simple inductive types,
we now turn our attention to indexed inductive types. Recall that
indexed inductive types enrich inductive types by allowing types
to be parameterized by data values at the type level: for instance,
in addition to the simple type List A of arbitrary-length lists with
elements of type A, we can also define the indexed type Vector A n
of A-containing lists of length n.

While we gave a generalized presentation of inductive types in
terms of initial algebras of endofunctors over arbitrary categories,
hereafter we will specifically consider a categorical semantics in
terms of sets. While all of the ideas presented can be generalized to
other categories, focusing on Set will simplify some of the required
categorical machinery. (Note that our preceding interpretation of
inductive types can indeed be carried out in Set, since it is Cartesian
closed and contains finite coproducts—i.e., it is bicartesian closed.)

The category Set alone, however, lacks the structure to give an
elegant semantics to indexed inductive types. Instead, we will turn
to a new category built atop Set that is equipped with a notion of
“indexing” that will afford a straightforward interpretation of our

inductive types’ indices.™ B careful when reading the following
definition and elsewhere in this chapter:
the notation [T,c 4 S(a) below refers to
a set-theoretic indexed product, not a
I1-type. The symbols [], }_, and — are
regrettably overloaded (we will see yet
another denotation of ¥ later on), so the
meanings of these notations are highly
context-sensitive.
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Definition 106: Families fibration

The category of families (of sets) Fam(Set) is defined as follows:

* Objects are pairs (A,P : A — Ob(Set)) of an indexing set A
and a family of sets P specifying a set P(a) for each index a € A.

* Morphisms from (A, P) to (B, Q) are pairs of functions (f, f~)
such that f: A — Band f~ : [I,ca P(a) — Q(f(a)).

The forgetful functor U : Fam(Set) — Set defined by

U(A,P) = A
uif,f~)=r

is called the families fibration.

Note that, while we will not treat them in full generality, (Grothendieck)
fibrations are objects of particular interest in category theory and char-
acterize a certain kind of structure (which we will attempt to intu-
itively motivate at several points hereafter). Throughout this chapter,
you will encounter definitions phrased as features “of the families
fibration:” these should be read as referring to the entire structure of
Fam(Set), Set, and this mapping between them, rather than particular
characteristics of a single forgetful functor.

Let’s now use the category of families to interpret indexed induc-
tive types. We'll start with the type BitVec n, which is like the type
Vector A n we have previously discussed, except that it contains

Only Booleans: ! “Vector A nis defined similarly. We
choose BitVec for this example to avoid
any potential confusion between the
parameter A and the index n of Vector.

inductive BitVec : Nat -> Type
| bvnil : BitVec 0
| bvcons : {n : Nat} -> Bool -> BitVec n -> BitVec (succ n)

Drawing inspiration from our preceding development of simple
inductive types, we might expect to interpret this type as an endo-
functor on Fam(Set). That endofunctor should produce a family that
looks like a representation of the Boolean list type (i.e, the sum of an
“empty” object and a Boolean—vector pair object), except that we can
only inject into the left-hand side of the sum at index zero and into
the right-hand side at successor indices. Concretely, such a functor

looks as follows:*? > We will continue our convention of
eliding morphism actions. As before,
these mappings are “automatic” from
our choice of action on objects.
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*} ifn=0
FBitVec(N/X)_(]N’(nH< {Q} 18157:3 >@

1%} ifn=20
{n1} x [Bool] x X(ny) if n = succ(ny) )
(20.5)

But here we encounter a problem: the endofunctor we have just
defined only acts on IN-indexed families. Therefore, it is 7ot an endo-
functor on Fam(Set), whose objects can have arbitrary indexing sets.
Yet this IN-indexing really is essential: our functor cannot perform
a case split on zero and successors if our indexing set does not have
such elements! Indeed, this ability to analyze the structure of a type
index is precisely one of the key attributes that makes indexed induc-
tive types more powerful than mere parametric polymorphism.

Therefore, to represent an indexed inductive type, we take the
initial algebra of an endofunctor not on Fam(Set) itself, but on a
restriction of Fam(Set) where we consider only families indexed by
the indexing set of the indexed type of interest. This smaller category
is called the fiber of the families fibration over A.

Definition 107: Fiber of the families fibration over A

The fiber of the families fibration over A, written Fam(Set) 4, is a
subcategory of Fam(Set) in which all objects have indexing set
A. Precisely:

¢ Objects are families (A, P : A — Ob(Set))
* Morphisms are pairs (ida, f~ : [Tsea P(a) = Q(a))

That is, Fam(Set) 4 is the preimage of id4 under U.

Thus, although it will at times be useful to consider the category
Fam(Set) in its entirety, we will represent A-indexed inductive types
by initial algebras of endofunctors on just the fiber of the families
fibration over A. As before, the morphisms induced by initiality

correspond to folds using the target algebras’ structure maps.

Exercise 20.6

Identify the endofunctor on Fam(Set)y; that characterizes Fin n,
the type of “natural numbers less than n” (or, isomorphically,
Z./nZ):

inductive Fin : Nat -> Type where
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2 | finZero : {n : Nat} -> Fin (succ n)
| finSucc : {n : Nat} -> Fin n -> Fin (succ n)

Hint: Notice that, for a given index, there maybe multiple (or
no) applicable constructors.

Notice that we can also interpret refinements of simple types in
the category of families. If T = uF is an inductive type, then given an
A-valued combining function f for T (i.e., an F-algebra f with carrier
A) and a value a : A, the refinement of T where f yields value g, i.e.,

{t : T | reca(f)(t) = a}
can be translated as the family

(Aja— {x € pF [ (f)p(x) = a}).

This is the “naive” subset interpretation of refinements that we
discussed previously. Our objective will be to turn this family into
one that is the denotation of an indexed inductive type.

20.3 Constructing a Refinement Translation

Our basic recipe for the translation of {t : T | reca(f)(t) = a}
into an indexed inductive type will be as follows:

1. Lift F, an endofunctor on Set, to an endofunctor F4 on Fam(Set) 4.

2. Restrict the family produced by our lifting to those elements which
are mapped to the appropriate value by reca (f).

This recipe will require a number of auxiliary constructions, on
which we now embark.

20.3.1 Another View of Families

For some of the constructions we give in this chapter, it will be help-
ful to have in mind an alternative perspective on Fam(Set). This per-
spective is inspired by the Curry—Howard correspondence between
propositions and types.

Recall that the Curry—Howard correspondence suggests another
way to interpret indexed inductive types: as predicates on the index-
ing type. For instance, we can define what it means for a natural
number to be even by declaring a type of proofs of evenness:

: inductive Even : Nat -> Type where

| evZero : Even 0
| evSucc : {n : Nat} -> Even n -> Even (succ (succ n))
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A natural number n is even if the type Even n is inhabited. Correp-
sondingly, the interpretation of this inductive type as a family of sets
(IN, Peven) can be thought of as defining a predicate Peyen on natural
numbers. With this interpretation, we think of a family (A, P) as con-
taining proofs P(a) that the represented predicate holds of elements
a € A. In particular, if P(a) is inhabited, than the predicate holds of a;
if it is empty, the predicate does not.

Adopting the logical perspective on families suggested by the
Curry-Howard correspondence, it is natural to consider the family
that represents the constantly-true predicate on a given set, known as
the set’s truth predicate.

Definition 108: Truth predicate and truth functor

Given a set A, the truth predicate for A is the family (A,a +— 1),
where 1 is the terminal object in Set (i.e., {*}). The truth predi-
cate is terminal in Fam(Set) 4.

The functor T : Set — Fam(Set) that sends sets to their truth
objects (and maps morphisms by pairing them with _ > id;) is
called the truth functor for the families fibration.

20.3.2  Comprehension and Reindexing

Returning to our “recipe” from earlier, our first order of business is,
given an endofunctor F : Set — Set with an initial algebra, to define
an endofunctor £4 : Fam(Set) , — Fam(Set) , whose initial algebra
has a carrier representing an A-indexed type that “looks like” the
inductive type characterized by F.

To define a translation between Set and Fam(Set), we need to be
able to move between these two categories. We have already seen one
functor in each direction: the truth predicate T : Set — Fam(Set)
maps sets to the trivial family thereover, while the families fibration
U : Fam(Set) — Set discards the family associated with an indexing
set. We will now introduce one additional functor in the backward
direction, which exploits the untypedness of Set to “collapse” a fam-
ily in Fam(Set) into a single object in Set.

Definition 109: Comprehension functor

The comprehension of a family (A, P), written {(A, P)}, is the set
Y sea P(a). We correspondingly define the comprehension functor
{—} : Fam(Set) — Set, which sends a family to its comprehen-

sion and a pair of morphisms to a morphism on pairs.

The comprehension functor {—} and forgetful functor U are re-
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lated by the natural transformation 77 : {—} = U whose morphisms
project (hence the notation 77) the index from an element of a (“com-
prehended”) indexed family:

Ta,p)(a,p) =a

We will also require means of mapping between Fam(Set) , and
Fam(Set)p for distinct indexing sets A and B. Intuitively, this is be-
cause we interpret our indexed inductive types as endofunctors only
over a specific fiber, so we will need to move between fibers in order
to, for instance, fold over an indexed inductive type into a distinct
output type. This will be accomplished using another functor, known
as the op-reindexing functor.

Definition 110: Indexed coproduct

Let f : A — B be a function, and let (A, P) be a family of sets. The
indexed coproduct of (A, P) along f, written £(A, P), is defined as

(B,b = Y (b= f(a)) x P(a))
acA
where (b = f(a)) is a set that is inhabited if the equality holds and
uninhabited if not.
This definition induces the op-reindexing functor ) r : Fam(Set) 4 -
Fam(Set), whose action on morphisms lifts functions to act on the

T

relevant component of tuples:

Zy(ida,g”) = (idp, b = (a,h, p) = (a,h,8™ (a)(p)))

In other words, X¢(A, P) maps a given b in the image of f to the
members of the family P at each element of b’s preimage. Indeed, an
isomorphic (and perhaps more intuitive) characterization of X¢(A, P)

(B,b — P(a)) . (20.6)
acf1[{b}]

We summarize the developments of this section in the diagram

is given by

below: the category of families sits “above” the category of sets, with
each fiber situated atop its corresponding index set. As discussed
previously, we have functors running in “orthogonal” directions, with
U, T, and {—} mapping between Fam(Set) and Set while X rein-
dexes between fibers. We will have more to say about this diagram
later.

211



212 CATEGORIES FOR PL

Fam(Set)

Fam(Set) 4 Fam(Set)p

Figure 20.1: A summary of functors to be used in our translation.

Exercise 20.7

Fix a family (A, P). Let f : A — B be a function. Consider the fol-
lowing diagram, where ¢ : (A, P) — X((A, P) acts in the straight-
forward way:

(apry —* s (z.(a,p)

TT(A,P) lﬂz £(AP)

A B
f

1. Show that this diagram commutes.

2. Show that {¢} is an isomorphism. (This shows that the families
fibration has very strong coproducts.)

20.3.3 Liftings

We now have all the tools required to define a lifting of an endofunc-
tor F on Set to an endofunctor F on Fam(Set), which we may then
restrict to Fam(Set) ,. (It makes sense that we can lift “all the way” to
Fam(Set), rather than just a particular fiber Fam(Set) 4, since the type
whose endofunctor we are lifting does not depend on a particular in-
dex.) Before we attempt to define such a lifting, however, we should
first set out the desiderata we expect such a construction to satisfy.
As a basic criterion, we ought to expect that the indexing set pro-
duced by our “lifted” endofunctor F is the set obtained by simply
applying F to the original indexing set. Indeed, we can now drop
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the scare quotes: this is precisely the definition of the lifting of an
endofunctor to Fam(Set).

Definition 111: Lifting

A lifting of an endofunctor F : Set — Set is an endofunctor F :
Fam(Set) — Fam(Set) such that FoU = U o F.

However, this criterion says nothing about the behavior of the
family produced by F itself. Adopting the logical view again, we can
formulate one such criterion: F should “respect truth.” That is, if
we think of F(A) (given some A) as implicitly defining a predicate
(namely, one which holds of all its elements), then F should yield
the same predicate—i.e., it should yield a predicate that holds of
the same values—when “applied to” A. Of course, this intuitive
phrasing does not type-check: F(A) is not a predicate (it is a set),
and F cannot be applied to A (since A is not a family). But we can
fill in some straightforward coercions to make this definition—which
characterizes a so-called truth-preserving lifting—precise: to treat the
objects in the codomain of F as predicates, we post-compose the truth
functor; to allow F to act on sets, we pre-compose the truth functor;
and the notion that these functors always yield the “same predicate”
as each other is captured by natural isomorphism.

Definition 112: Truth-preserving lifting

Let F : Set — Set be an endofunctor. A lifting of F is truth-preserving
if there exists a natural isomorphism T o F = Fo T.

Exercise 20.8

Verify that

E(A,P) = (FA, _+—1)
E(f,f~) = (Ff, _rid1)

defines a trivial truth-preserving lifting of F : Set — Set.

The truth-preserving lifting above, however, is degenerate in the
sense that it entirely forgets the structure of the original family. We
therefore instead define the following truth-preserving lifting:*3 3 One can find a description of the

lifting’s action on morphisms, along
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with a proof that it is truth-preserving,

ﬁ(A/ P) = ZFTL'(A,p)T<F{(A/ P)}) in [13].

Unlike in the exercise, we incorporate the “structure of P under
F” by applying F to the comprehension of the original family. We then
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re-separate the indexing set FA and associated family “under F”

by taking an indexed coproduct along F7t(4 p). Thus, the resulting
family can be seen as containing those elements which “wrap the
structure of P in F” (or, from a logical perspective, the resulting pred-
icate holds only of those elements of FA whose “contents” in A were
validated by P). Unfolding definitions makes these intuitions more
apparent:

ﬁ(ArP) = ZF?T(A’I))T(F{(A’P)})
= ZFT((A’])) (F{(A,P)},_ = 1)

= (FA,x =), (Frap(y) =x) x 1)

yeF{(AP)}
= (FA, x = {y € F{(A,P)} | (Frriap)(y) = x})

As a concrete example, consider the truth-preserving lifting of

Fyat:

ﬁNat(A/ P) = ZFNatT(ﬁNat{(ArP)})
= ZFNatT[(A,p) (1 @ {(A/P)}/ = 1)

= [10A b ) 1
aeFNatn(*Al/P)[{b}]

inl () — inl ()
=2 |1DA,
inra — {inr ((a,p),*) | p € P(a)}
1 ifb=inl() %) if b =inl ()
~ |10 Ab—
<@ <® ifb—inrtl)@({a}xl’(a) ifb=inra
Finally, since our objective is ultimately to obtain an endofunctor
on Fam(Set) ,—not Fam(Set)—we define the functor Fj to be the
restriction of F to Fam(Set) ,. The attentive reader may notice that
that this is not an endofunctor: F, maps from the fiber Fam(Set) ,
to the fiber Fam(Set) 4. However, it is the first half of a construction

that will yield the endofunctor we desire; we will fill in the remaining
piece that takes us back to Fam(Set) 4 in the following section.

20.3.4 Translating Refinements

Recalling our original objective—to translate type refinements into
indexed inductive types—we can see that truth-preserving liftings
get us halfway to our goal: they transform the endofunctors that



characterize simple inductive types into analogous endofunctors on
families. But our aim is not to produce an indexed inductive type
that corresponds to the unrestricted simple one, but rather some
refinement thereof. This refinement translation is the last piece we
must develop.

In fact, we already have the tool we need to do this: op-reindexing.
Recall that indexed coproducts (or, more generally, the op-reindexing
functor) let us take a family and reindex it, such that the resulting
family contains only those elements which are mapped by the rein-
dexing function to a given value in its codomain. This is precisely
what we do when we refine a datatype: given P : T — A, the type
{t : T | P(t) = a} is an A-indexed type that, at a given index a,
consists of the elements of T on which P produces value a. In other
words, op-reindexing by f corresponds precisely to refinement by f.

Therefore, the construction to which we have building all this time
can finally be written as follows:

Definition 113: Refinement translation

Let F : Set — Set be an endofunctor characterizing the inductive
type uF. Let (A,a : FA — A) be an F-algebra. We define the trans-
lation of the refinement type characterized by the family

(Aja = {x e pF [ (@) (x) = a})

as the indexed inductive type yF* characterized by the endofunc-
tor F* : Fam(Set) , — Fam(Set) 4 such that

F*=%,0F,.

Once again, it is illuminating to expand this functor’s action on
objects:

F*(A,P) = (Za0F4)(A,P)

= Lo (FA,x = {y € F{(A,P)} | (Ft(a,p))(y) = x})
(As before)

XEFA
= (Aa={y e F{(AP)} | a((Frrap)(y)) =a})  (207)

Upon cursory inspection, at least, the general shape of this family
should seem reasonable: it is A-indexed, with elements drawn from
a set of “F-shaped objects” restricted to those “on which” (after a
certain projection) « attains value a. To grasp the significance of this

(A,ﬂ = ) (a=ax)) x{y € F{(A,P)} | (Frr(ap)(y) = x}
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final expression more completely, it may be helpful to return to it
after observing the example below.

We illustrate this construction in practice with our example from
the beginning: deriving the type of length-indexed vectors from the
refinement of lists by their length. To simplify, we will consider just
lists of Booleans, and attempt to derive the type BitVec from before.

First, letting 2 = 1 @ 1 be the object denoted by the Boolean type,
we recall the definition of Fgit ist : Set — Set and the algebra
(IN, length) thereover:

Ritlist(X) =12 x X
Faitist (f) =idy @ (ida x f)

length (inl ()) =0
length (inr (b,£)) = succ(¥)
We now compute the corresponding indexed inductive type. Note

that we use the isomorphic expansion of F* from Equation (20.7) to
avoid re-unfolding definitions:

Fafitier (N, P)
= (N, n — {y € Feirtist {(IN, P) } [ tength((FeitList 7w p)) (¥)) = n})
=(Nn—{yel®2x(N,P)|(y=inl()and 0 =n) or

(y =inr (b, (n1,p)) and succ(ny) =n)})

_(n, 0+ {inl ()}
succ(ny) — {inr (b, (n1,p)) | b€2,p € P(m)}

:(N(nH(1 ifnzO)@

o else

%) ifn=0 ))
2x ({n1} x P(ny)) if n = succ(n)
Up to isomorphism (specifically, with a minor rearrangement

and reassociation in the right-hand summand), this is precisely the
functor Fgjtvec derived in Equation (20.5)!

Exercise 20.9

Consider the following inductive type of trees with colored

nodes (we refrain from calling these “red-black trees” in prose

because they need not maintain the relevant invariants):
inductive RBList (A : Type) where

| leaf : RBTree
| red : A -> RBTree -> RBTree -> RBTree




1 | black : A -> RBTree -> RBTree -> RBTree

1. Define the endofunctor Fpgrree : Set — Set such that [RBTree] =

UFrgTree-

2. Define an Frgrree-algebra bh that computes the black height
of an RBTree, i.e., the maximum number of black nodes on a
path from the root to a leaf. You may assume the existence of
a function max : IN x N — IN.

3. Using the above, compute Fof . : Fam(Set)y, — Fam(Set)y,
and read off of this expression an indexed inductive type of
black height-indexed colored trees. Verify that your defini-
tion matches how you would intuitively define this type from

scratch.

20.4 Correctness

These illustrative examples are compelling, but we have yet to prove
that our foregoing construction always characterizes the indexed
inductive type of interest. To begin with, we do not even know that
the functor F* admits an initial algebra in the first place, nor—if it
does—whether the carrier of this algebra is in fact isomorphic to our
naive subset formulation of the refinement of uF by «. In this section,
we will sketch the proof of these facts, referring the reader to the
paper by Atkey et al. [2] for further details.

20.4.1 Preliminaries

We begin with a few auxiliary lemmas and definitions we will re-
quire for our proofs. First, recall our observation from the previous
section that the functors T : Set — Fam(Set) and U : Fam(Set) — Set
map in oppposite directions. In fact, we can say more: these form an
adjoint pair.

Lemma 20.4.1. The functors U - T form an adjoint pair.
Proof. We must show Set(U(A, P), B) = Fam(Set)((A, P), TB), i.e.,
Set(A, B) = Fam(Set)((A,P), (B,_+—1)).

Elements of the right-hand set are pairs of morphisms (f : A —

B, f~ : Ilsea, P(a) — 1). But by terminality, there is only ever

one choice of f7, so the right-hand side is isomorphic to the set of
functions f : A — B, i.e,, Set(A, B). Naturality is straightforward. [

It turns out that T is also left adjoint, in particular to the compre-
hension functor {—}, but we will not make use of this fact.
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As before, we now turn from functors between Fam(Set) and Set
(i.e., between families and their index sets) to those between fibers
Fam(Set) , and Fam(Set) (i.e., between families with distinct index
sets). While our construction in the previous section required only
the op-reindexing functor X, the following alternative means of
reindexing will be useful for our proof.

Definition 114: Reindexing functor

Let f : A — B be a function (of sets). The reindexing functor f* :
Fam(Set); — Fam(Set) , is defined by

f*(B,Q) = (A,Qof)
f*(idp,g~) = (ida, g~ o f)

Notice that this functor, in contrast with X , is contravariant: the
domain of f* is the fiber over the codomain of f, and vice versa.
(Hence the “op” prefix in “op-reindexing.”) Thus, given a function
f + A — B, we can produce functors running in both directions
between Fam(Set)z and Fam(Set) ,. Moreover, these functors are
adjoint.

Lemma 20.4.2. Given a function f : A — B, the functors £y 4 f* form
an adjoint pair.

Proof. We show

Fam(Set)p(2¢(A, P), (B,Q)) = Fam(Set) o ((4, P), f*(B, Q))-

Recall that morphisms in these fibers are fully characterized by their
second component (i.e., their mapping on families), so, unfolding
definitions (and using the isomorphic representation of the indexed
coproduct from Equation (20.6)), it suffices to show

{8 I Y Pla)— Q(b)} = {h 1[I P(a) = Q(f(ﬂ))}
beBacf-1[{b}] acA

satisfying naturality. It is straightforward to check that ¢ (mapping

from left to right) and its putative inverse defined below indeed form

such an isomorphism between these sets:

H(g)=arr prg(f(a))(a,p)
17 (h) = b (a,p) — h(a)(p) O

We will also make use of a lemma that characterizes the mor-
phisms into a reindexed family: they are isomorphic to those mor-
phisms into the original family that mapped indexing sets according

to f.
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Lemma 20.4.3. Let (A, P) and (B, Q) be objects in Fam(Set). Let

f : A — Bbe a function. Then there is an isomorphism between the
set of Fam(Set)-morphisms 4 : (A, P) — (B, Q) such that Uk = f and
Fam(Set) , morphisms (A, P) — f*(B,Q):

{h € Fam(Set)((A,P),(B,Q)) |Uh = f} =
Fam(Set) 4 ((A, P), f*(B,Q))

Exercise 20.10

Prove Lemma 20.4.3.

We can now update Figure 20.1 to summarize these additional
results:

Fam(Set)

Figure 20.2: A revision of Figure 20.1, now with adjoint relationships
and the reindexing functor (7t has been removed for clarity).

20.4.2 A Proof of Correctness

We want to show that, given an endofunctor F on Set with an initial
algebra, the endofunctor F* on Fam(Set) 4, has one as well: that is,
we must find an initial object in Algr.. Since we already have an
initial object in Algg, it will be useful to relate Algr. to this category.
Mirroring our construction of F* itself, we will do this in two stages:
first, we will consider algebras over F : Fam(Set) — Fam(Set), which
we relate to algebras over F; then, we will limit our attention to an
“a-based restriction” of F-algebras.

Algebras over F are elements of the category Algs. Since Fam(Set)
“sits atop” Set (in the sense that a family P is “atop” its indexing set
UP), the category Algy likewise “sits atop” Algp, a fact witnessed by
the following algebras fibration.
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Definition 115: Algebras fibration

The algebras fibration UA'® induced by the families fibration U is a
functor UA'E Algp — Algp defined by

ure(p,k: EP — P) = (UP, Uk)
uMNe(f: (P,k) — (Q,k')) = Uf : (UP,Uk) — (UQ, UK')

It is worth pausing to type-check this definition, in which we
have taken some notational shortcuts for concision. Recall that
U : Fam(Set) — Set maps families to their indexing sets. Since F
is an endofunctor on families, P comprises a family indexed by some
set; k is a morphism of families, which is a pair of functions; and f
is an algebra morphism (as defined in Definition 104) over an endo-
functor on families and thus also a morphism of families (satisfying
a certain commutativity condition). Thus, U has an action on each of
these.

The algebras over F inherit an additional useful property from
those over F: in particular, if F has an initial algebra, than so does F:

Theorem 20.4.4. Suppose F has an initial algebra. Then F has an
initial algebra too, and its carrier is T (uF).

Proof. The key insight for this proof is that F-algebras with carrier
{(A, P)} are interderivable with F-algebras with carrier (4, P). A
proof of this fact is provided by Ghani et al. [13]; we will not give

one here. Using this fact, the result follows almost immediately:

the carrier uF of the initial F-algebra is isomorphic to Y e, r{(_ —
*)} as a set, since the summand is a singleton. This set is precisely
{T(uF)}, so that T (uF) is the carrier of the initial F-algebra by the
aforementioned interderivability fact. O

However, since F* is a restriction of F by values of an algebra

(A, x), we want to look at a correspondingly restricted category of
algebras, not Algy in its entirety. We thus restrict the category Algy to
an appropriate fiber over our refining algebra. This definition, given
below, is directly analogous to the definition of fibers over Fam(Set);
however, we phrase it slightly differently to suggest the generality of
such a construction. (One may find it worthwhile to “pattern-match”
the tuple-valued variables below and unfold the definitions of UA'8
and U to see this correspondence more directly.) Note that we are
also now adopting the convention of abbreviating (A, «) as simply «a.

Definition 116: Fiber of the algebras fibration over «




CATEGORIES FOR PL

The fiber of the algebras fibration over a, or equivalently the categor
of F-algebras over a, denoted by (Algg)a, is defined as follows:

e Objects are F-algebras (P, k) such that UA'8(P, k) = a.

e Morphisms are F-algebra morphisms f : (P,k) — (Q,k’) such
that Uf = id,.

Once again, it is worth briefly type-checking this definition. For
instance, the criterion on objects is well defined: k = (kq,k;) is a mor-
phism FP — P, which is an abbreviation of F(A,P) — (A, P) with
the indexing set explicit. By the definition of Fam(Set), k; maps be-
tween the carriers; since F (A, P) has carrier FA by definition, we thus
have ki : FA — A. And since UA8(P, k) = UAE((A,P), (ki,k2)) =
(A, kp), this is of the same type as «, i.e., as (A,a : FA — A).

Moreover, it turns out that (Algp), is the same category as Algga,
just described as a “decomposition” in terms of F and a.

Lemma 20.4.5. Let (A, «) be an F-algebra. Then there is an isomor-
phism of categories

(Alg[ﬁ)a = Algpx

Proof. Observe that an object of (Algz), is a pair of a family and a
Fam(Set)-morphism—i.e., a tuple ((A, P),k : F(A,P) — (A,P))—
such that Uk = a. By Lemma 20.4.3, we can characterize such a
Fam(Set)-morphism as a Fam(Set),-morphism via the reindex-

ing functor, so the object is equivalently expressed as ((A, P), k" :
F(A,P) — a*(A,P)). In turn, we observe that morphisms k' :
F(A,P) — a*(A, P) are themselves in isomorphism with Fam(Set) ,-
morphisms k” : £,F(A,P) — (A, P) by Lemma 20.4.2. Recalling
the definition of F*, we can rewrite this as k” : F*(A,P) — (A,P).
Thus, we can again equivalently rewrite our object as ((A, P), k" :
F*(A,P) — (A, P)), which is precisely an object in Algr.. Transport-
ing a morphism along the corresponding sequence of isomorphic
transformations yields the required action on morphisms. O

In order to work with this new formulation of the category, we
will reproduce for (Algz)s several results analogous to those we
showed for the families fibration. The following lemmas are ana-
logues of Lemmas 20.4.2 and 20.4.3; their proofs are technical but not
exceedingly difficult, so we elide them.

Lemma 20.4.6. Let f be an F-algebra morphism (A, «) — (B, B). Then
there are functors Z?Ig : (Algp)a — (Algp)p and frAlg . (Algg)p —
(Algg )y such that Z?Ig - f*Alg and for any F-algebras ((A, P), k) and

((B,Q), k'),
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e The F-algebra Z?Ig((A, P), k) has carrier X((A, P), and

e The F-algebra f*A'8((B,Q),k’) has carrier f*(B, Q).

Lemma 20.4.7. Let (A,«) and (B, B) be F-algebras. Fix an object
((A,P),k)in (Algp), and ((B,Q),k') in (Algp)g. Let f : (A,a) —
(B, B) be an F-algebra morphism. Then there is an isomorphism
between the set of Algp-morphisms h : k — k” such that UA®h = f
and the set of morphisms k — f*Alg(k’):

{l & Algp(k k') | UNBH = f} = Algp (k, f8(K)).

We can now draw a diagram analogous to Figure 20.2 for the
algebras fibration. Note that we temporarily drop our abbreviated
notation for families and algebras to better analogize this diagram to
the one for the families fibration.

Figure 20.3: A summary of constructions for the algebras fibration.

Equipped with these intermediate results, we can now finally
prove what we set out to show: that F* admits an initial algebra, and
that its carrier is isomorphic to the “naive” refinement interpretation.
We make one brief observation: we can rewrite our previous “naive”
interpretation of a refinement by () : uF — A using the truth and
op-reindexing functors as follows:

(A, {x € pF | (a)(x) = a}) =Xy T (pF).
Using this formulation, we now state our main theorem.
Theorem 20.4.8. The endofunctor F* has an initial algebra, and its
carrier is Xy T (uF).

Proof. We will first construct a candidate algebra in (Algﬁ)a, then
show that it is initial. Note that, by Lemma 20.4.5, this is equivalent
to identifying an F*-algebra and showing its initiality in Algg.



CATEGORIES FOR PL

From Theorem 20.4.4, we obtain an inital algebra (T (uF),ing) in
Algp. We will use this to construct an initial object in the fiber over a.
Mirroring the construction of F*, we apply the op-reindexing functor

ZqAﬂ:Dg for the algebras fibration to obtain

( ?IDgT(VP) qa[) -P(T(ﬂP))%T(yP))

We will aim to show that this object is our desired initial object in
(Alg F)""
First, observe that by Lemma 20.4.6, we have
Al ~
i.e., the carrier of this algebra is our naive refinement encoding. So it
remains only to show that the algebra is indeed initial.
We show initiality directly from the definition: we show that there

is exactly one morphism between Zalbgin ¢ and an arbitrary F-algebra

k : F(A,P) — (A,P) (hereafter we will denote each algebra under
discussion by its structure map alone). We proceed by considering a
series of isomorphisms of hom-sets:

Alg
(Algp)a (Zffing, k)
> (Algg)ing (ing, (2)*(k))  (Adjointness portion of Lemma 20.4.6)
= {h € Algp(ing, k) | UN&R = (a)} (Lemma 20.4.7)

Notice that this final set is a subset of morphisms out of an initial
object, so it can have at most one element (namely, (k). If this is to
be a singleton set, then it must indeed contain (k|), so in particular it
must be that

UMNE () = (a).

Recall that UA'® is left adjoint, so it preserves colimits: the above
equation (of morphisms from initial objects) thus holds.

Accordingly, the algebra Z@:Dgin ¢ is indeed initial in (Algp)s, com-
pleting the proof. O

Before concluding this section, it is worth noting that the construc-
tion given here can be extended in various ways, such as to support
refinements defined in terms of functions that are not directly ex-
pressed as folds. We direct the reader to Atkey et al. [2] for details.

Let us finally take stock of what we have done. We began by in-
terpreting simple inductive types as initial algebras (uF,in,r) of
endofunctors F. On this interpretation, maps out of the datatype
defined in terms of folds are the F-algebra homomorphisms («|) guar-
anteed by initiality. We then gave a categorical semantics of indexed
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inductive types in terms of initial algebras of endofunctors on fam-
ilies, in which we gave a “naive” subset interpretation of the refine-
ment {x : uF | (a)(x) = a}. To identify the indexed inductive type
corresponding to this semantic interpretation, we constructed the
endofunctor on families F* using a lifting of the functor F characteriz-
ing the unrefined simple inductive type. Lastly, we showed that this
construction yielded an initial algebra with the carrier we identified
in our naive translation.

20.5 A (Literal) Invitation to Fibered Category Theory

Throughout this chapter, we have followed Atkey et al. [2] in care-
fully presenting the material so as to admit a generalization to the
abstract language of fibrations, and have gradually adjusted our
presentation over the course of the chapter toward a more abstract
framing in terms of fibrational constructions. Regrettably, we do not
have the space here to present the full generalization—a construction
that can be carried out in any full Cartesian Lawvere category with very
strong coproducts—or to discuss fibrations in their own right.

Instead, we direct the reader to the following sources. The origi-
nal development of this material by Atkey et al. [2] gestures further
toward its generalization, in addition to providing several further
constructions that translate broader classes of refinements into in-
dexed inductive types. Ghani et al.’s paper [13] includes the original,
abstract derivation of the truth-preserving lifting F we employ in this
paper. Some relevant background can also be found in Jacobs’ paper
on comprehension categories [16], while the same author’s textbook
Categorical Logic and Type Theory [17] provides an exposition of fibered
category theory and several applications. A selection of material
from among these sources should provide sufficient background to
interpret this chapter in a general fibrational setting, thereby charac-
terizing the precise categorical structure required to unify refinement
and indexed types.
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Solutions to Exercises

Solution 20.1:

Pick [true] = inl and [false] = inr, respectively the left and right
injections into the coproduct, and take [if(t,e)] = (¢ e). Commu-
tativity and recursor uniqueness are immediate from the universal
property for coproducts.

Solution 20.2:

Since the recursor for ExtNat is not explicitly given, we first derive
its typing rule (its equational laws are analogous to those for the
regular natural-number recursor):

Fe,: T X:Thes:T Fej:T

F rec(es, x.es,ei) : T

As the hint alludes to, this example differs from the preceding
ones because there are three constructors rather than two, yielding
a third square in our diagram; it is a “revolving door” rather than a
pair of squares. It looks as follows:

1
. inf
1C11
1 [ExtNat] «+—  [ExtNat]
e | 1
| |
| reCexenat (€2,%.65,€1) | reCextnat (€2,%.65,€1)
zero } }
v ¥
1 [7] . [7]
idq /
€z
1

Solution 20.3:
1. The actions of Fseifrree ON Objects and morphisms are given below:
Fsetfrree(X) = 1@ A x X4
Fsettrree(e) = id1 @ (ida x A(e o app))
2. The relevant algebra is

XselfHeight : FselfTree [[Nat]} — [[Nat]] = [0, succoappo ﬂlp]

225
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We denote by flip : A x X4 — X4 x A the isomorphism that
witnesses the commutativity of products.

Solution 20.4:

Fix objects A, B and consider their exponential. Since app : B4 x
A — B, we are led to define the endofunctor F(X) = X4 x A, whose
action on morphisms is given by F(e) = A(e o app) X id4. (Notice
that, despite the type of app mentioning two objects, there is only one
possible choice of endofunctor: if we tried to define the functor in A,
it would be contravariant.)

We claim that the identity morphism for the initial object O is the
initial F-algebra. To see why, first observe that F(0) = 04 x A =
0 x A =0, so the choice of initial algebra idg : F(0) — 0 (transported
across the relevant isomorphisms) type-checks. Moreover, its initiality
is immediate from the fact that 0 is initial.

By Lambek’s lemma, we thus have that yF = 0, so the inductive
type that this functor characterizes is empty. We can read off the
corresponding inductive definition:

inductive Empty’ (A : Type) : Type where
| mk : (A -> Empty’ A) -> Empty’ A -> Empty’ A

Solution 20.5:
We translate each rule in turn.

* T-roLD: As previously discussed, the positivity hypothesis of
this rule is analogous to the requirement that the endofunctor F
denoted by t.7 has an initial algebra. The substitution T[ut.7/|
corresponds to plugging in [7] for the functor variable ¢ in F(t):
it is the functor action on objects. Thus, the conclusion of the rule
induces the following morphism:

fold
[F(uF)] —— [uF]
¢ T-rec: Now that we know how to interpret type-variable substi-
tution, this translation proceeds mechanically: the hypothesis says
we have a morphism e; : [o] — F [p], and the conclusion uses this
to produce a morphism pF — [p]:

[uF]

rec(x.eq)

!

Flo] —2— [o]
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e Brec: Now we must contend with the function map(e). Observe
thate : (t.7)[p/t] from rule T-mAP, so we know that the type
of e denotes a functor application F [p]. The key insight—which
is most easily observed by inspecting the sample § rules for this
function—is that the function map(e) denotes precisely the action
of F on morphisms, i.e., terms. Thus, we translate map(e) as the
morphism action F(—).
We can now interpret the 57¢ rule. The left-hand side corresponds
to the morphism rec(x.e1) o fold. The right-hand side becomes
(removing the explicit point y for clarity, and recalling that substi-
tution becomes morphism composition) e o [map(ez)(rec(x.e1))],
which unfolds to e; o F(rec(x.e1)). Since this rule is equational,
we have that these two morphisms are equal, i.e.,

rec(x.e;) o fold = eq o F(rec(x.e1))

This just says that if we stitch together the diagrams from the
preceding two rules, the resulting square commutes:

F(uF) — fold— [uF]

F(rec(x.e1)) rec(x.ep)
L
Flo] ————— lpl

* 71"¢%: The hypothesis of this rule translates to
eofold = ey o F(rec(x.e1))

and its conclusion to
e =rec(x.e1).

In other words, any morphism e satisfying the equality from the j
rule must be equal to the recursor; that is, the recursor is unique.
We reflect this in our diagram from above:

F(uF) — fold— [uF]

F(rec(x.e1)) rec(?c.e1)
I
Flo] ———— [pl

Observe that (renaming fold to ¢, e; to f., and p to A) we have now
arrived at the same diagram we derived in our previous translation!

Solution 20.6:
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0— @
Frin(N, P) = [ N,
( {succ(n) — 1@ P(n) )

Solution 20.7:
First, note that the “straightforward” morphism ¢ is concretely

(a,p)=(f,a—p—(ap)).

(Note that we are using the isomorphic formulation of indexed
coproducts given in Equation (20.6) to minimize bureaucracy.)

1. Unfolding definitions, we find that

(fo ”(A,P))(”/P) = f(a)

and

(g, (ap) © (¥})(a,p) = 75, (.0) (f(2),a,p) = f(a)

so that
fomap) =Tz (ap) °{P}

as required.

2. Define the putative inverse of {¢} tobe: : {¥((A,P)} —
{(A, P)} given by
1(b, (a,p)) = (a,p)

Then observe that

{9} («(0,(a,p))) = {¢}(a,p) = (f(a), (a,p)) = (b, (ap))

where the last equality follows by the definition of X¢(A, P), and
moreover

t({y}(a,p)) = (f(a), (a,p)) = (ap)

so that {#} is indeed an isomorphism with inverse .

Solution 20.8:
This is clearly a lifting, since

F(U(A,P)) = FA=U(FA,_~— 1) = U(E(A,P))
and

F(U(f,f7)) = Ff = U(f,_+ id1) = U(E(f, f7)).
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Moreover, that it is truth preserving is witnessed by the natural
isomorphism
T(ap) = ida,p)

since, noting that
T(F(A)) = (FA,_— 1) = F(T(A))

and

T(F(f)) = (f,—id1) = F(T(f))

the following square trivially commutes:

(ToF)(A) — 420 4 (o T)(A)
| |
(ToF)(f) (BoT)(f)
! !

(B,_—1)

(ToF)(B) ———— (FoT)(B)

Solution 20.9:

1. The endofunctor Frgrree has the following actions on objects and
morphisms:
Fretree (X)) =1 ((AX (X x X))@ (A x (X x X)))
Fretree(€) = id1 @ ((ida x (e xe)) @ (idg x (e xe)))

2. The desired Fggrree-algebra is

aph = [0, [succ o max o 715, max o 717]]

3. We compute as follows:

Fagrree (N, P)

= (N, n— {y € Fretree (N, P) | bh((FRBTree”(N,P))(V)> =n})

=(N,n—={yele ((Ax((N,P)x(N,P))) & (Ax((N,P)x(N,P)))) |
(y=inl () and 0 = n) or
(y = inr (inl (a, ((me, pe), (mr, pr)))) and n = succ(max(g, n,)))
(v = inr (inr (a, ((me, po), (my, pr)))) and n = max(n;, m,) )

:<]N/<nH<1 ifn—O)@
o else
< ( Ax (({my} x P(my)) x ({my} x P(m,))) if n = succ(max(my,m,)) ) -

& else

< A x (({my} x P(my)) x ({my} x P(my))) if n = max(my, m,) ) )))

%) else
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One can verify that this is isomorphic to the translation of the
following inductive type:

: inductive BHRBTree : Nat -> Type where
2 | leaf : BHRBTree 0
| red : {mn : Nat} -> A -> BHRBTree m -> BHRBTree n -> BHRBTree (succ
(max m n))
4 | red : {mn : Nat} -> A -> BHRBTree m -> BHRBTree n -> BHRBTree (max
mn)

Solution 20.10:
Recall that Fam(Set)-morphisms from (A, P) to (B, Q) are pairs

(h :A—B,h™: ][] P(a) = Q(h(a))) :
acA

The left-hand set in the lemma statement is the restriction of such
pairs to those whose first element is f, so they are of the form

(f/hN 1 ]—£P(a) - Q(f(ﬂ))) :

By the definitions of Fam(Set) 4, and f*, morphisms in the right-
hand set are pairs

(idA,fN : ]Ilp(a) - Q(f(ﬂ))) :

Since the first component of every pair in either set is fixed, both
sets are isomorphic to the set of functions of type

[1P(a) = Q(f(a))

acA

and thus to each other.
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Algebras and automata
Michael Zhang

1 Algebras

In algebra, there are many interesting structures to study, such as groups, rings, vector spaces, etc. If we
look at the definitions for some common algebraic structures:

« A group is a tuple (G, -, (—) ') satisfying some axioms.
» Aring is a tuple (R, +, -) satisfying some axioms.
+ A boolean algebra is a tuple (B, A, V, —) satisfying some axioms.

They all seem to look kind of familiar — a carrier, usually a set, followed by some operations on that
carrier, satisfying some axioms. It may be useful to look for an abstraction over all of these.

In order to make it easier to think about abstractions for a universal algebra, we’ll start by focusing our
work in the category of sets Set. So our carrier will be some object in Set.

Now, consider an endofunctor F' : Set — Set. This will have two parts: an action on objects, which is
simply a set function, and an action on morphisms. If we take X to be the input carrier set, then F'(X)
is essentially the representation of inputs to operations you can take with X. Then, we have a
morphism « : F/(X) — X, known as the structure map, which defines how the operations take place.

For example:

+ the identity element of a group is not dependent on anything, so we say F'(X) = 1, and so the
morphism o : 1 — X simply selects the identity element with no further input.

+ the inverse operation of a group is a set-function X — X. This translates to our framework as
F(X)= X and so @ : X — X in this case.

« the group operation is a binary set-function (-) : X x X — X. We have F/(X) = X x X, so the
morphism « : X x X — X has the correct type.

But each of these are still independent pieces of a group definition. We must combine them somehow.
A single morphism « : F(X) — X must represent all actions you can possibly take on a group. One
answer would be to take FI(X) = 1 X W X x X, where W is the disjoint set-union operation. This is
usually written instead as F/(X) =14+ X + X x X, as we will soon generalize disjoint unions in Set
to coproducts in an arbitrary category.

So our combined morphism « : F/(X) — X essentially gives us a choice of which operation we would
like to take, as well as how each is implemented. It should be clear at this point that each functor F' can
possibly have multiple « : F/(X) — X. This corresponds to the notion that there are multiple groups,
multiple rings, multiple Boolean algebras, etc.

Of course, since F' is a functor, it must have an action on morphisms as well. In the case of F'(X) =

f (f)
A x X + B, a functor application to a morphism F(X — Y) would have type A x X + B — A x

f
Y + B. It may be useful to think of F'(f) as being a coproduct of morphisms A x X oY A xY and

B e B. This is often true for the cases we will be studying, as many of the functors for the common

algebras do exhibit this property. However, it may not be true in general, and the categorical
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framework for algebra allows for functors that mix between the different components. Still, we will use

the notation F'(f) = f; + f, in the remainder of the notes.

Let C be an ambient category. An F-algebra is a pair (X, a : F(X) — X), where X € Ob(C), F'is

an endofunctor € — C,and a : F(X) — X.

This doesn’t cover all of the group properties yet. We are still missing associativity and the inverse
laws. Unfortunately, the functor F' primarily deals with the types of operations in an algebra, also
known as the “signature”, so the extra laws must be separately required.’ For example, we will define
groups as follows:
A group is an F'-algebra defined by the signature
FX)=1+X+XxX

where the components are named [e, inv, (+)], such that the following diagrams commute:

assoc
X x (X xX) (X xX)x X
(id7 ) J/ J{ (‘a id)
X xX > X < X x X
() ()
(id, invg) (invy,id)

(e, id) (id, e)
IxX — XxX «<—— Xx1

~el

X

It turns out there are some interesting F'-algebras when we consider the category of F-algebras
themselves. But before we get there, we must first define what it means to have a morphism of F-
algebras. As is standard in category theory, an F-algebra is simply an underlying carrier plus some
extra data. We will thus define morphisms as a function between the carrier along with proof of
coherence between the data:

'There is a different construction which generates algebras from a monad, that can encapsulate having these extra
axioms, but we won’t really explore that here.
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Let (X, ax) and (Y, ay-) be two F-algebras in a category C. An F-algebra morphism is then a
morphism f : X — Y such that the following diagram commutes:

Ox
FX) — X

Exercise 1.1. Verify that F'-algebras form a category.

Let us now interpret this commutative square in the context of the F'-algebras generated by each of our
group operations above.

+ In the case of identity, the component of F'(X) we are focusing on is F'(X) = 1. So both F/(X) and
F(Y) evaluate to 1, so F(X) — F(Y) can only be the unique identity morphism in 1. Thus, the left
side collapses and we have a triangle:

ax
1 — X

NS

Y

Translating this to group theory, this means our choice of -, the function that picks out the group
identity of Y, must agree with the result of mapping f to the group identity of X. In other words,
group homomorphisms preserve identities.
+ In the case of inverse, F'(X) = X, so we have the following diagram:
invy
X — X

o

Y — Y
invy-

This translates to invy- o f = f o invy, which written algebraically says that for any x € X, it must
hold that f(z)~! = f(z™'). In other words, group homomorphisms preserve inverses.

+ In the case of the binary operation (), we have F'(X) = X x X, so we have the following diagram
(recall the definition of the action of F' on morphisms):
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()x

XxX — X

(f,f)l lf

YXY — Y

()y

Translating this to algebra, we have f(z -y y) = f(x) -y f(y), which is the main group
homomorphism property.

As you can see, the group homomorphism properties fell purely out of just instantiating our F'-algebra
morphism law with our specific group properties.

1.1 Initial F'-algebras and induction

We said before that F'(X) builds up the input data to be used by . But that’s a rather abstract
description. To see an example of how this is used, consider a functor F'(X) = 1 4+ X. We can define
an F'-algebra by providing an o : F(X) — X. Expanding the type gives us « : (1 + X) — X, which
we can define by cases:

ca;:1—-X

coaxy: X=X

Suppose we are working with an (X, &) that is initial in the category of F-algebras for F/(X) = 1+ X.
The defining property of an initial object is that there exists a morphism out of this F-algebra to any
other F'-algebra, such that the square commutes. This morphism is commonly known as the
catamorphism.

For example, consider any other F-algebra 8 : (1 +Y) — Y, with corresponding [3,, 8y ]. Then, there
exists a unique f : X — Y such that this square commutes:

o
14X — X

where F'(f) is defined on cases:
« for the left case of the sum, there is a morphism 1y — 1y
» for the right case of the sum, there is a morphism X — Y

The square forces f to respect the F'-algebra structure.

There is a sense where the initial (F', &) shown above represents the natural numbers N, and that the
unique morphism f is the natural number recursor. Recall that the natural number recursor looks
something like this:

natrec: (y,:Y) = (y,: Y - Y) > (N=>Y) (2)
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If we change y, to be of type 1, — Y (this is equivalent, it’s just a function that ignores the input), it
should be clear that the inputs y, and y, represents the two cases of /3. So really, we can reframe this

as: given 8 : 1 +Y — Y, which is the definition of the F'-algebra you are trying to produce, you get

the unique morphism N — Y back, since it’s forced by the square.

Exercise 1.1.1. Prove that natrec is the unique morphism that makes the above square commute.

We defined natrec for naturals here, but the idea that the unique catamorphism is the recursor holds for
arbitrary F'-algebras.

Given some functor F', and an initial F-algebra (X, o), the recursor is the unique F'-algebra
morphism to any other F-algebra (Y, ).

This generalizes to other algebra-shaped structures as well. In fact, F'-algebras generally build
inductive data types. For example, lists are F'(X) = 1+ A x X for A-typed lists. The initial object in
this category is then the pair (X, «) defined by:

+ X is the set of all finite lists of type A.
+ a:1+ A x X — X is then defined by cases on the input:
» In the case of inl(*), just output the empty list.
» In the case of inr(a, z), output the list whose head is a and tail is z.

Exercise 1.1.2. Define some other common algebraic structures using functors.

So without initiality, what we have is only a formula for building some generic objects with this shape.
But there is nothing really forcing the objects to take a coproduct shape, or to behave well. In fact, the
initiality enforces the self-similarity of the structure map «, which we will see in the next section.

1.2 Lambek’s Theorem

There seems to be some parallel between the structure of F'(X) and X itself. For example, the structure
map « : F(X) — X seemed to be perfectly split into the same cases as X itself. It turns out that this
structure map itself is an isomorphism.

Theorem 1.2.1 (Lambek’s theorem)

Given some functor F' and some F'-algebra (X, a). If (X, «) is initial, then « is an isomorphism.

Proof. We begin with our structure map

@
FX) — X

which is initial in the category of F-algebras. Let us “use” this initiality by coming up with another F'-

algebra to map this to. We will use ! to denote the catamorphism — the unique morphism out of the

initial F-algebra.
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7?7 — 7
?

We will choose the particular F-algebra defined by applying F' again:

F(X) % L x

F(!) l l !
F(

F(X)) —— F(X)
F(a)

If we tack on a tautological square to the bottom, we get:

We can then “squish” the square using composition, and also using the functoriality of F to simplify
F(a)o F(!) into F(ao!):

F(X) —— X

This is exactly the F-algebra morphism diagram showing that o o ! is a morphism from the F-algebra

(X, @) to itself. Since the morphism out of an initial object is unique, we know that it must coincide
with the identity morphism, so avo ! = id x.

This is the first half of our proof. It remains to be shown that ! o & = id  x. Using the result that « o
! =id y, apply F to both sides, getting F'(a. o !) = F(id y ), which by functoriality yields F'(«) o F(!) =
id p( x)- But looking at this square from above:
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F(F(X)) —— F(X)
F(a)

We know that F'(a) o F/(!) = ! o av. Therefore, ! o @ = id px), and « is an isomorphism with inverse !.
O

Since « is essentially defining the “constructors” of the inductive type defined by F'(X), one
consequence of Lambek’s theorem is that all constructors are invertible. For example, we can derive an
inverse suc function that takes any suc(n) and produces n.

Exercise 1.2.1. Prove that there is no non-empty initial algebra for the functor F(X) = A x X in Set,
for any arbitrary object A. What does this mean in English?

Applying Lambek’s theorem. Consider the list example again, F'(X) = 1+ A x X. Let us derive the
initial F-algebra using Lambek’s theorem. First, Lambek’s theorem tells us that for initial algebras,
X = F(X) necessarily. Thus, X = 1 + A x X. Since this is a fixpoint, we can start unfolding X and
see what happens:

X214+AxX
~1+Ax(1+AxX)
2]+ AXx(1+Ax(1+Ax X))

R

1%
—~
w
~—

I+ (Ax1)+(AxAx1)+(AXxAxAX]) +...
~14+ A+ A2+ A3+ ..

1%

This is a union of n-products of A for all n, which is exactly the set of all n-length sequences in A.

2 Coalgebra

As we know, we can get dual concepts in category theory for free by reversing the arrows. By dualizing
algebras, we get coalgebras. Let’s start with the definition and then try to extract some intuitions from
it.

Let C be an ambient category. An F'-coalgebra is a pair (X, v) where X € Ob(C), F'is an
endofunctor € — Cand v : X — F(X).

And as usual, we must also define morphisms:

Let (X,vy) and (Y, vy ) be two F-coalgebras in a category €. An F'-coalgebra morphism is then a
morphism f : X — Y such that the following diagram commutes:
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Similar to how in algebras, we had the intuition of building up some kind of “input data” to our «
morphism which then represented the constructors for our X, we would like to think of coalgebras as
functions out of X, giving us some one-step observation data that may involve X.

Let’s work through an example that might solidify this intuition. Once again, we are working
temporarily in the category of sets, so let X be a set. Consider the endofunctor F(X) =1+ A x X.In
algebras, this corresponds to the signature for list-y structures.

We will see now what the dual to list-y things are. To complete the definition of an F'-coalgebra, we
need a structure map of type v : X — F(X), which when unfolded, is v : X — 1+ A x X. Whereas
in algebras, the structure map served a purpose of consuming the structure into a single X, here we
have v expanding the X into its observable data.

Our intuition tells us that X is supposed to be list-y. So let’s say our v does case analysis to see if our
list is cons or nil. In the case of cons, we return A x X, which is the head and tail separately. In the case
of nil, we return 1. So whereas our F'-algebra from before was building up a list, now our F'-coalgebra
is essentially mapping out of a list.

Compared to the algebraic version, this one sort of axiomatizes observations out of the list rather than
building up the exact list structure. We assume the list exists as a mystery object, and are able to
decompose it into an element and “the rest of the stream,” which continues being the mystery object.

We also have a version of Lambek’s theorem for coalgebra:

Theorem 2.3 (Lambek’s theorem for coalgebra)

Given some functor F' and some F-coalgebra (X, v). If (X, v) is terminal, then v is an isomorphism.

Exercise 2.1. Prove Theorem 2.3.

Of course, with coalgebraic lists, we could also imagine a situation where we have a definition that
continuously returns an element of the A x X side, and never returns the 1. In this case, the list would
never end. We cannot formulate this type using algebraically defined data (Exercise 1.2.1), but with
coalgebraically defined codata, this is completely in bounds. In fact, we may even specify that the
stream cannot ever end. In this case, we only need to use signature functor F(X) = A x X, opting not
to include the extra 1. This is useful for reasoning about applications such as servers which are
designed to run and continue responding to input forever. In the next section we will discuss the
terminal F'-coalgebra and coinduction.
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2.1 Coinduction and bisimulation

Recall that a terminal object has morphisms into it from every other object. These morphisms are
typically called anamorphisms. To see an example, let’s work in Set again, with the stream functor,
where F'(X) = A x X, for some type A. This represents streams of elements with type A.

We can use Theorem 2.3 to derive what the terminal coalgebra should look like. Starting with X =~ A x
X, we can unfold several times to get X = A x A x A X .... This is an unending product of A by itself,
which is the same as the function space N — A. We can also write this as AN, using exponential
notation for functions.

Next is to define the structure map, vy : X — A x X. Of course, we don’t really have a choice in this
matter either — it must follow from the terminality conditions. An obvious choice would be to just pick
the head and tail and return that as a pair.

The structure map for the terminal F'-coalgebra defined by F/(X) = A x X is
vy : X > Ax X

VX((G’O’ ap, g, )) = Gy, (alv g, )

But does this choice work? We must check that all the rules are satisfied.

For any F-coalgebra (Y, vy-), there exists a morphism f : (Y,vy) — (X, vy).

Proof. First, we must show that for any (Y, vy ), thatan f : Y — X even exists. We will do so by
generating a sequence of a’s from vy . First, begin with y € Y, and run vy (y) to get y; : A x Y. We'll
take the first element head(y, ) : A as the first observation, and keep the rest which is tail(y,) : Y.
Then, we can repeat the process, running vy (y, ) to get y, : A X Y. By continuing to repeat this
process, we'll just end up with an infinite series of a’s, which we can write as ag, a;, a,, .... We’ll refer
to this as the behavior of Y. Notice that we didn’t need to depend on what the structure of ¥ was.

Now we need to verify that our choice of f is well-behaved, with regards to all of the conditions we
defined earlier. Let us revisit the commuting square from Definition 2.2:

Vy
Y —— AxY

Translating this to an equation, we get:

vxof=F(f)ovy (5)
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First, note that it is necessary that F'(f) = id x f. This is because of the functoriality of F, similar to
how our F's earlier had to be a coproduct. So really, we have:

vxof=(dX f)ovy (6)

This requires us to show that vy indeed produces the head element of the list that we are manipulating
in vy. More literally, if we have y € Y, then f(tail(vy(y))) must produce the same thing as just taking
the tail end of f(y). This is just true by definition. To spell it out with elements, we have:

vx(f(y)) = (id x f)(vy(y))
VX((ao’al,GQ,...)) =

ao, (al, CL2, ...) ==

= (id x f)(vy (v))

= (id x f)(ag,y1)

= ag, f(y1)
As noted above, y; is just the next sequence after y, so it will produce a4, a,, ... by f. So this
commuting square checks out. d

The morphism f defined in Lemma 2.1.2 is unique.

For this, we’ll need to use a different kind of reasoning than before. We will have to use coinduction,
which is dual to induction and is perfect for working with codata such as streams.

Proof. Suppose we have g : Y — AN that respects the square. We would like to show that f = g.
Extensionally, this means f and g produce the same output on all inputs, as functions. Now, g is an
unknown function, but it has the shape Y — AN, s0 we know it produces an infinite stream of a’s.
Furthemore, we know that:

Vy
Y — AxY

‘| [iaxs

AN —— 5 A x AN
Vx

which says that vy o g = (id X g) o vy. This means at least the first element of the sequence produced
by g must be picked out by vy,. Otherwise, id(head(vy (y))) would not produce the same result as
head(vx(g(y))). Thus, the first element of the sequence must be head(vy (y)).

Then, regarding the tail end of the sequence, we would like to argue coinductively that it must follow
the same shape. Specifically, let vy (y) = (ag,y’). Following the top-right path, we can see that the tail
part of the result is g(y). Since g is unknown, we can’t really say what this is yet, but we can look at
the left-bottom path, which tells us that the tail part of the result must be tail(g(y)), since as a
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reminder, our vy specifically splits a sequence AN into its head and tail parts. This tells us that g(y’) =
tail(g(y)), which is exactly what we expect.

So putting this together with f, we know that both head(f(y)) and head(g(y)) result in fst(vy (y)). So
f(y) and g(y) agree on that part. For the tail segment, we know that tail(g(y)) = g(y’). It turns out
this is also true of f, due to how we defined it: tail(f(y)) = f(y’). Thus, to determine if tail(f(y)) =
tail(g(y)), it suffices to show that f(y") = g(y’). But since y’ is exactly self-similar to y, by coinduction,
we know that f(y") = g(y'). O

In the above proof, we used function extensionality to show that f and g are equal. But for showing
two coalgebra are “the same,” it is often more convenient to use a weaker notion of equivalence. A
classic example is of automata, which we will see more about in a later section. It is completely sensical
to have two automata that capture the same language (yielding the same transitions), yet have different
non-reconcilable states. For this, we will introduce bisimulation.

Let (X,vy) and (Y, vy ) be F-coalgebras, where F'(X) = A x X. Let R be a relation between X
and Y - specifically, R C X x Y. R is a bisimulation iff for any (z,y) € R:

head(z) = head(y) A (tail(z), tail(y)) € R (8)

Then, it is said that X and Y are bisimilar. This sort of looks like a more generalized version of the
reasoning we did as a part of the uniqueness proof, but with equality replaced with the relation R. But
the reasoning is still stream-specific, and relatively ad-hoc. We’d like to not have to make arbitrary
bisimulation conditions for every type we’d like to analyze.

It turns out if we just take everything that has specifically to do with streams and abstract it, we can
arrive at a more general notion of bisimulation.

Let C be a category with products, and F' : € — C be an endofunctor. Let (X, vy ) and (Y, vy ) be F-
coalgebras. Let R be a subobject of the product object X x Y with projection morphisms 7y and 7y
such that there exists a morphism vy : R — F(R) such that the following diagram commutes:

T o

X R Y

Vx l l Vr l Vy

F(X) «—— F(R) —— F(Y)
F(my) F(m,)

)
A}

\
7

Let’s quickly make sense of this in the context of our previous Definition 2.1.4 again. We have some
relation R which is a subobject of the product. This corresponds exactly with R C X x Y. The rough
interpretation of this is that at the current state, X and Y are related through R.
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Then, we have the object F'(R), which is a lift of the product through F'. So for streams, since F'(X) =
A x X, we have F(R) C (A x X) x (A xY). Notice how this part is completely determined by the
specific F”’s interaction with the relation. The v, lifting operation simply calls head and tail
component-wise on both the left and right sides. Then, the F'(7 ) projection operator would grab the

components separately and turn them into a product, and F'(7,) does the corresponding thing for
F(Y).

The commuting squares, like earlier, essentially force us to take this component-wise motion.

Exercise 2.1.1. Does the category of F'-algebras have an initial object for any F'? Does the category of F'-
coalgebras have a terminal object for any F'?

3 Automata

We have been working a lot with streams so far, so from here on we will be introducing some richer
coalgebras that have applications in other fields. Automata are a classic example of coalgebras in
practice. At a high level, an automaton is a state machine that has states and transitions between them.
It has a notion of “accept” states which allow the machine to respond with a success response. This is
often used in recognizing languages, such as in parsing for compiler development, but also for network
protocols and hardware state machines.

We’ll look at how automata can be abstracted using algebras and coalgebras, and then work through a
generalization of Brzozowski’s minimization algorithm using our definition, in order to see how to use
the duality of algebras and coalgebras in order to achieve minimization. Let’s start with a formal
definition of automata.

For some alphabet ¥, a deterministic automaton (DA) is a 4-tuple (Q, 0,4, F):
« (Q, a set of states

+ 0:Q X X — @, atransition map

+ i € @, an initial state

« F C (@, final states

Visually, we can represent an automaton like this:

b
b C
start

a

This visualization represents the formal automaton defined as ({gy, ¢1, ¢}, {a, b, ¢}, 9, ¢o, {g2}) where
0 would map:

« (a,q0) = 2
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* (b:q) =@

« (byg1) = qq

s (e@m) P a

+ all other combinations of states would resolve to an implicit “error” state (which would also be in @),
which only has transitions back to itself. It does not appear in F', the set of final states. For all intents
and purposes in these notes, we can safely just ignore the fact that it exists, although we should
formally make a mental note of the erroring behavior, since ¢ is not a partial function.

The double-circle means that g, is a final state, in other words, that ¢, € F'. This automaton will
recognize a language consisting of either the exact string a or any non-zero number of bs followed by a
c. This is typically written using the terse regular expression syntax as a| (b+)c.

Formally, a language £ is just a series of strings consisting of symbols in the alphabet 3. An automaton
recognizes a language if for every string s in the language, running s through the automaton would
result in a final state.

There is also a variant which allows non-deterministic transitions — for example, it would be allowed to
have multiple arrows from the same state with the same transition. This machine is known as a non-
deterministic automaton.

For some alphabet ¥, a non-deterministic automaton is a 4-tuple (Q, 4,4, F'):
« (), a set of states

J:Q x X — P(Q), a transition map

« i € @, an initial state
« F C (@, final states

The ¢ is the only difference from the DA definition. Instead of only transitioning to one state, it could
possibly transition to any number of states. A non-deterministic automata would accept a string from a
language if taking any path using the symbols of the string would result in acceptance.

Traditionally, non-deterministic automata would be converted deterministic using an algorithm such as
the powerset construction, in which you would consider the set of all states that could possibly result
following a particular transition. There are also some methods of evaluating non-deterministic
automata directly without first doing the conversion, as the conversion may produce an explosion
(O(2™)) of states in the resulting DA.

For this section, we will consider a particular problem concerning automata: there is a sense in which
an NFA might not be minimal. For example, consider this automaton:

a
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You could easily imagine collapsing all of these down to a single node. Due to this, there are several
minimization algorithms. A well-known algorithm, due to Brzozowski, involves reversing the NFA,
determinizing it using the powerset construction, and then reversing it again. In this next section, we
will investigate a category-theoretic approach by (Bonchi et al. 2014) to show why this works,
specifically for the case of deterministic automata.

3.1 The category of automata

In order to categorify automata, we must first identify a category. We want the objects to be automata,
so we must define some morphisms.

For some alphabet ¥, a morphism between two automata (@4, d;, %, F7) and (Qy, 6,95, F3) is
defined as a function f : ); — @), such that the following hold:

+ f commutes with the transition map, or in other words, for any s € ¥, this square commutes:

f

Q1—>Q2

61(_a8) J/ J{ 52(_78)

Q1—>Q2

« f preserves the initial state, or in other words f(i;) = i,
« f preserves the final states, or in other words f(q) € E, forall ¢ € F;

Thus, we can form a category of DAs:

For some alphabet X and language over that alphabet .£, the category DA , is defined as a category
where:

+ objects are DAs that recognize the language £
« morphisms are defined as in Definition 3.1.1

It’s important that the category itself is parameterized by a language £, since morphisms need to
preserve the language. If this was not the case, then we could not have initial or final objects at all — it
would essentially require that all automata at all recognize the same language, which is not the case.

Such a category would still exist, and in fact DA  is a subcategory of that category, but it is not useful
to us.

D Remark

We can characterize a DA categorically as both and algebra and as a coalgebra. As an algebra, it uses
the signature functor

FQ =1+%ZxQ (9)
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In order to represent an automata as an algebra, we would need a structure map of type o : 1 + X X
@ — Q. The 1 — @ part represents the initial state, since it takes no input, and ¥ x @ — @ is the
type of a transition map - it takes a transition symbol, a state, and outputs the next state.

As a coalgebra, it can be characterized with the signature functor:
FQ)=2xQ” (10)

For the coalgebra case, we need a structure map v : Q — 2 x Q. For any input state ¢ € Q, the Q%
part of the output represents all possible states that the input state could transition to, and 2 refers to

a tag on each state that is assigned the value 1 if that state is a final state, or the value 0 if it isn’t.

3.2 Minimality of automata

Next, let us consider the initial and terminal objects of DA .. We’d like to determine some automaton
that recognizes £ and has a morphism to every other automaton. A pretty trivial “maximal” object that
lets us do this is to add every single possible word as a state.

Formally, let’s define this automaton:

Define the initial automaton Init as:

* Qni; is defined as X%, the set of all strings over the alphabet £

e it ¢ @ X X — @ simply concatenates the currently running state’s string with the transition
symbol

* %, is the state corresponding to the empty string

+ K are the states corresponding to all strings in £

Of course, we must show that it is in fact initial.

Theorem 3.2.2

The automaton described above is initial in DA .

Proof. Consider some other automaton (Q’,d’,4’, F’). We must define a morphism from Init to this
automaton.

First, define f : Q) — Q’. For every state ¢ € Q;;, there is a corresponding string s € ¥*. We will
define f to map s to a state in Q" by running " — in other words, starting with " and transforming it
using 0" on each symbol of s, and then returning the final state that it landed in.

We must show that f commutes with the transition map, or in other words, for any symbol ¢ € X:
foélnit(_’t) = 5/(_>t)°f (11)

Let ¢ € @,,,;; be an arbitrary state in Init, and s € ¥* be the corresponding string. Then, we are trying
to show that f(4,,,(g,t)) = ¢’ (f(q),t). Since 9, is defined by concatenation, we have f(d,,.(q,t)) =
f(s+t) on the left side. Since f simply runs §’ iteratively, this is actually true by the definition of f.

It is trivial to show that f also preserves the initial and final states.
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In order to show f is the unique such morphism, assume g : Q,,; — Q’. We need to show for any state
g, that f(g) = g(q). Since the states map one-to-one with all strings 3*, perform induction on strings.
For the empty string, the corresponding state is the initial state, which is preserved by the requirement
of the automaton morphism. Thus, f(i,,) = g(4,,;) = ¢’

For the inductive case, assume f(q) = g(q). Then, for any symbol ¢ € ¥, identify the state
corresponding to concatenating s 4 ¢ (once again letting s be the string corresponding to g). We must
show f(s+t) = g(s + t). By the commutative square, we can rewrite this property to ¢’ (f(q),t) =

0" (g(q),t). Since f(g) = g(q) by our inductive hypothesis, the two sides are identical. O

Alternate proof. Note that automata behave algebraically. Use Theorem 1.2.1 to deduce that the
structure map 1 + ¥ x Q — @ must be an isomorphism, so:

Q=1+XxQ (12)
Expanding this, we get: Q =~ 1+ ¥ x (1 + X x (1 4+ X x ...)), which simplifies to 1 + X + X2 + ¥3....
This is exactly 3* — all strings of all lengths, sourced from the alphabet.? O

The rough design of this morphism is that for some arbitrary automaton ), we’re running every
possible string in 3* to see which states are able to be reached via @), and capturing that in a single
function f.

We’re interested specifically in automata where every state is reachable. This means there’s no
redundancies in the states - if you had some redundant state that isn’t final, then only running § until
completion would completely miss that state, excluding it from the image of the morphism out of the
initial automaton. We capture this with the following definition:

An automaton () is reachable if the unique morphism out of the initial automaton Init — @ is an
epimorphism.

In sets, epimorphisms (set functions) capture the notion of surjectivity, which means every element of
the codomain has a pre-image. Since automata are essentially sets with more structure, a morphism
being epic captures the same notion, which in automata corresponds to every state being reached by a
morphism. If this property is true of the morphism out of the initial automaton (which remember, runs
every possible string through the automaton), we know every state is being used, which captures our
desired property of reachability.

There is a similar construction on the coalgebraic side. We can imagine a terminal automaton, which
has morphisms going into it from any other automaton. For some arbitrary automaton (), we’d imagine
that the result of a morphism should be some observation of the states in (). So the terminal automaton
should be a collective observation about all possible automata in DA .

The terminal automaton Term is defined as:

*In fact, this approach can be used to derive the initial automaton. I didn’t realize this until after I wrote the previous
proof... However, I left the original proof in, because it actually defines the function needed for the morphism.
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¢ Qterm 1s the set of all possible subsets of ¥*. This represents all languages that could possibly be
recognized for this alphabet.

* Orem © @ X ¥ — @ maps every (¢, s) € @ X X to the state representing the remainder of the
language after consuming the prefix s. This is also known as the Brzozowski derivative.

* iTerm 1S the language £.

 F3.,., is the set of all languages that contain the empty string e.

Staring at this definition, it may kind of make sense why this could capture all observations, but let’s
make this concrete by actually proving terminality.

Theorem 3.2.5

The automaton described above is final in DA ..

Proof. This proof largely follows in the same vein as the initial object proof. As such, we will skip some

parts of it for brevity. Just trust me %=.

Consider some other automaton (Q’,¢",i’, F'). We’ll now define f : Q" — Qem- For any state ¢ €
Q’, we will consider the automaton that has the same states and transitions as @’, but with initial state
q. The language that this automaton recognizes will be a set of a strings, which is a subset of 2%". This
language is the output of f.

The exercise of verifying that f preserves the initial and final states as well as the transition map is left
to the reader. O

Exercise 3.2.1. Verify that f satisfies the requirements for being a DA -morphism.

Alternative proof. Same as before, notice that DA , is coalgebraic and use Theorem 2.3. The structure
map v : Q — 2 x QF must be an isomorphism, so:

Q=~2x%xQ° (13)

Expanding this, we get

P

Q=2x (2x (2% (.)%)7)

=2x2%x (2x (...)Z)22

=2x2%x 2% x (.)¥ (14)
=2 x 2% x 2%° x 2% x
— 9L+E+EZ 434
= 2¥
Thus, 2" is the state space for the terminal automaton. O

The rough design for this morphism is that we’re mapping the automaton to what language it
recognizes, inside of Term. In that sense, this morphism would capture the behavior of all the strings
that could possibly be recognized by the automaton.
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This captures another important property, which is that every state is distinct. Without this property,
you could have two states which recognize the same suffix language. That wouldn’t be very minimal.
For minimality, we care specifically that there are no duplicate states that can just be merged. This can
be captured by the definition of observability, which is dual to Definition 3.2.3:

An automaton () is observable if the unique morphism into the terminal automaton Q — Termisa
monomorphism.

Again, to make a comparison to sets, a set function is monic if it is injective, or that distinct inputs map
to distinct outputs. Thus, a morphism in DA , is monic if it maps distinct input states to distinct output
states. If our output state is the terminal automaton, then two states mapping into the same output
state means that they recognized the same language, which would mean they were duplicated.

Putting these together, we can finally define what a minimal automaton is:

An automaton () is minimal if it is both reachable and observable.

The reachability property enforces that no states can be deleted, and the observability property
enforces that no states can be merged, at least without changing the language being recognized. These
are the only two ways to reduce an automaton without changing the language. This claim could be
justified by the fact that the definition of minimization used above coincides with the minimization
definition for a coalgebra defined through epi-mono factorization (Bezhanishvili et al. 2012).

On the computation side of things, reachability is pretty trivial to compute algorithmically - just
traverse the state machine and grab all the states visited. On the other hand, observability requires
quotienting by equivalence classes of a hard-to-compute property of basically every state. In practice,
algorithms such as Hopcroft’s algorithm optimize this by incrementally comparing states and
quotienting as you go.

3.3 Reversing automata

The crux of Brzozowski’s minimization algorithm involves reversing the automaton. The intuition here
is, if reachability is more straightforward, we should aim to do it. Then, we can find some dualization
property that allows us to somehow transfer reachability of an automaton into observability of the
reverse language, and then use reachability again to get both desired properties on the same language.

The actual reversal process amounts to reversing the arrows of the transition map, as well as
exchanging the initial and final states. Note that normally, when you do this to a deterministic
automaton, it becomes a non-deterministic one. This is because there could be multiple final states, but
only one initial state. When you reverse it, you have a number of initial states. The algorithm requires
that you then make the non-deterministic automaton deterministic, through the powerset construction.

We’ll explore a construction which combines the reversing and powersetting in one go. First off,
consider what the shape of output we want is, since this will guide our type-checking as we hone in
towards a solution. We are starting off with a category DA , of deterministic automata, and we are
trying to get some way of taking each object and obtaining the reverse automata.
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Notice that the reverse automata will necessarily recognize the reverse language. So the output will be

an automaton which recognizes rev(<£), in other words an object in DA, ;! This makes it necessary

rev(
for us to provide a functor with this signature:

DA, — DA,y ¢ (15)

As always, we need to find a functor, because the rules governing morphisms will restrict the way the
objects can even be mapped to only well-behaved maps. Otherwise, we could produce some degenerate
maps. This will also give us more benefits, as we will see later.

Time to define action on objects. For some arbitrary object Q € DA ., we’d like to produce the reverse
automaton. We can start with what we expect ¢/, the 4 of the transformed automaton to be. It should
be some sort of reversing function, so we should be taking the pre-image of d):

dg = (g,8) = {d €Q1d(d,s) =g} (16)

But this doesn’t type-check. The result is a set, since multiple ¢’s could map to the same g under the old
4. This means our state space fundamentally needs to be a powerset of (). In that case, d¢’s type would
need to be P(Q) x ¥ — P(Q). We can update the function to look like this:

oo =(¢,8) = {d €Q1d(¢,s) € q} (17)

We can essentially fill in the rest of the definitions now:

« @"’s state space is P
p
* 0’ was defined above
* i¢ is the set containing all the final states in Q
« Fyy is the set containing the initial state in Q)

Here is where the magic happens. The function d, is essentially a function over sets. Even though it’s
doing Q@ x ¥ — @, this is equivalent to Q@ — (X — @), which is Q@ — Q. Over in our reverse
language, we have d, having type P(Q) x ¥ — P(Q), which is the same as P(Q) — P(Q)>.

This is exactly the behavior of the contravariant power functor!

Let’s step back one step and build up to this insight. If we just considered the category of sets Set, the
powerset functor P : Set — Set maps every set X to its power set (X). In particular, for morphisms,

it has type P (X i> Y) : P(X) — P(Y). For any subset of X, it maps f restricted to that subset to
obtain an image that is in the subset of Y.

There is also a contravariant version, which we will denote P* : Set°®® — Set. In particular, the action
on morphisms has type P* <X i) Y) : P(Y) — P(X). This action maps a subset of Y into the pre-
image under f, which is a subset of X.

This is exactly what our d/ is doing! In essence, our desired transformation is performing the
covariant powerset functor on each of the components of the automata. We can concretize this idea by

constructing a forgetful functor U : DA ; — Set which simply takes the set of states and forgets all the
other structure. Then, we can see clearly that:

P

U(@) = U(@) (18)
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Here we introduce a powerful property of the contravariant powerset functor:

The contravariant powerset functor P* is left adjoint to its own opposite functor P*°°.

Proof. The contravariant powerset functor is P* : Set°® — Set. Its opposite functor would be P*°" :
Set — Set°P. This amounts to showing that for any X,Y € Set:

Homg, (7*(X),Y) = Homg,, (X, P*P(Y))

o (19)
Homg, (Y, P*(X)) = Homg,, (X, P**(Y))

and really, both P* and P* have the same action on sets, which is to turn them into their power sets. So
really, we are trying to show:

Hom(Y,?(X)) =2 Hom(X,P(Y)) (20)
We can show this via creating a bijection. First, the forward direction: define fwd : Hom (Y, P(X)) —
Hom (X, P(Y)) with the function A\(f : Y —» P(X)) ANz : X){yeY |z € f(y)}?
Then, define the inverse direction bwd : Hom (X, P(Y)) - Hom(Y, P(X)) with the function A(g
X->PY)AMy:Y){ze X |yeg(x)l}
It’s easily to show the inverses compose to the identity:

Vf. f=bwd(fwd(f))
— Ay Y){z € X | y € fwd(f)(2)}

=Ay:YV){zeX[ye(Me: X){yeY [z f(y)})(z)}
=Ay:Y){zeX|ye{yeY |z e f(y}} (21)
=AMy:Y){z e X [zefy}}

=My :Y).f(y)}}

=f

and the other way:
Vg. g =fwd(bwd(g))

=Nz : X){y €Y |z €bwd(g)(y)}

=AMz X){yeY|zeNy:Y){z € X |y€g(z)})(y)}

=Nz: X){yeY |ze{reX |yecg(x)}} (22)
=Mz:X){yeY |yeg()}

= Az : X).9(z)

=g

*Sorry about the sudden lambda notation, I needed to see the type of the argument inline for a second...
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Lemma 3.3.1 is essentially saying that the contravariant powerset functor is self-dual. The strategy now
is: if we can somehow lift this self-duality into DA ., we will be able to get an operation that turns
reachable automata into observable automata and vice versa.

We will devise a functor called 2, which is self-dual, that makes this diagram commute:

2
ST o
DA£ € - ‘J-_ L DArev(L‘)
5o
U U
j)*
Set @ Set°P
PxopP

This essentially lifts the self-duality of P* into DA . The paper (Bonchi et al. 2014) notes that this
lifting is true generically

rev

Define the functor 2 : DA , — DA™ (¢) as:

« action on objects: 2(Q) applies the contravariant powerset functor to all components of the
automaton:
» @ is transformed into the power set of states P(Q)
» Jg is transformed into the pre-image map as described in Equation 17. Note that this recognizes
the reverse language.
> ig is transformed into the set of all final states

> FQ is transformed into the set of all initial states

f 2(f)
* action on morphisms maps a morphism Q; — @ to its inverse mapping P(Q5) — P(Q;)

Proof. Omitting for brevity. See (Bonchi et al. 2014, Proposition 9.1) for the full proof. d

3.4 (Co-)reflective subcategories

In order to see how all of this machinery comes together, we will introduce some subcategories of
DA ,:

+ rDA , is the category of only reachable automata in DA

+ oDA , is the category of only observable automata in DA

« mDA , is the category of only minimal automata in DA ,

Since minimal automata are ones that are both reachable and observable, it must also be true that
mDA . is a subcategory of both rDA . and oDA .. This means the subcategory relationships can be
represented as a sort of diamond diagram:
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rDA . oDA

s
N

mDA .

The arrows between them represent inclusion functors. In fact, these are a special kind of subcategory
known as a reflective (and co-reflective) subcategory. For reflective subcategories, this means that the
inclusion functor has a left adjoint. Dually, for co-reflective subcategories, this means that the inclusion
functor has a right adjoint. Let us see why this holds.

Theorem 3.4.1

rDA . is a co-reflective subcategory of DA .. In other words, supposing I : rDA . < DA . is the
inclusion functor, there exists a functor R : DA ; — rDA  such that

IR (23)

Proof. For our action on objects, assume we are dealing with an object ) : DA .. We are looking to
construct a functor R that is right-adjoint to /.

To do this, we must first define R, then construct a unit 7 : id,pp, = Ro I andacounite: I o R =
idpa, that satisfies the triangle inequalities below. Since we are looking for a functor that takes an
automaton with possibly unreachable states into its closest reachable approximation, the most obvious
thing to do is simply discarding all unreachable states. Using the machinery we used above to define
reachability, we can say that R(Q)) takes the codomain of the morphism Init — Q. Thus, R is obviously
reachable, and lies in rDA .

Next, define the unit: for some Q" : rDA ;, we must define 1o, : Q" — R(I(Q")). We can define this as
the identity morphism, since this round trip is a no-op both ways.

For the counit, for some @ : DA ;, we must define g, : I(R(Q)) — Q. Since R(Q) contains the subset
of ()’s states that are reachable, it’s actually a subset. So €, can just be a subset inclusion (notice that
unlike above, I(R(Q)) may be a different object than just Q).

Let’s check that our definitions for unit and counit satisfy the triangle identities:

In Rn
I —— IRI R —— RIR
el “eR
11 lR
I R

For the first triangle, we can write this equationally as:

eloln=1, (24)
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Instantiating this with our Q" : rDA ,:

(CI)Q' ° (IU)Q' = (1I>Q/

(Im) gy (el)gr (1) (25)
Q) — I(R(I(Q)) — 1(Q)=1Q") — I(Q)

Well, we have defined 7 to be a no-op, so the left side (I7) . is the identity. Since € is a subset
inclusion, for reachable automata, (¢I), is also the identity. Thus, identity compose identity is the
identity.

For the second triangle, we can write this equationally as:
eRoRn=1p (26)
Instantiating this with @ : DA ,:
<€R)Q ° (RTI)Q = (1R)Q

(Rn)q (eR)q (Ir)g

R(Q) — R(I(R(Q))) — R(Q)=R(@Q) — R(Q)

Again, we have 7 is a no-op, so the left side is the identity. The right side goes from reachable to

(27)

reachable, so the subset inclusion € is simply restricted to the identity by default here.

Both triangle inequalities check out, so our adjunction is defined.

Similarly, for oDA ,:

Theorem 3.4.2

oDA . is a reflective subcategory of DA .. In other words, supposing I : oDA . < DA  is the
inclusion functor, there exists a functor O : DA ; — oDA , such that

041 (28)

Exercise 3.4.1. Prove Theorem 3.4.2. The proof should look mostly like a dualization of the proof of
Theorem 3.4.1.

The corresponding adjoint functor for rDA ., called R, then restricts automata in the input category to
their reachable subset. Similarly, the corresponding adjoint functor for oDA ., called O, restricts
automata in its input category to their observable subset. And then at the bottom, mDA . is both a
reflective subcategory and co-reflective subcategory of oDA , and rDA ., respectively. Let us update the
diamond diagram to see these new functors:
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Finally, due to our self-dual functor 2, we have a functor between rDA . and oDA , that reflects
reachable automata into observable automata in the reverse language: Thus, our final minimization
morphism is simply a concatenation of a series of functors:

DA, DAY, )

v » v »
"0 2 RP O

\

DA, = oDA DAY, 2 7" DAY, .,
2 > X v
0] R O°p ReP
mDA , \A _ mDAT, )
20p

Theorem 3.4.3 (Brzozowski minimization algorithm)

The functor:

(2% o R® 020 R) : DA, — mDA, (29)

minimizes deterministic automata.

Proof. Due to the way the functors were constructed, we get the following two properties “for
free” (ignoring all the work that went into constructing the functors):

» the series of functors preserves the language being recognized (notice the subscript £)

+ the resulting automaton is minimal (by definition of mDA /)

Thus, the theorem holds by construction. O

4 Exercises
Here is a table of some of the exercises that have been distributed throughout the explainer.
EXEICISE 1.1 L ..iiiiiiissssssssessssssss s s e s ssssssss s s s ssssssssssssssssssssssssoosssssssssssssssssssssssss 3



CATEGORIES FOR PL 255

Exercise 1.1.1
Exercise 1.1.2
Exercise 1.2.1
Exercise 2.1

Exercise 2.1.1
Exercise 3.2.1

Exercise 3.4.1
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